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Abstract

Model-based predictions are critically dependent on assumptions and hypotheses that
are not based on first principles and that cannot necessarily be justified based on known
prevalent physics.Constitutive models, for instance, fall under this category. While these
predictive tools are typically calibrated using observational data, little is usually done
with the scatter in the thus-calibrated model parameters. In this study, this scatter is used
to characterize the parameters as stochastic processes and a procedure is developed to
carry out model validation for ascertaining the confidence in the predictions from the
model.

Most parameters in model-based predictive tools are heterogeneous in nature and
have a large range of variability. Thus the study aims at improving these predictive tools
by using the Polynomial Chaos methodology to capture this heterogeneity and provide
a more realistic description of the system’s behavior. Consequently, a data assimilation
technique based on forecasting the error statistics using the Polynomial Chaos method-
ology is developed. The proposed method allows the propagation of a stochastic rep-
resentation of the unknown variables using Polynomial Chaos instead of propagating
an ensemble of model states forward in time as is suggested within the framework of
the Ensemble Kalman Filter (EnKF) . This overcomes some of the drawbacks of the
EnKF. Using the proposed method, the update preserves all the statistics of the posterior

unlike the EnKF which maintains the first two moments only. At any instant in time,
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the probability density function of the model state or parameters can be easily obtained
by simulating the Polynomial Chaos basis. Furthermore it allows representation of non-
Gaussian measurement and parameter uncertainties in a simpler, less taxing way without
the necessity of managing a large ensemble. The proposed method is used for realis-
tic nonlinear models, and its efficiency is first demonstrated for reservoir characteriza-
tion using automatic history matching and then for tracking the fluid front dynamics to
maximize the waterflooding sweeping efficiency by controlling the injection rates. The
developed methodology is also used for system identification of civil structures with
strong nonlinear behavior.

History matching, the act of calibrating a reservoir model to match the observed
reservoir behavior, has been extensively studied in recent years. Standard methods for
reservoir characterization required adjoint or gradient based methods to compute the
gradient of the objective function and consequently minimize it. The computational
cost of such methods increases exponentially as the number of model parameters or
observational data increase. Recently, the EnKF was introduced for automatic history
matching . The Ensemble Kalman Filter uses a Monte Carlo scheme for achieving sat-
isfactory history matching results at a relatively low computational cost. In this study,
the developed data assimilation methodology is used for improving the prediction of
reservoir behavior. To enhance the forecasting ability of a reservoir model, first a better
description of the reservoir’s geological and petrophysical features using a stochastic
approach is adopted, and then the new data assimilation method based on forecasting
the error statistics using the Polynomial Chaos (PC) methodology, is employed. The
reservoir model developed in this study is that of multiphase immiscible flow in a ran-
domly heterogeneous porous media. The model uncertainty is quantified by modeling
the intrinsic permeability and porosity of the porous medium as stochastic processes

via their PC expansions. The Spectral Stochastic Finite Element Method (SSFEM) is

Xii



used to solve the multiphase flow equations. SSFEM is integrated within SUNDANCE
2.0, a software developed in Sandia National Laboratories for solving partial differential
equations using finite element methods. Thus, SUNDANCE is used for the analysis or
prediction step of the reservoir characterization, and an algorithm using the newmat C++
library is developed for updating the model via the new data assimilation methodology.

Using the same underlying physics, the proposed method is coupled with a control
loop for the purpose of optimizing the fluid front dynamics in flow in porous media
problem through rate control methods. The rate control is carried out using the devel-
oped data assimilation technique; the water injection rates are included as part of the
state vector, and are continuously updated so as to minimize the mismatch between the
predicted front and a specified target front.

The second application of the proposed method aims at presenting a robust sys-
tem identification technique for strongly nonlinear dynamics by combining the filtering
methodology with a non-parametric representation of the system’s nonlinearity. First a
non-parametric representation of the system nonlinearity is adopted. The Polynomial
Chaos expansion is employed to characterize the uncertainty within the model, and then
the proposed data assimilation technique is used to characterize the robust stochastic
polynomial representation of the system’s non-linearity. This enables monitoring the
system’s reaction and identifying any obscure changes within its behavior. The pre-
sented methodology is applied for the structural health monitoring of a four story shear
building subject to a ground excitation. The corresponding results prove that the pro-
posed system identification techniques accurately detects changes in the system behavior
in spite of measurement and modeling noises.

The results obtained from these two applications depict the efficiency of the pro-
posed method for parameter estimation problems. The combination of the Ensemble

Kalman Filter with the Polynomial Chaos methodology thus proves to be an efficient

Xiii



sequential data assimilation technique that surpasses standard Kalman Filtering tech-

niques while maintaining a relatively low computational cost.
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Chapter 1

Introduction

Data assimilation aims at predicting and estimating true state unknowns by combining
the observed information with the underlying dynamical model. It is an interdisciplinary
field involving engineering, mathematics, and physical sciences. Most data assimilation
methods can be classified as either control or estimation theory methods. Control the-
ory methods are mainly the gradient based methods. The computational cost of these
methods increases exponentially as the number of unknown parameters increases. This
study focuses on estimation theory methods with Kalman Filter at their heart. It aims
at developing a new data assimilation methodology based on combining the Kalman
Filtering techniques with the Polynomial Chaos methodology.

The Kalman Filter is a sequential data assimilation methodology, that integrates the
model forward in time, and whenever measurements are available, they are used to reini-
tialize the model before the integration continues [Kal60]. It is an optimal state estima-
tion process applied to dynamical systems involving random perturbations. The Kalman
Filter provides a linear, unbiased, minimum variance algorithm to optimally estimate the
state of the system from noisy measurements. If the model turns out to be nonlinear or
a parameter estimation is required, a linearization procedure is usually performed in
deriving the filtering equations [CC91]. The Kalman Filter thus obtained is known as
the extended Kalman Filter (EKF). The ensemble Kalman Filter was lately introduced
[Eve94] to overcome some of the drawbacks of the EKF. The EnKF considers the effects
of the higher order statistics that were neglected by the EKF due to linearization, but pre-

serves the first two moments only when propagating the error statistics. It also reduces



the computational cost of the EKF by presenting simpler techniques for propagating the
model errors.

This study presents a data assimilation method based on forecasting the error statis-
tics using the Polynomial Chaos methodology. Instead of propagating an ensemble of
model states forward in time as is suggested within the framework of the EnKF, the
proposed method allows the propagation of a stochastic representation of the unknown
variables using Polynomial Chaos. This overcomes some of the drawbacks of the EnKF.
Using the proposed method, the update preserves all the statistics of the posterior unlike
the EnKF which maintains the first two moments only. Furthermore, at any instant in
time, the probability density function of the model state or parameters can be easily
obtained by simulating the Polynomial Chaos basis. It also allows the representation
of non-Gaussian measurement and parameter uncertainties in a simpler, less taxing way
without the necessity of managing a large ensemble. The computational load for rele-
vant accuracy is comparable to that of the EnKF and the storage size is limited to the
number of terms in the PC expansion of the model states. The proposed method can
be used for realistic nonlinear models, and its efficiency is demonstrated on a reser-
voir characterization using automatic history matching, for front tracking of the flow in

porous media, and for system identification of structures with strong nonlinearities.

1.1 Reservoir Characterization

Reservoir simulation is a powerful tool for reservoir characterization and management.
It enhances the production forecasting process. The efficiency of a reservoir model
relies on its ability to characterize the geological and petrophysical features of the actual
field. One of the most commonly used methods for reservoir characterization is the

automatic history matching methodology. History matching aims at estimating reservoir



parameters such as porosities and permeabilities so as to minimize the square of the
mismatch between observations and computed values.

In short, history matching is a parameter estimation problem aiming at finding the
probability density function of the parameters and associated model states based on mea-
surements related to these states and possibly the parameters themselves [Eve05]. Well
established history matching techniques rely on the gradient type methods for mini-
mization of cost functions [Ca74, CDL75, Ma93]. The gradient-based approach was
extended for multiscale estimation [GMNUO3, Aan05]. Further the gradual deforma-
tion method introduced by Roggero and Hu [RH98] has gained some interest. These

traditional history matching techniques suffer from some drawbacks [NBJO6]:
e They are usually only performed after period of years on a campaign basis.

e Ad hoc matching techniques are applied, and the process usually involves manual

adjustment of model parameters instead of systematic updating.

e Measurement and modeling uncertainties in the state vector are usually not explic-

itly taken into account.

e Often, the resulting history matched model violates essential geological con-

straints.

e The most critical issue is that although the updated model may reproduce the
production data perfectly, it has little or no predictive capacity because it may
have been over fitted by adjusting a large number of unknown parameters using a

much smaller number of measurements.



Various techniques for automated history matching have been developed over the
past decade to address these issues. The Ensemble Kalman Filter (EnKF) intro-
duced by Evensen [Eve94, BLE9S, Eve03] was recently used for online estima-
tion of reservoir parameters and state variables given the production history data
[NMV02, NJAV03, GOO05, GRO5, LO05, WCO05]. Although, the EnKF yields satis-
factory history matching results it has some drawbacks. The EnKF copes badly with
non-Gaussian probability density functions since it requires a large ensemble size to
accurately characterize the statistics of the corresponding functions [Kiv03]. Thus, this
study presents a variation of the EnKF that allows the propagation of a stochastic rep-
resentation of the variables using the Polynomial Chaos expansion. Consequently all
the statistics of the random variables are preserved. First, it is required to accurately
represent the geological features of the reservoir and the fluid flowing within, and con-
sequently uncertainty must be quantified. Major sources of uncertainty in the process of

history matching and production forecasting include [AMLOS5]:
e Measurement errors
e Uncertain description of geological and fluid parameters
e Model errors and imperfections

The model uncertainty is quantified by modeling the intrinsic permeability and
porosity of the porous medium as stochastic processes via their Polynomial Chaos
expansions. This yields a system of coupled nonlinear stochastic partial differential
equations. The Spectral Stochastic Finite Element Method (SSFEM) proposed by
Ghanem and Spanos [GS03] is employed to solve this system at discrete time steps.
SSFEM is an extension of the deterministic finite element method (FEM) to stochastic
boundary value problems. In the context of SSFEM, the randomness in the problem is

regarded as an additional dimension with an associated Hilbert space of L, functions in
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which a set of basis functions is identified. This set is known as Polynomial Chaos and
is used to discretize the random dimension [GS03, Wie38]. The SSFEM is integrated
within SUNDANCE 2.0 [Lon0O4], a finite element partial differential equation solver,
for maximal computational efficiency. SUNDANCE is a toolkit that allows construction
of an entire parallel simulator and its derivatives using a high-level symbolic language.
It is sufficient to specify the weak formulation of the partial differential equation and
its discretization along with a finite element mesh to obtain a solution. The proposed
method is then used to filter the stochastic representations obtained by the SSFEM. The
proposed history matching technique is used for the characterization of both one dimen-
sional and two dimensional heterogeneous reservoirs. Different ways for representing
the medium uncertainties are discussed, and the obtained results reveal the efficiency of

the proposed scheme.

1.2 Front Tracking

Another important aspect in reservoir simulations is the maximization of some measure
of the displacement efficiency. In cases where the injected fluid composition is fixed,
the only given way to control the front dynamics is through controlling the allocation of
the injected fluid to the injection wells. Therefore, to maximize the sweeping efficiency
of the water flooding process, an algorithm to update the injection flow rate so as to
maintain a specified front is devised. The algorithm uses the proposed filtering scheme
and it aims at minimizing the mismatch between the predicted water saturation and a
discretization of the objective front. This is coupled with the history matching technique
described earlier rendering a flow control problem which takes into consideration the
effects of parametric, modeling, and measurement uncertainties. This has been an active

research area in the past couple of decades [NBJ06, SY00, FR86, FR87, Ash88].



Using the same underlying physics described earlier, the proposed method is coupled
with a control loop for the purpose of optimizing the fluid front dynamics in flow in
porous media problem through rate control methods. The rate control is carried out
using the developed data assimilation technique; the water injection rates are included
as part of the state vector, and are continuously updated so as to minimize the mismatch
between the predicted front and a specified target front. The efficiency of this control
approach is demonstrated on a two dimensional reservoir model with two injectors and

multiple producers. The aim is to maintain a uniform flow throughout the simulation.

1.3 Structural Health Monitoring

Numerous structural engineering problems exhibit non-linear dynamical behavior with
uncertain and complex governing laws. With the recent technological advances, sensors
and other monitoring devices became more accurate and abundant. Therefore, their
use for health monitoring of civil structures gained popularity. The major problem that
remained is to devise the proper mathematical models that can cope with and analyze
the humongous measurements data flow. This has been a very active research area over
the past decade [GS95, LBL02, ZFYMO02, FBLOS, FIINOS5, GF06].

System identification and damage detection in most real life structures must be
adapted to uncertainties and noise sources that can not be modeled as Gaussian pro-
cesses. These uncertainties are typically associated with modeling, parametric, and
measurement errors. In cases where these uncertainties are significant, standard iden-
tification and damage detection techniques are either unsuitable or inefficient. In this
study, a system identification procedure based on coupling robust non-parametric non-
linear models with the Polynomial Chaos methodology in the context of the Kalman

Filtering techniques is presented. First a non-parametric representation of the system



nonlinearity is adopted. The Polynomial Chaos expansion is employed to characterize
the uncertainty within the model, and then the proposed data assimilation technique is
used to characterize the robust stochastic polynomial representation of the system’s non-
linearity which enables monitoring the system’s reaction and identifying any obscure
changes within its behavior.

The presented methodology is applied for the structural health monitoring of a four
story shear building subject to a ground excitation. The corresponding results prove that
the proposed system identification techniques accurately detects changes in the system

behavior in spite of measurement and modeling noises.

1.4 Summary of Original Contributions

This section provides a summary of the original contributions presented in this study:

e A stochastic sequential data assimilation technique based on forecasting the error
statistics using the Polynomial Chaos methodology is presented. This enables
the calibration of predictive models by characterizing the parameters as stochastic

processes.

e The application of the proposed technique for reservoir characterization is an
innovative approach that allows approximating the higher order statistics of the
production forecast. The use of PC to represent the uncertainty in the reservoir
model and the measurement help convey the actual medium in a more realistic

way.

e A novel control approach using the Polynomial Chaos Kalman Filter is presented

for optimizing the fluid front dynamics in porous media using rate control.



e The Polynomial Chaos methodology is used to characterize the uncertainty in
robust non-parametric representations of structural systems nonlinearities. The
latter is coupled with the developed data assimilation technique to render a robust

structural health monitoring methodology.

The details of all the aforementioned approaches are presented in the following chap-

ters.

1.5 Outline

Chapter two gives a review of the various methods used in this study to represent uncer-
tainties. It presents the details of the Polynomial Chaos expansion, and shows the imple-
mentation details of the Spectral Stochastic Finite Element Method. Furthermore, chap-
ter two present a model reduction technique to improve the computational efficiency of
the Spectral Stochastic Finite Element Method for solving high dimensional stochastic
systems.

In chapter three, sequential data assimilation techniques with a focus on the Kalman
Filter and its various nonlinear extensions are discussed. The implementation details of
a novel data assimilation technique based on coupling the Ensemble Kalman Filter with
the Polynomial Chaos methodology are given.

Chapter four presents the basics of transport and flow in porous media. The gov-
erning flow equations are derived, and the various geological and petrophysical features
of the reservoir and fluid parameters are discussed. The efficiency of automatic His-
tory matching using the proposed filter is demonstrated. Furthermore, a rate control
technique for optimizing the sweep efficiency in the water flooding process is devised.

In chapter five, the proposed filter is applied for the system identification of highly

nonlinear structures. Non-parametric representations of the structural nonlinearity are



discussed, and the setup is applied to the structural health monitoring of a four story
shear building subject to a ground excitation.

Chapter six gives a description of SUNDANCE’s capabilities. It presents the imple-
mentation details of the spectral library within SUNDANCE, and gives a detailed exam-
ple as a guide for users to follow.

Finally, some concluding remarks and future research direction are mentioned.



Chapter 2

Uncertainty Representation

Uncertainty in physical data and phenomena could be attributed to two sources. The
first one is the inherently irregular phenomena which could not be described determin-
istically, and the other is the phenomena that are not uncertain in nature but to which
uncertainties could be attributed due to lack of available data [GS03]. Therefore, in
order for any numerical model of a physical system to be useful, these uncertainties
have to be accurately represented in the model and proper numerical schemes should be
used for the analysis. To have a complete understanding of the approach used in this
study, it is important to introduce some mathematical concepts.

Let H be the Hilbert space of functions [Ode79] defined over a domain D with values
on the real line R. Denote by (€2, U, P) a probability space where (2 represents the
domain, U a measurable subset of the domain, and P is a measure on W with P(§2) =1
. A random variable is defined as a mapping {2 — P. Let x be an element of D and # an
element of 2. Then, © denotes the space of functions mapping €2 to the real line. The
inner products over H and © are defined using the Lebesgue measure and the probability
measure respectively. For any two elements /;(z) and h;(x) in H, the inner product is

defined as,
(ha(2), hy(2)) = /D ha()h (2)d. @.1)

(a(60), 5(0)) = / a(6)53(6)dP. 2.2)

10



where dP is a probability measure. Elements in the Hilbert spaces described above are
said to orthogonal if their inner product is zero. A random process is then defined as a
function in the product space D x ().

In what follows, some of the available techniques for addressing problems with
stochasticity are reviewed. First different methods for representing the uncertainty
are described, and then the details of the Spectral Stochastic Finite Element Method
(SSFEM) as a tool for analyzing stochastic models is presented. The computational cost
of the SSFEM depends on the mesh size, the dimension of the polynomial chaos expan-
sion of the random variables, and the order of the polynomial chaos (PC) expansion
of the solution. Specifically, the size of the linear system resulting from the SSFEM
increases rapidly as the number of terms in the PC expansion grows. Therefore, a

stochastic model reduction technique is presented to help cope with this problem.

2.1 Karhunen-Loeve Expansion

In cases where uncertainties possess a well defined covariance function, the Monte Carlo
simulation is the most widely used method for representing the randomness. It consists
of sampling the functions in a random, collocation like, scheme. Therefore, it requires a
large ensemble of samples to accurately represent the process statistics. The Karhunen-
Loeve expansion[Loe77] is a more theoretically appealing way to represent these func-
tions. It is a Fourier-type series representation of random processes. It is based on
the spectral decomposition of the covariance function of the stochastic process being

represented. The expansion takes the following form:

Y(0.0) = (Y (@) + 3 &0V Noi(x) 23

11



where,

<§z> = O, <§zfj> = 5@', l,j = 1, ey W 50 =1. (24)

In the above equation, @ is a random index spanning a domain in the space of random
events, and the product &;(6)+/)\; represents the random amplitude associated with the
deterministic shape functions ¢;(x), and (.) denotes the mathematical expectation oper-
ator. The sets {¢;}2, and {\;}3°, are associated with the solution to the covariance

kernel integral eigenvalue problem,

/ C<331, $2)¢i($2)d9€2 = )\i¢i($1) (2.5)
D

where D denotes the spatial extent of the stochastic process, and C'(x1, x2) is the covari-
ance function.
In practice, the Karhunen-Loeve expansion is usually truncated to a finite number of

terms,

Y(2,0) = (Y(2) + >_&(0) vV Nid(x). (2.6)

The number of terms is dependent on the distribution of the random pattern of the
stochastic processes being modeled. The closer the process is to white noise, the more
terms are required, while if a random variable is to be represented, a single term in
the expansion is sufficient. This is directly correlated with eigenvalues resulting from
solving the covariance kernel problem. The series is truncated after the first p largest
generalized eigenvalues of 2.5 such that > % | \;/>". \; is sufficiently close to one. The
monotonic decay of the eigenvalues is guaranteed by the symmetry of the covariance
function and the rate of the decay is related to the correlation length of the process being
expanded. Figure 2.1 shows the monotonic decay of the eigenvalues ;.

The Karhunen-Loeve expansion is mean-squared convergent and optimal provided

that the process being expanded has a finite variance. It is optimal in the sense that the

12
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Figure 2.1: Contribution of successive scales of fluctuations in the KL expansion

mean square error resulting from a finite representation of the process Y (z, ) is mini-
mized. The disadvantage of the Karhunen Loeve expansion is that its use is limited to
the prior knowledge of the covariance function. Therefore more general representation

are necessary for representing different processes.

2.2 Polynomial Chaos Expansion

The Polynomial Chaos expansion is more general than the Karhunen Loeve expansion
in the sense that it does not require prior knowledge of the covariance function. It is used
to represent the solution of a stochastic partial differential equation which is usually a
function of the problem parameters. The expansion involves an infinite basis set that
completely spans the L, space of random variables, and whose elements are orthogonal

polynomials. It can be shown [CM47] that, provided the solution has a finite variance,

13



this functional dependence could be expressed in terms of polynomials in Gaussian

random variables, in the form,

u(z;0) = ap(z)To + Z a;, (2)T1(&,(0)) + (2.7)
11=1
Z Z all'LQ FQ 5@1 )522 (0)) +
11=112=1
In this equation, I',,(&;,, . . ., &;,,) denotes the n'"* order polynomial chaos in the variables
(&,,---,&, ). These are generalizations of the multidimensional Hermite polynomials,

and a;, . ;, are deterministic coefficients in the expansion [Wie38]. Upon introducing a

-----

one to one mapping to a set of ordered indices {1;} and truncating the polynomial chaos

expansion after the Pt term, the above equation can be written as

u(x;0) = Z u;(x)1;(6). (2.8)

These polynomials are orthogonal with respect to the joint probability measure of
(&,,---,&,); ie. their inner product, (¥;¢1), is equal to zero for j # k. The j

order polynomial, 1;(§) can be explicitly evaluated as,

bo(§) =1 (2.9)

U1(&i) = & (2.10)

Va(&iy, i) = Einin — i (2.11)
V3(&irs i &ia) = &irinia — &irOinia — &ix0183 — &1y 0iniy (2.12)

14



where §;; is the Kronecker delta. In general, the Polynomial Chaos of order n can be
obtained as, o
UnlGis- - 6i) = (—1)”655T5<%>- (2.13)
Once the deterministic coefficients {u;} are calculated, a complete probabilistic charac-
terization of the stochastic process is achieved.
A truncated Polynomial Chaos can be refined along the random dimension by either
adding more random variables to the set {&;(#)} or by increasing the order of the polyno-

mials in the PC expansion. Note that the total number of terms P + 1 in a PC expansion

with order less than or equal to p in M random dimensions is given by

(p+ M)!

(2.14)

2.3 Polynomial Chaos Representation of Some Func-
tions of Stochastic Processes

In many stochastic systems, one is often faced with the obstacle of efficiently repre-
senting functions of stochastic processes be they dependent or independent, Gaussian
or Non-Gaussian. These function could be ratios, products, or even polynomials of
stochastic processes. As long as these functions belong to Lo, they admit their own
Polynomial Chaos representations. In this study algorithms are devised to perform these

functions on the PC expansion of the random processes.
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2.3.1 The Lognormal Process

Consider the process [(z, z) obtained from the Gaussian field Y (z, z) via exponentia-
tion. This process is a stochastic field having a lognormal marginal probability distribu-
tion. It can be represented in terms of multidimensional Hermite polynomials orthogo-

nal with respect to the Gaussian measure [Gha99],

P

l(x,2;0) = Zl/}z(e)lz(x,z) (2.15)

1=0

The zeroth order term in the polynomial chaos expansion refers to the mean of the
process and is given by,

2

lo(x, 2) = expluy + %Y] (2.16)

where 1y and oy denote the mean and standard deviation of the Gaussian random field
Y respectively. The higher order terms are

| (2,2).
li(z,2) = (U, 2)ge) _ () 2.17)

(¥?) (¥?)

The denominator can be easily evaluated and tabulated, and the numerator could be

expressed as [Gha99]

N

(I(z, 2)¢) = exp[Yo(z, 2) + % > Vi@ )] (i) (2.18)

j=1
where (1);(n)) represents the average of the polynomial chaos centered around Y;. Con-
sequently, the lognormal process can be represented as,

N

U(w,2:0) = lo(w, 2) (1 + Y &i(0)Yi(, 2)+

i=1
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N N

— 0ij) o
ZZ &gg _ &]) ) Yi(z, 2)Yj(z,2) + ...). (2.19)

=1 j=1
2.3.2 Product of Two or More Stochastic Processes

Consider two random processes, A(z,d) and B(x,#), and their respective Polynomial

Chaos approximations:

A, 0) = > A(@)i(€). (2.20)
Blw,0) = > _ Bj(2)¢5(8). 2.21)

We need to determine the PC expansion of the process, C, obtained from the product

of A and B,

Clx,0) =D Crl@)n(€) = Y Ailw)va(€) Y By()iy(€). (2.22)

i=0 §=0

The C}, coefficients are obtained by projection on a higher order chaos.

P P
Cr(z) =Y > Ai(x)B;(z)Cij Vkeo,...,P (2.23)
i=0 j=0
where
<z/w]¢k>
Cij . 2.24

This can be easily extended to the product of three processes,

Dy(x) =) > > Ai(2)Bj(x)Ci(x) Diji Vie0,...,P (2.25)

i=0 j=0 k=0
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where

Dijji = %

For computing the PC expansion of a polynomial, each product is computed sep-

(2.26)

arately using the above machinery, and then addition and subtraction are carried on.
Addition and Subtraction are performed by adding/subtracting the corresponding PC

coefficients of the variables being added/subtracted.

2.3.3 Ratio of Two Stochastic Processes

Consider the stochastic process given by a ratio of two different stochastic processes

A(x;0)
N = 2.2
C(@:9) = Bimp) (2.27)
using the polynomial chaos expansion to represent the latter equation yields,
- Yo Ai@)i€)
D Crlz)(§) = =50 (2.28)
k=0 ijo Bj(x);(§)

cross-multiplying, and requiring the difference to be orthogonal to the approximating

space spanned by the Polynomial Chaos {¢;} yields,

Y C’k(x)Bj(:c)%b—s;m = Ay(x) vieo,...,P. (2.29)

Expanding the equation for all values of [ results in a system of linear algebraic
equations which when solved gives the deterministic chaos coordinates of C'. The size
of the resulting system is equal to the number of terms used in the chaos representation

of the approximation.
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2.4 Uncertainty Propagation: The Spectral Stochastic

Finite Element Method

The SSFEM proposed by Ghanem and Spanos [GS03] is an extension of the determin-
istic finite element method F'E'M to stochastic boundary value problems. In the context
of SSFEM, the randomness in the problem is regarded as an additional dimension with
an associated Hilbert space of L, functions in which a set of basis functions is identified.
This set is known as Polynomial Chaos and is used to discretize the random dimension
[GS03, Wie38].

In the deterministic finite element method, the spatial domain is replaced by a set
of nodes that represent the finite element mesh and the resulting solution is expressed
in terms of nodal degrees of freedom u;,7 = 1,..., N augmented into a vector U. The
strain energy V¢ stored in each element A€ is expressed as,

Ve = 5/ ol (z,2)e(z, 2)dA° (2.30)

where d A€ is a differential element in A¢, and o(x, z) and €(z, z) are the stress and strain
vector respectively. For simplicity, assume that the model specified for the analysis is a

plane strain linearly elastic one, the stress maybe expressed in terms of the strain as,
o= D% (2.31)

where D¢ is the stochastic plane strain matrix of constitutive relations. The two dimen-
sional displacement vector u(6) representing the longitudinal and transverse displace-
ments within each element can be expressed in terms of the nodal displacements of the

element in the form

u(f) = N¢(r,s)U®(0) (2.32)
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where N¢(r, s) is the local interpolation matrix, U¢(6) is the random nodal response
vector, and r and s are local coordinates over the element. The total strain energy V' is

obtained by summing the contributions from all the elements. This procedure gives
1 Ne 1 1
V=3 > U / / BT Dé(x, z; 0) B¢| J¢|drdsU*® (2.33)
e=1 0 0

where |.J¢| denotes the determinant of the Jacobian of the transformation that maps an
arbitrary element (e) onto the three-nodded triangle with sides equal to one, and B¢ is
the matrix that describes the dependence of strains on displacements.

The polynomial chaos expansion of the matrix of constitutive properties may be

substituted in the above equation to transform the latter into,

1 P
V= 5UT kz; K (0)U. (2.34)

Minimizing the total potential energy with respect to U, and expanding the response

vector U using Polynomial Chaos, lead to the following equation
Py Py
> Ky Y Usthj— F =0 (2.35)
i=0 j=0

where F'is the vector of nodal forces, and U; is the deterministic coordinate vector of the

response and is evaluated as the solution of the following system of algebraic equations
Py
> KuUj = Fy, k=0,1,2,.., P, (2.36)

J=0

where,

Py
Kjn =Y CinkK; (2.37)
1=0

20



F, = (U F) (2.38)

Cijk = (ithj ) - (2.39)

The size of the resulting linear system could rapidly increase with the growing num-
ber of terms in the polynomial chaos expansion, and with a fine mesh, one could foresee
significant computational challenges. This emphasizes the need for establishing a reduc-
tion method that computationally simplifies the problem while preserving the accuracy

and veracity of the SSFEM.

2.5 Stochastic Model Reductions

The stochastic model reduction for chaos representation method [DGRH] aims at obtain-
ing an alternative to the polynomial chaos basis for representing the response. In order
to do so, the method involves solving the problem using the complete order polyno-
mial chaos basis on a coarse mesh. From the resulting solution, the covariance kernel
of the response is estimated, and used to approximate the dominant Karhunen-Loeve

representation of the response,

w(z, z,0) = (u(z, 2)) + Z Vi (0)di(z, ). (2.40)

Moreover, noting the differentiability properties of the response u, it has been suggested
[DGRH] that optimality in a more adapted functional space can be achieved by using
a modified version of the Karhune-Loeve expansion known as the Hilbert-Karhunen-
Loeve representation. Accordingly the sets {v;} and {¢;} are associated with the solu-

tion of the following eigenvalue problem

(R(., 2, 22), (2, Z2>)E(D) = vipi(21,21) Vi (2.41)
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where R(z1,21,22,20) = ((u(xy,21) — (u(xy, 21)))(u(z2, 29) — (u(xe,22)))), and
(.,.)E(p) denotes the inner product induced by the energy norm associated with the
mean of the process D(x, z). The random variables {7;} characterized on the coarse
mesh are assumed to retain their joint probabilistic measure as the solution is approx-
imated on the fine mesh. Furthermore, each of the 7),;’s is expressed in a Polynomial
Chaos representation that is assumed to be well approximated on the coarse mesh. This
method was applied for a Benchmark study that was presented in I[COSSAR’05 and

whose details will be presented in what follows [GSD07].

2.6 Application to the Embankment Dam Problem

The embankment dam problem of the benchmark study is treated using the newly devel-
oped Stochastic Model Reduction for Polynomial Chaos Representations method. The
elastic and shear moduli of the material, in the present problem, are modeled as two
stochastic processes that are explicit functions of the same process possessing a rela-
tively low correlation length. The state of the system can thus be viewed as a function
defined on a high-dimensional space, associated with the fluctuations of the underlying
process. In such a setting, the spectral stochastic finite element method (SSFEM) for the
specified spatial discretization is computationally prohibitive. The approach adopted in
this paper enables the stochastic characterization of a fine mesh problem based on the
high dimensional polynomial chaos solution of a coarse mesh analysis. The problem
to be examined is that of an embankment dam with trapezoidal cross-section made of

earth or rock fill subject to compressive deterministic loading conditions as is shown in
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Figure 2.2: Schematic of the Embankment Dam

Figure 2.2. Due to the nature of the material, it is proposed to model the low strain elas-
tic and shear moduli as non-homogeneous lognormal random fields F(x, z) and G(z, 2)
respectively,

E(z,z) =mg(z) + op(2) (2.42)

Oy

Y(z,z) _
G(z,z) = mg(z) + Ug(Z)M, (2.43)

Ty
where mpg(z) and mq(z) are the means, oz (2) and o¢(2) are the standard deviations,
Y (z, z) is a homogeneous, zero mean, unit variance Gaussian random field with given
autocorrelation function Ry (Az,Az) given by eq. 2.44, my = E[e¥] = €%° and

02 = Var[e¥] = €2 — e [ICO04],

_1ax] Az

Ry (AX,AZ) = exp( 10 3

). (2.44)

Table 2 of [ICO04] presents the properties of the low strain elastic parameters. The elas-
tic moduli are represented as dependent stochastic processes possessing a relatively low
correlation length, and consequently the problem can be viewed as a function defined on
a very high dimensional space. The spatial domain is discretized into triangular, 3-node,

plane strain finite elements. Figure 2.3 shows the proposed mesh of 2160 elements.
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Figure 2.3: Proposed Mesh of 2160 elements

2.6.1 Implementation Details

First, the Karhunen-Loeve expansion is employed to help reduce the dimensionality of
the problem. A Galerkin type procedure is applied to transform the Fredholm equation
to a generalized eigenvalue problem which is solved for the eigenvalues \;’s and eigen-
vectors ¢;’s of the covariance kernel. Figure 2.4 shows the computed eigenvalues of
the given covariance kernel. It shows that the decay of the eigenvalues is rather slow
because of the relatively low correlation length provided; this indicates the necessity of

using a big number of terms in the K L expansion.
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Figure 2.4: Eigenvalues )\, of the Exponential Covariance Kernel

Knowing the significance of each of the random dimensions in the problem, the

total number of terms in the polynomial chaos representation of the response must be
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decided. Many terms are often used in the Polynomial Chaos expansion. For stability
issues, the minimum order of chaos expansion of the process D(z, z) should be at least
twice that of the response « [MKO4]. This way the computational cost of the solution
is greatly reduced without sacrificing the method’s accuracy. The problem at hand is
solved for various combinations of the number of terms in the the K L and increasing
orders of PC' expansions to test the convergence of the response.

Due to computational difficulties in experimenting with high dimensional solutions,
the problem was first solved, based on the proposed fine mesh, using a relatively low
number of dimensions in the K L expansion, and the solution was investigated for sec-
ond, third, and fourth order PC' expansions. It turns out, as is shown in figure 2.5 that the
significance of adding the third order terms is negligible. Figures 2.5 a and b show the
nodal variances convergence of the the horizontal and vertical displacements for 2 terms
in the KL expansion of the solution (M = 2) and as the order of the PC' expansion
(p) is increased. Similar results were obtained for 3 and 4 terms in the K L expansion,
and results obtained using the stochastic model reductions for 15 and 20 terms in the
K L expansion confirmed that the second order is sufficient to portray the uncertainty
in the response. Although the SSFEM converged for a second order polynomial chaos
expansion, results were still vastly remote from the solution obtained through a Monte
Carlo simulation of the problem. This implies that more terms in the K L expansion are
needed.

As noted earlier, as the number of terms in the polynomial chaos expansion
increases, the computational cost of SSFEM rises significantly. The size of the resulting
algebraic system that is to be solved for the deterministic coefficients of the response is

N(P+1) x N(P+ 1) where N is the number of nodal degrees of freedom.
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Figure 2.5: The Significance of third order chaos expansion on the response.

For the embankment dam problem, the proposed mesh has 2294 degrees of freedom.
In order to attain convergence, it was determined through computational experimenta-
tion using the stochastic model reduction method that about 60 terms in the K L expan-
sion are needed. The corresponding total number of terms needed in the polynomial
chaos second order expansion is 1891 which leaves us with a linear algebraic system in
4337954 unknowns. Solving such a system requires a super computer with very high
memory capacity.

To solve this problem, the stochastic model reduction method is used. A coarse mesh
of 60 elements shown in figure 2.6 is used to carry out the full SSFEM analysis. The

solution obtained from solving the problem on the coarse scale is expressed as,

.
U6) =) Un(0) (2.45)
i=0

where, U is an N X 1 vector containing the horizontal and vertical nodal displacements.

Having the above approximation, the covariance kernel of the response is estimated as
Rov = ((Q_ U)X Usy)") = > UUT (47) (2.46)
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Figure 2.6: Coarse Mesh of 60 elements
Now, the Hilbert-Karhunen-Loeve expansion can be obtained by solving equation
2.41 using a Galerkin projection scheme on the coarse mesh, which will lead to a discrete

generalized eigenvalue problem whose size is determined by the number of degrees of

freedom of the coarse discretization. In discrete form, the eigenvalue problem becomes,
KIRK.f = vK,f (2.47)

where K is the stiffness matrix associated with the mean of the process D(x, z)
and obtained from the SSFEM solution on the coarse mesh. It should be noted that K
is readily available from the current analysis on the coarse mesh. The matrix R is the
covariance of the solution, v is a diagonal matrix whose elements are the eigenvalues
of the generalized eigenvalue problem, and f a matrix containing the corresponding

eigenvectors. The Hilbert-Karhunen-Loeve representation is given by

u(z, 2z 0) = (u(z, 2)) + Z Vifilz, 2)m(0) (2.48)

The above expansion can be truncated after the first y largest generalized eigenvalues

of (2.47) such that > %", v;/> . v; is sufficiently close to one. Now, the set of random
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variables {n;},_, are recasted by a linear transformation of the set of the polynomial

chaos basis {¢;}_, [DGRH].

P
0) = ai;(0) Vi (2.49)
j=1
where
T
TK,
= i Kol Vi, j. (2.50)

)

Vi
The fine scale problem involves the finite dimensional space of piecewise continu-
ous polynomials corresponding to the spatial discretization shown in figure 2 and the

space of random variables spanned by the basis {7; }\_; [DGRH]. The application of the

SSFEM becomes
P 7
S Ky Uy —F =0 (2.51)
i=0 j=0
o
> KjUj = Fy, k=0,1,2,....1 (2.52)
7=0
where,
P
Kj =Y dijk; (2.53)
Fy = (e F) (2.54)
dije = (injnk) (2.55)

P P P P
dijr = <¢z~ Zajmzwm) (Z aknwn)> = > mn (it tbn)
m= n=1

m=1n=1

P P
= > Y jmnCimn Y 4k (2.56)

m=1 n=1

Where the coefficients ¢, 1= (Y;1m1)y,) are already tabulated [GS03].
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Figure 2.7: The response representation using a 15 dimensional second order expansion
obtained via SSFEM and SSFEM with Stochastic Model Reductions

The stochastic model reduction is first verified on a reduced version of the problem.
The second order solution in 15 stochastic dimensions is obtained using only SSFEM
and the combination of SSFEM and stochastic model reductions. The results show great
compatibility and are presented in figure 2.7.

The problem is solved using the stochastic model reduction for chaos expansions for
a range of terms in the K L expansion starting with 15 dimensions, for which compari-
son is made with SSFEM, and ending with 60 dimensions which gives close results to
those obtained from a Monte Carlo simulation. Using a sixty dimensional polynomial
expanded up to second order, 1891 bases are required to capture the uncertainty of the

response using SSFEM analysis on the coarse scale problem. Using the coarse mesh
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solution to obtain the covariance matrix of the response, the eigenvalue problem (2.47)
is solved to obtain the number of significant basis for the fine mesh analysis. Figure
2.8 gives the decay of the eigenvalues of (2.47). Note that 29 new bases are sufficient to
capture the uncertainty in the response for the fine scale problem. The response obtained
using these 29 basis in a SSFEM analysis on the fine scale is presented in the analysis
section. Clearly the computation costs associated with 29 bases in random dimensions

are dramatically less than those of the full order SSFEM with 1891 bases.
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Figure 2.8: Eigenvalues of equation 2.47

2.6.2 Analysis of Results

To assess the validity of the results obtained by the SSFEM and test its effectiveness
and convergence, the same problem is also treated using a Monte Carlo Simulation.
The Monte Carlo simulation logic involves solving the whole system once for every
realization in a statistical sample associated with the random system, and consequently
synthesizing a corresponding sample of the random solution [SchO1b]. The elastic and

shear moduli are simulated by sampling an n-dimensional Gaussian random vector and
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simulating the field Y (x, z) based on the solution of the integral eigenvalue problem of

the covariance kernel given by 2.44.

N
Y(2,20) = Yo(z,2) + Y vV Aidi(, 2)&(0) (2.57)
=1

For each simulation, the response is obtained by solving the deterministic finite element
problem. After 150,000 simulations, the solution seems to have converged in both mean
and variance. The results obtained from the 150,000 Monte Carlo simulations are plotted
together with those from SSFEM with 60 random dimensions expanded up to second
order in figure 2.9. The responses obtained from the two methods seem to be very
coherent, although while using the same machine for the computations, the Monte Carlo
simulations take about 24 hours while the SSFEM with stochastic model reductions take
less than 8 hours.

The goal behind solving the problem is estimating the probability of failure of the
embankment dam for different combinations of the cohesive strength c, the friction angle
¢, the soil mass density ~, and the top load ¢. Failure is defined when the Mohr-Coulomb

criterion is satisfied in at least one point in the analysis domain,
T > c+ o,tang (2.58)

where 7 is the shear stress, and o, is the normal stress.

For plane strain conditions, element stresses in the analysis plane are calculated as:

o = DBU, (2.59)

31



20

~—0.02)

pIaLI:emen
o
o
R

|
o
=3
>

I
o
=3
=)

M=60 P=2
— MC 150000

]
e

Nodal Mean Horizontal Displacement
Nodal Mean Vertical Dis

M=60 P=2 -0.12r
— MC = 150000

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200

Node Number Node Number
(a) (b)
x107° ‘ ‘ ‘ x107*

M=60 P=2
— MC 150000

M=60 P=2
sl = Mc150000

N
)}
T

N
T

Nodal Variances Vertical Displacement
- (%)

o
[
T

Nodal Variances Horizontal Displacement

0 200 400 600 800 1000 1200 0 200 400 800 1000 1200

600
Node Number Node Number
(©) (d)

Figure 2.9: The response’s representation obtained from 150000 Monte Carlo Simula-
tions as Compared to those resulting from a 60 dimensional second order Chaos expan-
sion

where o is a 3-dimensional vector whose components are o,, 0,, and 7, respectively.

Representing these terms by their Polynomial Chaos decompositions yields,

P P P
Y omi=_ > DBUmi;. (2.60)
i=0 =0 j=0

Accordingly, the deterministic shapes of the stress vector are calculated from those of the
constitutive relations matrix and response vector via the above relation by projecting on
a higher order chaos. Consequently, the stress vector corresponding to each element in

the mesh, is represented by a polynomial function of sixty Gaussian random variables.
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Table 2.1: Probability of failure for different load and material strength combinations

1 2 3
Cohesive Strength ¢ 125 KPa 225 KPa 150 KPa
Friction Angle ¢ 30° 22° 40°
Mass Density 1800K g/m? | 1800K g/m? | 1800K g/m?
Top Load ¢ 30 KPa 30 KPa 30 KPa
Py (MonteCarlo) 1.70 E -03 2.20 E-05 3.40E-04
Py (M =60 P =2) 2.0E-03 2.0E-05 6.5E-04

This vector is simulated by sampling the £’s and the Mohr-Coulomb failure criteria
is checked for each element.Clearly, the computational cost of sampling the basis is
negligible as compared to solving the problem via a Monte Carlo Simulation. Failure is
defined when the Mohr-Coulomb failure criterion is satisfied in at least one element in
the domain. 100,000 samples of the stress vector are simulated and the failures obtained

are presented in table 1.
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Chapter 3

Sequential Data Assimilation for

Stochastic Models

3.1 Overview of Data Assimilation

Data assimilation is a novel and versatile methodology for estimating unknown state
variables and parameters. It relies on a set of observational data and the underlying
dynamical principles governing the system under observation. General schemes for
data assimilation often relate to either estimation theory or control theory, but some
approaches like direct minimization, stochastic and hybrid methods can be used in both
frameworks. Most of these schemes are based on the least-squares criteria which have
had a great success. The optimality of the least squares may degenerate in the cases
of very noisy and sparse data, or in the presence of multi-modal probability density
functions. In such situations melding criteria, such as the maximum likelihood, minimax

criterion or associated variations might be more appropriate. [RLOO].

3.1.1 Control Theory

Control theory or variational assimilation approaches such as the generalized inverse
and adjoint methods perform a global time-space adjustment of the model solution to
all observations and thus solve a smoothing problem. The aim of these methods is to
minimize a cost function reducing the time space misfit between the simulated data and

the observations, with the constraints of the model equations and their parameters. The
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dynamical model could be either considered as a strong constraint, i.e. it is to be exactly
fulfilled, or a weak one.

In the case where the dynamical system, F'(§) = 0, describing the temporal evo-
lution of the models state variable 6 is a strong constraint, the variational approach is
known as the adjoint method. Within the assimilation period the initial and boundary
conditions and the parameter values control the evolution of the model variables. Vari-
ables describing these conditions are commonly denoted as control variables, u. The
approach consists of minimizing a cost function ./ resulting from the summation of
two components. The first weights the uncertainties in the initial conditions, boundary
conditions and parameters with their respective a priori error covariances. The other is
the sum over time of all data-model misfits at observation locations, weighted by mea-
surement error covariances [RLOO]. This optimization procedure is called the adjoint
method, because the adjoint model equations offer a sophisticated but relative cheap way
to calculate the gradient of the cost function. This is done by introducing the Lagrange

function,

L= J+/ /)\(x,t)F(H,x,t)dtdm, (3.1
pJr

where D and T are the spatial and temporal domains respectively. Partial differentiation
with respect to the Lagrange multipliers , also denoted as adjoint variables, returns the

model equations:
oL
Z = F() = 2
oy — L) =0, (32)

while the differentiation with respect to 6 yields the adjoint model equations, which

describe the temporal evolution of the Lagrange multipliers:

oL a.J
== Adj =
dj(A) + 50

= 0. (3.3)
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The third condition entails differentiating with respect to the control variables u:

oL
5. =0 (3.4)

The latter insures that the optimal choice of the control variables « have been selected.

Under the above condition the gradient V,J can be easily calculated as:

V.J =V, L = a—ﬁ 3.5
ou
oL OLON 0L O
= ==, = (3.6)

ou OXOu 00 ou

oL

The second and third term in the above equation vanish since % = =0and g—f =0, and

thus the calculation of the gradient V,J simplifies to,

V] / / 9 L t) SR AL LI 3.7)

The generalized inverse method is used when the inverse problem is expanded to
weakly fit the constraints of both the data and the dynamics. Using this approach, the
estimate is still defined in a least square sense; the cost function to be minimized is the
same as that in the adjoint method, but a third term consisting of the dynamical model
uncertainties weighted by a priori model error covariances is now added. The dynamical
model uncertainties thus couple the state evolution with the adjoint evolution. This
coupling renders the iterative solution of the backward and forward equations difficult

[RLOO].
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3.1.2 Direct Minimization Methods

These methods aim at minimizing cost functions similar to those defined for the general-
ized inverse problem but without utilizing the Euler-Lagrange equations. Iterative meth-
ods are generally used to determine the direction of the descending cost function. At
each iteration, a line search minimization is performed to determine the lowest descend-
ing direction. The method of steepest descend is the simplest of these approaches, but
it is the slowest since it converges linearly. The conjugate-gradient method on the other
hand calculates the search direction orthogonal to the local Hessian Matrix. It has a good
convergence rate and a low storage requirements. Other descent methods are the New-
ton and quasi-Newton methods, but the problem with all these approaches is that they
are very sensitive to the choice of initial conditions. This is because they are basically
local minimization schemes.

When the cost functions become sufficiently non-linear, non-local methods become
more attractive. Of these methods, it is important to note the methods of simulated
annealing and Genetic algorithms. In the simulated annealing method, each point s of
the search space is compared to a state of some physical system, and the function to be
minimized is interpreted as the internal energy of the system in that state. Therefore the
goal is to bring the system, from an arbitrary initial state, to a state with the minimum
possible energy. The advantages are the origin in theoretical physics, which leads to
convergence criteria, and the relative independence on the specifics of the cost function
and initial guess, which allows nonlocal searches. The main disadvantages are the large
computer requirements and, in practice, uncertain convergence to the global minimum
[KGVS83].

Genetic algorithms are based upon searches generated in analogy to the genetic evo-
lution of natural organisms. At each iteration of the search, the genetic scheme keeps a

population of approximate solutions. The population is evolved by manipulations of past
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populations that mimic genetic transformations such that the likelihood of producing
better data-fitted generations increases for new populations. Genetic algorithms allow
nonlocal minimum searches, but convergence to the global minimum is not assured due

to the limited theoretical base [SchO1la].

3.1.3 Estimation Theory

In estimation theory, statistical approaches are used to estimate the state of a dynam-
ical system by combining all available knowledge pertaining to the system including
the measurements and the modeling theories. Of significant importance in the estima-
tion process is the a priori hypotheses and melding criterion since they determine the
influence of dynamics and data onto the state estimate.

One of the most widely used tools in estimation theory is the Kalman Filter, which
gives a sequential, unbiased, minimum error variance estimate based upon a linear com-
bination of all past measurements and dynamics. Many extensions of the Kalman Filter
have been developed over time to tackle the different challenges associated with the
problem of sequential data assimilation. The Kalman Filter and its various extensions
are the focus of this chapter.

In what follows, a review of the most commonly used Kalman Filtering techniques
is presented, leading us to the description of proposed data assimilation methodology

which combines the Kalman Filtering techniques with the Polynomial Chaos machinery.

3.2 The Kalman Filter

The Kalman Filter (KF) also known as the Kalman-Bucy Filter was developed in 1960
by R.E. Kalman [Kal60]. It is an optimal sequential data assimilation method for linear

dynamics and measurement processes with Gaussian error statistics. It provides a linear,
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unbiased, minimum variance algorithm to optimally estimate the state of the system
from noisy measurements. With the recent technological advancements, the KF became
more useful for very complex real-time applications such as, video and laser tracking

systems, satellite navigation, radars, ballistic missile trajectories estimation, Fire control

This section is devoted for developing the Kalman filtering “prediction-correction”
algorithm based on the optimality criterion of least-squares unbiased estimation. Con-

sider a linear system with the following state-space description,

Tpr1 = Agx + Tiéy, (3.8)

zr = Hyxp, + Mk 3.9

where Ay, T'y, and Hj, are constant known matrices, and {&;.} and {7} are respectively
system and observation noise sequences with known statistical information. For the KF,
{&} and {n;} are assumed to be sequences of zero-mean Gaussian white noise such
that Var (&) = Qy and Var(ng) = Ry are positive definite matrices and E(&,m;) = 0
for all £ and [. The initial state x, is also assumed to be independent of & and 7 for all
k.

Let 2/,—1 be the to be the a priori state estimate at step & given knowledge of the
process prior to step k, and 7y, be the a posteriori state estimate at step &k given the

measurement zj. The a priori and a posteriori estimate of the errors are then defined as,

€k/k—1 = Tk — i‘k/k—l (3.10)

€/ = Tk — fk/k, (3.11)
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and their respective error covariance as,

Py = E[ek/k—ﬁ;‘:/k_l] (3.12)
Py = E[ek/kef/k]. (3.13)

The a posteriori estimate 7y, is obtained as a combination of the a priori estimate

Ty/k—1, the measurement 2y, and the measurement prediction HyZy/x—1,
Tuk = T + Ka(zp — Hipp—1). (3.14)

The difference (2, — HyZp/k—1) is known as the innovation sequence or residual. The
matrix K is chosen to be the gain or blending factor that minimizes the a posteriori
error covariance 3.13. The following sections presents the details for achieving this

matrix.

3.2.1 Derivation of the Kalman Gain

The error covariance matrix associated with the a posteriori estimate is defined as:

If we replace equation 3.9 in 3.14 and substitute the resultant in 3.15, the expression for

the a posteriori covariance matrix becomes:

Py = El[(zx — Zr/p-1) — Ka(Hrwr + e — HyZgjp—1)] (3.16)

[(xr — Trjp—1) — Ka(Hpwg +n, — Hkik/k—ﬁ]T]-
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Evaluating the expectations and noting that (zy — &y, /k—l) is the a priori estimation error
gives,

Py = (I — KgHy)Pijp1(I — KoHy)" + KeRp K. (3.17)

The latter is a general expression, and it is valid for all K¢, optimal or otherwise. The
goal is to find a specific K¢ that minimizes the individual terms along the major diagonal
of P;. This optimization can be done in several ways, but the documentation mostly fol-
lowed in the literature is that which follows the completing the square approach [Bro83].
The subscripts are dropped in the remaining of this derivation to avoid unnecessary clut-
ter in the expressions. In what follows the a priori estimate is denoted by a — superscript.

Upon expanding and regrouping the terms in the P}, we have:
P=P —(KHP — P H'K")+ K(HP"H" + R)K", (3.18)

where the second term in the above equation is Linear in K, and the third is a quadratic
function of K. It is assumed the (HP~H” + R) is symmetric, and thus can be written

in factored form as SS7 i.e.,
SST=HP H" +R. (3.19)
Therefore, the expression of P may now be rewritten as,
P=P —(KHP  — P H'K") + KSSTK". (3.20)
In order to complete the square, P is expressed in the form,

P=P +(KS—A)(KS— AT - AAT, (3.21)
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where A is independent from K. If 3.21 is expanded and compared term by term with

3.20, the following equality must hold:

KSAT + ASTKT = KHP~ + P "H'K". (3.22)

Hence, it is easily noticed that 3.22 is only satisfied if A is expressed as,

A= P HY (S (3.23)

Only the second term in 3.21 involves /; it is the product of a matrix with its transpose,
which ensures that all terms along the major diagonal will be nonnegative. The aim is
to minimize the diagonal terms /; therefore, the best way to do that is to adjust K so

that the middle term in 3.21 is zero. Hence, K is chosen so that

KS=A. (3.24)

The Kalman Gain matrix is thus given as,

K = AS™! (3.25)
— PfHT(ST)fISfl

= P HT(SST)™".

But, SST is the factored form of (HP~H” + R), and therefore the final expression of
the optimum K is,

K=P H'(HP HT + R)™! (3.26)
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Combining all the results above, we arrive at the Kalman filter algorithm [CC91]:

Poo = Var(xg)

Pip1 = Ay 1Py 11 AL+ T 1Qr T

K¢ = Pyoj1H (HyPyoj—1 Hl + Ry) ™

Ppy = — KgHy)Py 1

HA?()/O = E(iL‘o)

Tr/k—1 = Ak—lxk—l,k—l

Tk = Ty + Ka(ze — Hypp i)

k=1,2,...

ance Py_1 = Bl(zy — #1 g 1) — Erpp-1)7)

1 Enter prior estimate #.,,_, and its error vari-

Compute the Kalman Gain:

I Tyl
G = Pyof (i1 4 R)

Project Ahead
Tpt1/k = ArZyjp + Brug

Piyi/k = ArPrjcAl + Qu

=

Update Estimate

By =By p- + Ghlon - Hidp-)

Udpate Error Covariance

Pyjr = (I = GHp) Py g

Figure 3.1: The Kalman Filter Loop.

(3.27)
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3.2.2 Relationship to Recursive Bayesian Estimation

The true state of the dynamical system is considered as an unknown Markov process.
Similarly the observational data are basically the hidden states of a Markov model. The
Markov assumption implies that the true state is independent of all earlier states given

the immediately previous one,

p(iﬁk/ﬂfo, L1y 75U/<;—1) = p(l"k:/ifk—l)- (3.28)

Furthermore, the measurement at the k" time step is only dependent on the current state

and conditionally independent of all other states given the current one,

p(zk/To, 1, . .., TE) = P(2k/Tk). (3.29)

Under these assumptions the probability density function of all the states in the hidden

Markov Model can be expressed as,

P(Toy ooy Ty 21,5+ ey 2) = p(xo)Hlep(zi/xi)p(xi/xi_l). (3.30)

The Kalman Filter is used to estimate the state z; the associated probability density is
that corresponding to the current state conditioned on all the measurements available at

the current time,

plar/z0, 21, .o 2h—1) = /p<xk/xk1)p<xkl/207 24,5y Zhe1)dTh_1. (3.31)

After the k' measurement we have,

p(ze/xk)p(T/ 20, - -+ Zk—1)
p(ze/ 205 - -y Zk-1) '

p(rr/z0, 21, 2k) = (3.32)
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The denominator is a normalizing term,

P(Zk/zoa By e Zkfl) = /p(Zk/ﬂUk)p(l’k/Zo, 1y :Zkfl)dxka (3.33)

and the remaining probability distributions are,

p(xk/ﬂkal) = N<A$k717 Qk) (3.34)
p(an/wx) = N(Hzy, Ry) (3.35)
p(xk—1/20, .-, 2k—1) = N(Tg, Pe1), (3.36)

where N(m, o) is a the standard normal distribution with mean m and a o standard

deviation.

3.3 The Extended Kalman Filter

Once the model dynamics turn out to be nonlinear, a linearization technique is imple-
mented in deriving the filter equations. A real time linear Taylor approximation
approach through which the nonlinear functions are recursively linearized around most
recent estimate is considered. The resulting filter is known as the extended Kalman
Filter (EKF). Note that the model nonlinearity also arises when solving parameter esti-
mation problems even when the underlying dynamics is that of a simple linear model.
Therefore, a nonlinear model arises once there exists a nonlinear dynamical model of

the form,

Tr1 = fu(zr) + Br(or) (3.37)

2 = gr(@n) + Nk, (3.38)
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or when a system (even a linear one) is augmented with an equation describing the
dynamics of the unknown parameters. The EKF yields statistically acceptable results
for most nonlinear dynamical systems but there is a high chance that EKF updates are
poorer than the nominal ones especially in the events where the initial uncertainty and
measurement error are large [Bro83].

After linearizing the nonlinear function, the system is treated in the same way as in

the KF. Consequently the EKF algorithm is [CC91]:

P()70 = VCL’/’(QZ’Q), QAZ() = E(QT()) (339)
For k=1,2,...,

Ofp_1, . Ofuer, . "
Pk,k—l = [ai_i (%-1)] Pk—l,k—l {ai_i (Ik—l)]

+Bk71(5€k71)Qklegll (T—1)
k-1 = fo—1(Tr—1)

89k T
Ko = Py [a—%(zk/,@_o}

-1

: %(fkk 1) | Prg—1 %(fﬁkk 1) T-I—Rk
T /k= ’ aZBk /k=

Py = [[ - Kg {%(jk/kl):H Py
k

Tk = Trp-1 + Ko (21 — ge(Zrjp-1))

3.4 The Unscented Kalman Filter

The unscented Kalman filter [JU97] (UKF) is built on the idea that a set of discretely
sampled points can be used to characterize the mean and covariance of the unknown
model state. It uses a deterministic sampling technique known as the unscented trans-

form to pick a minimal set of sample points (called sigma points) around the mean.
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These sigma points are then propagated through the non-linear functions and the covari-
ance of the estimate is then recovered. Using the unscented transformation approach, an
n-dimensional random variable x with mean z and covariance F,, is approximated by

2n + 1 weighted points given by

Xy = T Wo=k/(n+k) (3.40)

X, = 24+ (V(n+k)Py); W;=1/2(n+k)

where k € R, (\/(n+ k)P,,); is the i row or column of the matrix square root of
(n + k)P,, and W; is the weight associated with the i** point. The algorithm of the

UKEF can thus be summarized in the following algorithm: [JU97]

1. Create the set of sigma points by applying the set of equations 3.41 on the system’s

initial conditions.

2. Each point in the set is propagated through the process model,
Xi(k +1/k) = flXi(k/k)). (3.41)

3. The predicted mean is computed as
2n

Bk +1/k) =) WXk + 1/k). (3.42)

i=0
4. The corresponding covariance is computed as,

Pk+1/K) = i WX (k + 1/k) — &(k + 1/k)Xi(k +1/k) — 2(k +1/k)".
= (3.43)
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. Each of the prediction points is instantiated through the observation model,

Zi(k +1/k) = hX;(k + 1/k), K] (3.44)

. The predicted observation is calculated by
2n

2k +1/k) => WiZ(k+1/k). (3.45)

1=0

. Given that the observation noise is additive and independent, the innovation
covariance is,

P.(k+1/k) = R(k+ 1)+ (3.46)

Zw (k+1/k) — 2(k + 1/R)[Z:(k +1/k) — 2(k + 1/k)]T

. The cross correlation matrix is determined by

Po.(k+1/k) = ZW Wk +1/k) — 2(k + 1/)[X(k+1/k) — 2(k + 1/k)]"
(3.47)

3.5 The Ensemble Kalman Filter

The Ensemble Kalman Filter (EnKF) proposed by Evensen [Eve94] and clarified by

Burgers et al. [BLE98] aims at resolving some of the drawbacks of the EKF. The EnKF

is based on forecasting the error statistics using Monte Carlo methods which turns out to

be a better alternative to solving the traditional and computationally expensive approx-

imate error covariance equation used in the EKF. It was designed to resolve two major

problems related to the use of the EKF with nonlinear dynamics in large state spaces.

48



The first is that the EKF adopts an approximate closure scheme, and the second is the
huge computational requirements associated with the storage and forward integration
of the error covariance matrix [Eve03]. Since its development, the EnKF has been
extensively used in various research areas such as ocean engineering, weather forecast,

petroleum engineering, hydrology, system identification . ..

3.5.1 Practical Implementation of the EnKF

As mentioned earlier, the EnKF propagates an ensemble of state vectors forward in
time. The initial ensemble is chosen so that it properly represents the error statistics of
the initial guess of the model states. Therefore, the initial ensemble is usually created
by adding some kind of perturbations to a best-guess estimate, and then the ensemble is
integrated over a time interval covering a few characteristic time scales of the dynamical
system.

Let A be the matrix holding the ensemble members x; € R",

A= (21,29,...,25) € RV, (3.48)

where N is the number of ensemble members, and 7 is the size of the model state vector.

The ensemble mean is then given by,

A =Aly, (3.49)

where 1y € RV is a matrix with all its elements equal to 1/N. The ensemble pertur-

bation matrix is defined as,

A=A-A=A(I-1y), (3.50)
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and the ensemble covariance matrix P, € ™"*" as,

P, = . (3.51)

A new ensemble of observations is generated at each correction step, by adding
perturbations drawn from a distribution with zero mean and covariance equal to the
measurement error covariance matrix [BLE98]. Let d € R™, where m is the number of

measurements, be a vector of measurements. The ensemble of observations,

D= (d,dy,...,dy) € R™V, (3.52)

is obtained by perturbing the measurement vector d as follows,

d,=d+e, j=1,...,N. (3.53)

The corresponding measurement error covariance matrix is given by

TY?
R, = , 3.54
N1 (3.54)
where T is the ensemble of perturbations,
T = (e1,€3,...,€x) € R™N. (3.55)

The analysis or updating step can be performed on either each of the model state

ensemble members,

2 = MGy (dy — HEYRTY), (3.56)

J J J
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or on the ensemble itself
AFE = AMETL 4Gy (D — HAMFY), (3.57)
where Gy, is the KF gain matrix

G, =P.H'(HP.H” + R,).. (3.58)

3.6 The Particle Filter

The particle filters, also known as the Sequential Monte Carlo methods (SMC), are
a set of flexible simulation-based methods for sampling from a sequence of proba-
bility distributions; each distribution being only known up to a normalising constant.
These methods are similar to the importance sampling methods and they often serve
as replacements for the Ensemble Kalman Filter and the Unscented Kalman Filter with
the advantage that they approach the Bayesian optimal estimate if a sufficient number
of samples is used. These filters are a sequential analogue of the Markov Chain Monte
Carlo (MCMC) methods. While the MCMC is used to model the full posterior distri-
bution p(zg, x1, ..., Tk/Yo, Y1, - - -, Yr) of a hidden state or parameter = given a set of
observation Yo, y1, - . . , Yk, the particle filter aims at estimating x;, from the a posteriori
distribution p(xy/yo, Y1, - - -, yx) [DAFGO1].

One of the most commonly used particle filtering algorithms, is the Sampling Impor-
tance Resampling (SIR) algorithm. It is a sequential verion of the importance sampling
method that aims at approximating a distribution using a weighted set of particles. Parti-
cle filters are beyond the scope of this study, a brief overview of these filters is mentioned

for the sake of completeness.
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3.7 Coupling of Polynomial Chaos with the EnKF

The filter used in this study allows the propagation of a stochastic representation of
the unknown variables using Polynomial Chaos. This overcomes some of the draw-
backs of the EnKF. Using the proposed method, At any instant in time, the probability
density function of the model state or parameters can be easily obtained by simulat-
ing the Polynomial Chaos basis. Furthermore, this method allows representation of
non-Gaussian measurement and parameter uncertainties in a simpler, less taxing way

without the necessity of managing a large ensemble.

3.7.1 Representation of Error Statistics

The Kalman Filter defines the error covariance matrices of the forecast and analyzed

estimate in terms of the true state as,
P/ = ((2/ —a") (2l — YT, (3.59)

P = ((2° — 2") (2" — ")), (3.60)

where () denotes the mathematical expectation, « is the model state vector at a particular
time, and the superscripts f, a, and ¢ represent the forecast, analysis, and true state,
respectively. However, in the Polynomial Chaos based Kalman Filter, the true state is
not known, and therefore the error covariance matrices are defined using the Polynomial

Chaos representations of the model state. In the PCKF, the model state is given by,

»
r=Y zah(§), (3.61)
=0
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where P + 1 is the number of terms in the Polynomial Chaos expansion of the state vec-
tor, and {¢;} is the set of Hermite polynomials. Consequently, the covariance matrices

are defined around the mean, the zeroth order term, of the stochastic representation,

P P
P/ ~ <(Z${wi—x5)(2xf¢i—x5)T> (3.62)
=0 =0

~ (st o)

~ Y alal (vl

=1

and similarly,

Pl ) atal (v7F). (3.63)

i=1
The Polynomial Chaos representation depicts all the information available through
the complete probability density function, and therefore allows the propagation of all
the statistical moments of the unknown parameters and variables.
The observations are also treated as random variables represented via a Polynomial
Chaos expansion with a mean equal to the first-guess observations. Since the model and
measurement errors are assumed to be independent, the latter is represented as a Markov

process.

3.7.2 Analysis Scheme

For computational efficiency, the dimensionality and order of the Polynomial Chaos
expansion are homogenized through out the solution. These parameters are initially
defined based on the uncertainty within the problem at hand and are assumed to be
constant thereafter. Since the model state and measurement vectors are assumed inde-

pendent, the Polynomial Chaos representation of these variables have a sparse structure.
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Let A be the matrix holding the chaos coefficients of the state vector y € R",
A = (zo,21,...,0p) € RVFT (3.64)

where P41 is the total number of terms in the Polynomial Chaos representation of = and
n is the size of the model state vector. The mean of z is stored in the first column of A
and is denoted by x(. The state perturbations are given by the higher order terms stored
in the remaining columns. Consequently, the state error covariance matrix P € R™*" is

defined as .
P=> zal (V7). (3.65)
=1

Given a vector of measurements d € R, with m being the number of measurements, a

Polynomial chaos representation of the measurements is defined as

P
D=7 dj(&), (3.66)
j=0

where the mean dj is given by the actual measurement vector, and the higher order
terms represent the measurement uncertainties. The representation D can be stored in
the matrix

B = (dy,di,...,dp) € R™*FPH (3.67)

From Eq. 3.66, we can construct the measurement error covariance matrix

P
R=)> dd] (7)€ R™™ (3.68)
=1
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The Kalman Filter forecast step is carried out by employing a stochastic Galerkin
scheme, and the assimilation step simply consists of the traditional Kalman Filter cor-

rection step applied on the Polynomial Chaos expansion of the model state vector,

P P P P
> aty=> aly; + PH'(HPH' + R) () diyi —HY xlyy).  (3.69)
=0 i=0 i=0 i=0
Projecting on an approximating space spanned by the Polynomial Chaos {v;}7_, yields,

2% = 2/ + PH'(HPHT + R)"(d; — Hz!) fori=0,1,... P. (3.70)

In matrix form, the assimilation step is expressed as,

A=A’ + PH'(HPH” + R)"'(B — HA/). (3.71)
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Chapter 4

Multiphase Flow in Porous Media

Flow through porous media is a problem encountered in many realms of science and
engineering. Applications include ground water hydrology, reservoir engineering, soil
mechanics, chemical and Biomedical engineering . ... In this study the focus is on reser-
voir engineering, but the proposed methods could be easily extended to other disciplines
of multiphase flow in porous media. Fluid motions in porous media are governed by the
same fundamental laws that govern their motion in the atmosphere, pipelines, rivers . ...
These are the mass, momentum, and energy conservation laws. All the laws considered
in this study are valid at the macroscopic level, i.e. for a volume of porous medium
which is infinitely large with respect to the size of fluid particles and of the pores, but

can be infinitely small with respect to the size of the field itself [CJ86].

4.1 Flow Equations

In order to model a multiphase flow system, conservation of mass for each existing

phase is required. The general form of these equations can be expressed as

o
)

) .
= (6piSi) = =V. <p,»v) + g i=1,2,.. 4.1)

where ¢ denotes the fluid phase, ¢ is the porosity of the medium, p; is the density of
phase ¢, S; is the phase saturation, V; is the phase velocity, g; is a source/sink term, and

t is time.
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Darcy’s laws is commonly used for calculating phase flow velocities. It was devel-
oped by Darcy in mid 19th century for one phase flow only. Muskat [Mus49] showed
experimentally that Darcy’s law remains valid for each fluid separately when two or

more immiscible fluids share the pore space. Darcy’s law for phase velocities is given

by
KKTi
A (VP — pigVz(x)) (4.2)

l

where K is the intrinsic permeability, /,; is the relative permeability of phase ¢, y; is
the viscosity of phase ¢, P; is the pressure of phase ¢, g is the gravitational acceleration,
and z is the depth of the fluid. Substituting Eqs. 4.2 into Eqs. 4.1 yields the general

form of the flow equations for all phases,

plem

7

0 .
5 (ppiS;) = V. (VP, — pigVz(z))| + ¢ i=1,2,... (4.3)

The latter set of equations signify that the flow in porous media is driven by gravity,
pressure gradients, and viscous forces. It also incorporates the effects of porous matrix
compressibility, fluid compressibility, capillary pressure, and spatial variability of per-
meability and porosity. The nonlinearity arises from the interdependence of the phase

relative permeabilities and capillary pressure on the phase saturations.

4.2 Features of the Reservoir and the Fluids

In this section, the details of the geological features of the reservoir and the fluids
are presented. In the following, the physical properties and characteristics of all the

unknown parameters in eqs. 4.3 are described.
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4.2.1 Density and Viscosity

The density and the viscosity are intrinsic fluid properties. Density is defined as the mass
per unit volume, it varies mainly with temperature. In this study, fluid density variation

is neglected. The state equation for an ideal liquid with constant compressibility is given

by
p = poexp[c(p = po)], (4.4)
and that for an ideal gas is
P % (4.5)

where p, is the fluid density at some reference pressure, p,, c is the fluid’s compressibil-
ity, W is the molecular weight, R is the gas constant, and 7' is the absolute temperature.

Viscosity is the measure of the resistance to flow caused by the internal friction
within the fluid. Viscosity is also a function of temperature; it decreases as temperature
increases. The differences in the viscosities of two interacting immiscibe fluids cause
instabilities resulting in a phenomena known as viscous fingering. Fingering manifests
itself as unexpected macroscopic deformations in the inter facial boundary separating

the two fluids.

4.2.2 Porosity

Porosity of a medium is the percentage of void space existing between soil particles. It
is a function of the size-sorting and shape of the soil grains. Methods for computing the
porosity of a medium are well studied and documented [Bea72].

Consider at a point in the porous medium a volume AU; much larger than a single

pore or grain. For this volume the following ratio is determined,
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where (AU, ), is the volume of void space within AU;. The medium’s volumetric poros-

ity, ¢, at that point is defined as:

o=l (AT): (4.7)

= 1m
AU—AU,  AU;

where AU, is the representative elementary volume (REV) of the porous medium at the

specified point.

4.2.3 Saturation and Residual Saturation

Saturation of a fluid is the ratio of the volume of the void filled with fluid to the total
void volume. The values of the saturations vary between zero and one, and the sum of

all coexisting fluid phases add up to one leading to the following constraint

n

Z s =1, (4.8)

)

where n is the number of existing phases in the system. Two critical values of the phase
saturations are identified, (1) S,,. the saturation at which the injected fluid starts to flow,
and (2) S, the saturation at which the displaced fluid ceases to flow. S, and S,,. are

the known as residual saturations.

4.2.4 Intrinsic and Relative Permeability

The Intrinsic permeability K is a tensorial quantity depending on the pore size opening
available for fluid flow. Moreover, K depends on the nature of the fluid saturating the
porous medium.

Relative permeability signifies the fraction of the pore space available for the phase

to flow. Recent studies [BBM87, MG87] have suggested that the relative permeability

59



varies with the saturation in a tensorial behavior. For two phase flow, Brooks and Corey
[BC64] derived empirically-based expressions for the relative permeabilities of the wet-
ting and non wetting phases. Figure 4.1 presents typical two-phase relative permeability-

saturation relations. These permeability curves are expressed as

K,, = S§2+3)\) /A 4.9)

and,

Ky = (1= 8.)%(1 — SEHNI/X) (4.10)

e

where K, and K, are the relative permeability of the wetting non-wetting phases
respectively, A is a model fitting parameter related to the pore size distribution of the

soil material, and S, is the reduced saturation given by

Sw - ch

Se - Sm - ch’

4.11)

where S, is the maximum wetting phase saturation.

In the case of three-phase flow systems, theoretical models have been developed for
three-phase relative permeability curves [Sto70, DP89, FM84]. Two common beliefs
coexist for three-phase relative permeabilities. The first argues that the heterogeneity’s
effect on the relative permeability leads to the hysteretic behavior demonstrated by the
curves [Dul91, LP87, KP87]. The second argument suggests that the fluid channel net-
work available for the flow is mainly dependent on the fluid phase contents and not on
the saturation history of the medium which leads to the conclusion that relative perme-

ability curves are non-hysteretic [LGN&9].
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Figure 4.1: Typical Relative Permeability Curves.

4.2.5 Capillary Pressure

The capillary pressure is the pressure differences that occur across the fluid-fluid inter-

faces of the coexisting phases in the subsurface. It is defined as

Pe = Pnw — Pw, (412)

where p,. is the capillary pressure, p,,,, is the pressure of the non-wetting phase, and
Pw 18 the pressure of the wetting phase. In order to show which of the fluids is the
wetting one, one has to look at the meniscus separating the two fluids in a capillary tube:
the concavity of the meniscus is oriented toward the non-wetting fluid [CJ86]. Figure
4.2 demonstrates this phenomena. The capillary pressure increases with a decrease in
contact angle between the phases in the pore size. The smaller the pore radius, the
higher is the resistance to non-wetting phase to occupy a pore that is preoccupied with a

wetting phase. Therefore, the non-wetting phase usually occupies the larger pore spaces
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where there exist lower capillary resistance, and the wetting phase occupies the smaller
ones.

The capillary pressure can be expressed as a function of the wetting phase satura-
tion only. Empirical relationships describing this functional dependence are known as
the capillary pressure-saturation curves. Figure 4.3 shows a typical capillary pressure-
saturation curve. Brooks and Corey [BC64] developed a close form expression that

represents these curves for two phase flow. Brooks and Corey’s equation is,

1/A

Pe = PaSe Pe > Dd, (4.13)

where p, is the displacement or threshold pressure which first gives rise to the oil
phase permeability.

Later, Parker et.al [PL87] extended Brooks and Corey’s model to three-phase flow
and came up with an expression for the capillary pressure that can be reduced to two-
phase flow as well. This model is given by

pe =Py (S7m—1)" " pe >0, (4.14)

e

where m is a model fitting parameter.
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Figure 4.3: Typical Capillary Pressure-Saturation Curve.
4.3 Characterization of Reservoir Simulation Models

Reservoir simulation is a powerful tool for reservoir characterization and management.
It enhances the production forecasting process. The efficiency of a reservoir model relies

on its ability to characterize the geological and petrophysical features of the actual field.
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One of the most commonly used methods for reservoir characterization is automatic
history matching. History matching aims at estimating reservoir parameters such as
porosities and permeabilities so as to minimize the square of the mismatch between
observations and computed values. The heterogeneities of the geological formations
and the uncertainties associated with the medium properties render history matching
a very complex and challenging phenomena. In this study a novel history matching
methodology based on the Polynomial Chaos Kalman Filter is presented.

This study deals with the two-phases immiscible flow water flooding reservoir engi-
neering problem. Initially the porous medium is assumed to be fully saturated with oil,
and water is pumped through one well to push the oil out through other wells in the field.

The governing flow equations consist of the water continuity equation,

95, KKy
¢ (—) =V. [ (VPy = pugVa(z))| + qu, (4.15)
ot o
and the oil continuity equation,
S, KK,
¢ ( o ) =V. (VP = pogV2(z)) | + go- (4.16)
These equations are subject to the following constraints:
Sw+S5 =1 4.17)
pc(Sw> = Po — Pw- (418)

4.3.1 Uncertainty Quantification

The heterogeneity in the porous medium is dealt with in the probabilistic sense, i.e. by

modeling the intrinsic permeability and porosity of the medium as stochastic processes
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via their Polynomial Chaos expansion. In this study, two scenarios are used for repre-
senting the uncertain medium properties. In the first, both the intrinsic permeability and

porosity are represented as stochastic processes using the Polynomial Chaos expansion:

K(2,0) ~ K(x,0) = > Ki()i(£(0)). (4.19)
$(x,0) ~ d(x,0) = Z ¢ (2);(£(0)), (4.20)

where { K;(x)} and {¢;(x)} are sets of deterministic functions to be estimated using
the proposed sequential data assimilation technique.

The second scenario suggests representing the intrinsic permeability of the porous
medium as a stochastic process while modeling the porosity as a random variable.
Therefore the ratio, «(z, ), of the intrinsic permeability and porosity of the medium

is represented as,

K(z,0)
¢(6)

where {a;(x)} is a set of deterministic functions to be estimated using the proposed

a(z,0) = ~ eXp(Z oy ()i (£(0))), (4.21)

sequential data assimilation technique. Although both scenarios work well, the first
requires more monitoring to guarantee that the estimated numbers remain physically
valid.

The solution of the resulting system of stochastic partial differential equations is also

represented via Polynomial Chaos,

A

Su(,0) = Sul(w,0) =Y Suy(@)1r(€), (4.22)

k=0
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and

Py(x,0) ~ Py(,0) = Py, (2)x($), (4.23)

k=0
where {P,, } and {5, } are the deterministic nodal vectors to be solved for, P denotes
the number of terms in the Polynomial Chaos expansion, and {;(£)} is a basis set
consisting of orthogonal polynomial chaoses of consecutive orders.
The relative permeabilities and the capillary pressure are functions of water satu-
ration, and therefore, they are represented using their Polynomial Chaos expansion as
well. Fourth order polynomial approximations of the Brooks-Corey Model are adopted

and the relative permeabilities and capillary pressure are approximated as,

4 P
Kop m Ky =Y (O 8o 105) e+ n(9), (4.24)
i=0 ;=0
A~ 4 P .
Koo~ Koo =Y (> Setby)ci +n(8), (4.25)
i=0 ;=0
and
A 4 P .
PorPo=Y (D Sety)iei +n(S), (4.26)
i=0 j=0

where 7 represents the modeling error, and the coefficients ¢}s are numerically cal-

culated based on the value of the Brooks-Corey model fitting parameter, \.

4.3.2 Model Formulation

The error, €, resulting from truncating the Polynomial Chaos expansions at a finite num-

ber of terms is minimized by forcing it to be orthogonal to the solution space spanned
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by the basis set of orthogonal stochastic processes appearing in the Polynomial Chaos

expansion [GS03]. Mathematically, this is expressed as

(€, V) m=12,..., 4.27)

where (.) denotes mathematical expectation. This will yield a system of N x P + 1
nonlinear coupled algebraic equations to be solved for the deterministic coefficients
of the water saturation and pressure, where N is the number of nodes in the spatially
discretized mesh, and P + 1 is the total number of terms in the Polynomial Chaos

expansion [Hat98]. If the first scenario is adopted, the system is represented as,

P P (95
ZZ@ ( w]) (Vithjthm) = (4.28)

0
i=0 j=
& & " KiKrw'
VoD D (VP Wittt |+t (Vi)
i=0 j=0 k=0
"L — 08,
Zozocf% < 5 J) (Vi) jm) = (4.29)
PP P RK.
v Zo ZO kz o =V (Pu, + Po,.) (Vithjthrthm) | + o (¥m)  Vm,
=0 j= =0

where the expectations (1;10;1,,) and (1;1;11,,) are easily calculated and tabu-
lated in the literature [GS03]. On the other hand, when the second scenario is employed,

the resulting system is expressed as,
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P 788,
Z( 3;) (t65t0m) = (430)

=0
’ P P K P
V. Z Z Mrwj (VP,,) <eXP(Z @iwi)¢j¢k¢m> + G (V) Ym
j=0 k=0 w i=0
P /08,
2 ot ) (W5¥m) = (4.31)
=0
PP g P
V. Z Z urwj V (Py, + Fe,) <eXP(Z ai¢i)ijkwm> + Qo (V) Ym.
j=0 k=0 "% i=0

Evaluating the above expectations is not a trivial task; an algorithm is developed to
evaluate them as a function of (¢);1;1,,) by the using the method of change of variables

followed by employing the following Hermite polynomials identity,

n

g2y, (* \J/% Yy _ kZ:O (Z) () ni(y). (4.32)

The spectral stochastic finite element method capabilities are developed within

SUNDANCE [Lon04], and the package is used to numerically solve the above stochas-
tic systems. Although the implementation of the second scenario is computationally

more expensive, it guarantees the positiveness of the estimated medium parameters.

4.4 Numerical Applications

Two synthetic sets of problems are selected to assess the efficiency of the proposed
history matching technique. The first one explores the one dimensional two-phase water
flooding, while the second solves the two dimensional two-phase model. In both sets,
the model state vector consists of all the reservoir variables that are uncertain and need to

be specified. These include the phase saturations and pressures as well as the suggested
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Table 4.1: Uncertainty Representation Using Polynomial Chaos
Source of Uncertainty Representation

Parametric (1) &, & -1

Parametric (2) exp(&1)
Modeling &2

Measurement S

representation of the medium properties. The objective is to statistically estimate the
medium properties through measurements of the water saturation at specific locations.
The modeling and measurement errors are assumed to be independent Gaussian
noises, and therefore, they are represented using one dimensional, first order Polyno-
mial Chaos expansions. Unlike the EnkF where the model error is represented using
an additive noise, in PCKF the model error is incorporated in the Brooks-Corey model.
In order to accommodate the fact that the medium properties may deviate from Gaus-
sianity, the unknown porosity and permeability of the medium are either modeled as
dependent one dimensional, second order Polynomial Chaos expansions according to
scenario one proposed earlier, or their ratio is expressed as an exponential function of a
one dimensional first order Polynomial Chaos Expansion as is explained in the second

scenario. Table 4.1 details the uncertainty representation in the numerical model.

4.4.1 One Dimensional Buckley-Leverett Problem

The first test problem is that of the incompressible water flood Buckley-Leverett exam-
ple. The relative permeabilities within the model are given by the Brooks-Corey model.
The reservoir is horizontal with a length of 1000, cross-sectional area of 10000 f¢2,
and constant initial water saturation S,,, = 0.16. Oil is produced at z = 10007 at a rate

of 426.5 ft® /day, and water is injected at x = 0 at the same rate. Three case studies are

69



developed on this problem. In all three cases, scenario one is adopted for representing

the parametric uncertainties.

4.4.1.1 Case 1: Homogeneous Medium

To Test the validity of the proposed approach, the same Brooks-Corey model parameter,
A, is assumed for both the forward and inverse analysis. The field is assumed to be
homogeneous with an intrinsic permeability of 270md and a porosity of 0.275, and
measurements of the water saturation and pressure are available each 50 ft every 10 time
steps. Figure 4.4 gives the statistical properties of the estimated parameters; it represents
the variation of these parameters with time. It is noticed that as more measurements
are available, the mean estimate converges toward the true model parameters, and the
Polynomial Chaos coefficients decay exponentially indicating a deterministic estimate.
This is expected since the model used to estimate the reservoir state is identical to the

model used for generating the measurements.

4.4.1.2 Case 2: Continuous Intrinsic Permeability and Porosity Profiles

In this case continuous profiles for the porosity and intrinsic permeability are assumed.
The measurements of the water saturation and pressure are also assumed available each
50 ft every 10 time steps. However, the Brooks-Corey Model used to generate the mea-
surements has a fitting parameter A = 2.2 while the the model used in the filtering
scheme has A = 2.0. This will result in uncertainties within the estimate associated with
modeling errors. Figure 4.5 represents a Polynomial Chaos estimate of the medium
properties obtained after 2000 updates. Figure 4.6 shows the probability density func-

tions (pdf’s) of the estimated porosity and intrinsic permeability at quarter span. It
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Figure 4.4: Case 1: Estimate of medium properties: (a) Mean intrinsic permeability,
(b) Polynomial Chaos coefficients of intrinsic permeability, (c) mean porosity, and (d)
Polynomial Chaos coefficients of porosity

is clear from the obtained pdf’s that the porosity and intrinsic permeability have non-
Gaussian properties. In order to validate the estimated parameters, the estimated residual

water saturation is plotted against the true model state in figure 4.7.

4.4.1.3 Case 3: Discontinuous Porosity and Intrinsic Permeability Profiles

The only difference between cases 2 and 3 is that in the latter the porosity and intrinsic
permeability have discontinuous profiles. Figure 4.8 presents the estimated medium
properties. In Figure 4.9, the estimated residual water saturation profile is plotted along

with the true model state at different times during the simulation.
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Figure 4.5: Case 2: Estimate of medium properties: (a) Mean intrinsic permeability,
(b) Polynomial Chaos coefficients of intrinsic permeability, (c) mean porosity, and (d)
Polynomial Chaos coefficients of porosity
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Figure 4.6: Case 2. The probability density function of the estimated medium properties:
(a) intrinsic permeability, (b) porosity
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Figure 4.8: Case 3. Estimate of medium properties: (a) Mean intrinsic permeability,
(b) Polynomial Chaos coefficients of intrinsic permeability, (c) mean porosity, and (d)
Polynomial Chaos coefficients of porosity
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4.4.2 Two-Dimensional Water Flood Problem - Scenario 1

Two example problems are studies to explore the two dimensional water flood exam-
ple. In these problems, the relative permeabilities are also represented by a polynomial
approximation of the Brooks-Corey model. While the first example adopts scenario one
to represent the parametric uncertainties, scenario two is used in the second.

The first example consists of a rectangular reservoir with a length of 60 ft, width of
60ft, cross-sectional area of 1 ft2, and constant initial water saturation 5,,, = 0.20. Oil
is produced at x = 60t at a rate of 0.0323 3 /day, and water is injected at z = 0 at
the same rate. Measurements are available at 20 equidistant points within the domain
at a frequency of 10 time steps. Figure 4.10 gives the means of the estimated medium
properties. Although the estimated and true parameters are slightly different, it can
be noticed from figure 4.13 that the water front is captured accurately. This can be
explained by either the uncertainty prevalent in the estimated parameters and shown in

figures 4.11 and 4.12 or the non-uniqueness of the solution
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Figure 4.10: (a) mean of estimated intrinsic permeability, (b) true intrinsic permeability,
(c) mean of estimated porosity, and (d) true porosity

4.4.3 Two-Dimensional Water Flood Problem - Scenario 2

The second scenario is used to represent the parametric uncertainty in the second group
of problems. This problem consists of a rectangular domain of a length of 100 f¢, width
of 60ft, cross-sectional area of 1ft?, and constant initial water saturation Sw; = 0.20.
Oil is produced from one well at a rate of 7.94ft3/day, and water is injected from
two different point sources at rates of 3.83 and 4.11 ft3 /day, respectively. Figure 4.14

shows location of these wells along with the measurement locations. In this example,
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Figure 4.11: Polynomial Chaos coefficients of the estimated intrinsic permeability, (a)

& ()&, (©) &, and (d) & — 1

measurements are also available at a frequency of 10 time steps. Figure 4.15 presents

the the medium properties of the forward problem used to generate the measurements.
In order, to assess the importance of the different terms in the Polynomial Chaos

expansion used to represent the unknown model parameters, three different approxima-

tions for the parametric and modeling uncertainties are assumed.
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Figure 4.12: Polynomial Chaos coefficients of the estimated intrinsic porosity, (a) & (b)
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4.4.3.1 Case 1: Three Dimensions First Order Approximation

For this part, it is assumed that the unknown model parameters are represented as:

a = exp(ag + a1&y), (4.33)

77



S

L

0.750

. 0.500
. 0.250
0.00

S

L

0.750

. 0.500
. 0.250
0.00

(a) (b)

Figure 4.13: (a) Mean of the estimated residual water saturation, (b) true residual water
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Figure 4.14: Example 2 Scenario 2: Problem Description

where o and a1 are the unknown coefficients to be estimated using the filtering scheme.
In this sub-example, the modeling and measurement error are considered Gaussian rep-
resented by &, and &5 respectively. It is important to note that via this representation, the
parametric uncertainty is independent from other noise sources.

Figure 4.16 presents the agreement between the mean estimated and the actual water

saturation profiles. Figure 4.17 represents the coefficients of the exponential chaos
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Figure 4.15: Example 2 Scenario 2: The Medium properties of the forward problem

expansion used to represent the ratio of the permeability and porosity, and figure 4.18

shows the mean and variance of the estimated ratio.

4.4.3.2 Case 2: Coupled Three Dimensions Second Order Approximation

For this part, it is assumed that the unknown model parameters are represented as:

a = exp(a + a1 + a2y + asés), (4.34)

where o, al, as and o are the unknown coefficients to be estimated using the filtering
scheme. In this sub-example, the modeling error is considered Gaussian represented
by &3, while the modeling uncertainties are modeled as a second order one dimensional
expansion in terms of £; and &2 — 1.

Figure 4.19 shows that using the latter approximation, a better agreement between

the mean estimated and the actual water saturation profiles is achieved. Figure 4.20
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(@) (b)

Figure 4.17: Case 1: Estimated Chaos Coefficients of the exponential representation of
the Medium properties

(a) (b)

Figure 4.18: Case 1: The mean and variance of Estimated Medium property a = %

represents the coefficients of the exponential chaos expansion used to represent the ratio
of the permeability and porosity, and figure 4.21 shows the mean and variance of the

estimated ratio.
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Figure 4.20: Case 2: Estimated Chaos Coefficients of the exponential representation of
the Medium properties

4.4.3.3 Case 3: Coupled Ten Dimensions Second Order Approximation
In case three, it is assumed that the unknown model parameters are represented as:
10
o = exp(ozo + Z aifi), (435)
i=1

where {q;}12, are the unknown coefficients to be estimated using the filtering scheme.
In this sub-example, the modeling error is considered Gaussian represented by &;0, while
the modeling uncertainties are modeled as a second order one dimensional expansion in

terms of £; and €2 — 1.
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Figure 4.21: Case 2: The mean and variance of Estimated Medium property a = %

Figure 4.22 shows the compatibility between the mean estimated and the actual

water saturation profiles, and figure 4.23 shows the mean and variance of the estimated

ratio.
O s O
250 Time Steps 25 Agsimilafion Steps

(a) (b)
Figure 4.22: Case3: True (left) and Estimated (right) Water Saturation Profiles
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Figure 4.23: Case 3: The mean and variance of Estimated Medium property o = %

4.5 Control of Fluid Front Dynamics

Having characterized the reservoir simulation model, maximization of the displacement
efficiency becomes the new target. Such optimization is possible by controlling the
injection rate for a fixed arrangement of injection and production points. In this study
a fundamental approach which relies on the Polynomial Chaos Kalman Filter to control
the injection rates is provided. The benefits of such an approach are best realized when
“smart” wells having both measurement and control equipment are used. The approach
consists of two filtering loops as is portrayed in figure 4.24. The measurements are used
to update the model parameters, and based on the most recent updates another control
loop is used to control the injection rates. The objective is to minimize the mismatch
between the predicted front and a pre-specified target. The methodology is demon-
strated in a simple water flooding example using two injectors and multiple producers,
each equipped with several individually controllable inflow control valves. The model
parameters (permeabilities) and dynamic states (pressures and saturations) are updated
using measurements of the water saturation at various boreholes within the medium.

The setup of the problem is shown in figure 4.25. The problem objective is to maintain
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a uniform flow by adjusting the inflow rates. Two variations of the problem are solved.

The first assumes that the medium properties are known a priori, and thus the problem at

hand simplifies to a control problem only. The second problem aims at estimating both

the medium properties and controlling the injection rate to maintain a uniform front.

Glvern:
Target Function

Assume Mumerical Wodel

Check Real
Observation Exists?

»  Propagate forward in time

yes

Mo

Target

Use PCKF to
Update model
parameters

Obsarvation

¥

lge PCKF to
Update injection
and production
rates

Figure 4.24: Front control flow chart

FPCKF = Folnomial Chaos
Based Kalman Filter
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Figure 4.25: Flow Control Example: Problem Setup

4.5.1 Example 1: Known Medium Properties

In the example 1, it is assumed that the medium properties are given. The ratio K /P is
represented as exp(«) where « is shown in figure 4.26. Therefore, the problem simpli-
fies to a control problem only where the injection rates are adjusted every 10 time steps
so as to minimize the difference between the predicted front and a pre-specified target
function. Two sources of uncertainty are represented in this example. The first is related
to the uncertainty in the injection rate. Although the injection rate is a deterministic
concept in practice, the uncertainty associated with it is modeled as a one dimensional
second order polynomial chaos expansion. This can be explained by associating the
scatter within the estimated rate with that of the predicted front. The aim is to deter-
mine a combination of rates that will render the desired front. The second source of
uncertainty is associated with the exactness of the target function. If it have a very small
tolerance, the latter uncertainty vanishes. In this problem it is modeled as a Gaussian
noise with a relatively small variance. Figure 4.27 shows the evolution of the estimated
injection rate with time. Figure 4.28 gives a comparison between the predicted and

estimated water saturation profiles at different times during the simulation.
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Figure 4.26: The coefficient o representing the Medium Properties
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Figure 4.27: Example 1: The estimated injection rate (a) Mean (b) Higher Order Coef-
ficients

4.5.2 Example 2: Stochastic Medium Properties

The second example is a combination of the reservoir characterization problem
described in the previous section and that of the control problem presented in exam-
ple 1. Here it is assumed that the medium properties are random and not known a priori.

Thus the ratio K/ P is modeled as:

a = exp(a + a1y + a2y + asés), (4.36)
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where o, a1, as and a3 are the unknown coefficients to be estimated using the filtering
scheme. Furthermore, in this example it is assumed that the characteristic model is not
known exactly, and therefore modeling errors are introduced. These are represented
as one dimensional PC expansions, . As in the history matching problems described
earlier, the measurement errors are also represented as one dimensional PC expansions,
&3. Finally, the uncertainty associated the water injection rates is represented as a one
dimensional second order PC expansion, &;.

Figure 4.29 shows the evolution of the estimated injection rate with time. Figure
4.30 gives a comparison between the predicted and estimated water saturation profiles
at different times during the simulation.

Furthermore, figure 4.31 gives the estimated coefficients «; of the medium proper-

ties.
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Figure 4.31: Example 2: estimated coefficients of the medium properties
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Chapter 5

Structural Health Monitoring of

Highly Nonlinear Systems

5.1 Introduction

With the recent developments in monitoring technologies such as high performance sen-
sors, optical or wireless networks, and the global position system, health monitoring
of civil structures became a more accurate, faster, and cost efficient process. How-
ever, significant challenges associated with modeling the physical complexity of sys-
tems comprising these structures remain. This is mainly due to the fact that these sys-
tems exhibit non-linear dynamical behavior with uncertain and complex governing laws.
These uncertainties render standard system identification techniques either unsuitable or
inefficient. Therefore, the need rises for robust system identification algorithms that can
tackle the aforementioned challenges. This has been a very active research area over the
past decade [GS95, LBL02, ZFYMO02, FBLOS, FIINOS, GF06].

Sequential data assimilation has been widely used for structural health monitoring
and system identification problems. Many extensions of the Kalman Filter were devel-
oped as adaptations to important classes of these problems. While the Extended Kalman
Filter may fail in the presence of high non-linearities, Monte Carlo based Kalman Fil-
ters usually give satisfactory results. The Ensemble Kalman Filter (EnKF) [Eve94] was

recently used for damage detection in strongly nonlinear systems [GF06], where it is
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combined with non-parametric modeling techniques to tackle structural health monitor-
ing for non-linear systems. The EnKF uses a Monte Carlo Simulation scheme for char-
acterizing the noise in the system, and therefore allows representing non-Gaussian per-
turbations. Although this combination gives good results, it requires a relatively accurate
representation of the non-linear system dynamics. It also requires a large ensemble size
to quantify the non-Gaussian uncertainties in such systems and consequently imposes a
high computational cost.

The objective of this study is to propose a new system identification approach
based on coupling robust non-parametric non-linear models with the Polynomial Chaos
methodology [GS03] in the context of the Kalman Filtering techniques. The proposed
approach uses a Polynomial Chaos expansion of the nonparametric representation of
the system’s non-linearity to statistically characterize the system’s behavior. A filtering
technique that allows the propagation of a stochastic representation of the unknown vari-
ables using Polynomial Chaos is used to identify the chaos coefficients of the unknown
parameters in the model. The introduced filter is a modification of the EnKF that uses
the Polynomial Chaos methodology to represent uncertainties in the system. This allows
the representation of non-Gaussian uncertainties in a simpler, less taxing way without
the necessity of managing a large ensemble. It also allows obtaining the probability den-
sity function of the model state or parameters at any instant in time by simply simulating

the Polynomial Chaos basis.

5.2 Numerical Application

The efficiency of the proposed method is assessed by applying it to the structural health
monitoring of a the four story shear building shown in figure 5.1. This model has a

constant stiffness on each floor and a 5% damping ratio in all modes. All structural
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elements of this frame are assumed to involve hysteretic behavior, and it is supposed
that a change in the hysteretic loop of the first floor element occurs at some point. It
is of utmost importance to localize that point in time and track the state of the system

throughout and subsequent to that point.

maq

%,

K = 75x10* Nim

my k my = mg = m3 = 5000 Kg

iy = 3000 Kg

&| ‘

Figure 5.1: Shear Building under analysis.

A synthetically generated dataset representing measurements of the displacements
and velocities at each floor is obtained by representing the hysteretic restoring force by
the Bouc-Wen model, which is therefore considered as the exact hysteretic behavior of

the system. Thus, the equation of motion of the system is given by,

Mii(t) + Cu(t) + aKqu(t) + (1 — o)Kipz(x, t) = —Mrii,(t), (5.1)

where M, C, K., and K;,, are the mass, damping, elastic and inelastic stiffness matrices

respectively; « is the ratio of the post yielding stiffness to the elastic stiffness, 7 is the
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Table 5.1: Bouc-Wen Model Coefficients
BW Coef. pre-change post-change

Q 0.15 0.15
I} 0.1 10
y 0.1 10
A 1 1
n 1 1

influence vector, u is the diplacement vector, z is the interstorey drift vector, and z is

h

n-dimensional evolutionary hysteretic vector whose i*"* component is give by the Bouc-

‘Wen model as,

n;—

Moi=1,...,n. (5.2)

& = Aty — Bi |23 |2:™ " — widi |2

Table 5.1 presents the Bouc-Wen model parameters adopted in this application. The
structure is subject to a base motion specified by a time series consistent with the El-
Centro earthquake shown in figure 5.2, and a change of the first floor hysteric behavior
is assumed to take place five seconds after the excitation.

Two monitoring scenarios are considered. In both scenarios, observations of the
floor displacements and velocities are available at all floors. However, the frequency
of measurements is varied to explore the impact of hardware limitations on the perfor-
mance of the filter. In the first scenario, it is assumed that measurements are available
every 5 time steps, while they are given every 20 time steps during the second scenario.
A nonparametric representation of the system nonlinearity is adopted, and the filter-
ing technique is used to characterize the latter representation in order to capture any

ambiguous behavior of the structure examined.
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Figure 5.2: The Elcentro Excitation Applied to the Structure.

5.2.1 Non-parametric Representation of the Non-Linearity

The proposed filtering methodology is combined with a non-parametric modeling tech-
nique to tackle structural health monitoring of non-linear systems in a fashion similar
to that used earlier by Ghanem [GFO06], but instead of adopting a deterministic non-
parametric representation of the non-linearity, a stochastic representation via Polyno-
mial Chaos is used. The basic idea behind the non-parametric identification technique
used is to determine an approximating analytical function F, that approximates the
actual system non-linearities, with the form of F including suitable basis functions that
are adapted to the problem at hand [MCC™04]. For general non-linear systems, a suit-
able choice of basis would be the list of terms in the power series expansion in the

doubly indexed series

tmax Jmax

S=Y ") wui, (5.3)

i=0 j=0
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where u and v are used to represent the system’s displacement and velocity respectively.

Therefore, if 7,,,, = 3 and j,,.. = 3, the basis functions become

basis = {1, 10, 0%, 0w, i, vi?, ui®, u?, P, uro?, u?e?, o, uta, ui?, et (5.4)

This notation readily generalizes from the SDOF case presented in Eqs. 5.3 and 5.4
as shown later. In the proposed method the displacements and velocities are stochastic
processes represented by their Polynomial Chaos expansion. Thus, the approximating
function is also expressed as a stochastic processes via a Polynomial Chaos representa-

tion.

The model adopted within the Kalman Filter is hence given by
Mii(t) + F(u, ) = —Mriiy(t), (5.5

where F' is the non-parametric representation of the non-linearity whose i floor com-

ponent is given by
DBy = 30—+ 30T (30 — i
]
20— )+ Zbﬁ% D =
#2200~ ) + 32t — i)
+Zd% Z b= o) QO — @)

DA (Y (= ) (G — ). (5.6)
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In Eq. 5.6 {a;},{b;},{c;}, and {d;} represent the Chaos coefficients of the unknown
parameters to be identified. The fourth order Runge-Kutta method is used for the time
stepping, and a stochastic Galerkin scheme is employed to solved the system at each

time step.

5.2.2 Results

In this application, it is assumed that observations of displacements and velocities from
all floors are available. The noise signals perturbing both the model and measurements
are modeled as first order, one dimensional, independent, Polynomial Chaos expan-
sions having zero-mean and an RMS of 0.05 and 0.001 respectively. The parameters’
uncertainties on the other hand, are modeled as second order, one dimensional, Poly-
nomial Chaos expansions whose coefficients are to be determined in accordance with
the available observations. This is done to incorporate the possibility that the unknown
parameters may deviate from Gaussianity. Furthermore, it is assumed that the first floor
undergoes a change in its hysteretic behavior 5 seconds after the ground excitation. The

purpose of the application is to detect this behavioral change.

5.2.2.1 Example 1: At = 5 Time Steps

In the first example, it is assumed that the measurements of the floors’ displacements and
velocities are available every 5 time steps. Figures 5.3 and 5.4 describe the tracking of
the displacement and velocity for the first and fourth floor respectively. Excellent match
between the results estimated using the Polynomial Chaos based Kalman Filter and the
true states is observed. Figure 5.5 presents the evolution of the mean of the unknown
parameters identified by the proposed filtering technique. Error bars representing the
scatter in the estimated parameters are also present in figure 5.5. The different jumps

within the parameters are associated with the perks in the corresponding excitation.
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Figure 5.3: (a) Estimate of the first floor displacement ( At = 5 time steps), (b) Estimate
of the first floor velocity (At = 5 time steps).
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Figure 5.4: (a) Estimate of the fourth floor displacement ( At = 5 time steps), (b)
Estimate of the fourth floor velocity (At = 5 time steps).

Further investigation of the parameters indicate that the main changes take place in
the first floor following the 5sec time interval. Note that the parameters a and c in
floors 1 and 2 undergo the greatest jumps since they are associated with inter-story
drift and velocity, respectively. One of the main advantages of using the Polynomial
Chaos Kalman filter is that is provides a scatter around the estimated parameters. This is
represented by the probability density functions corresponding to each of the estimated

parameters. Figure 5.6 presents the pdf’s of the estimated floor 1 parameters.
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Figure 5.5: Estimate of the Mean floor parameters ( At = 5 time steps): (a) first floor,
(b) second floor, (¢) third floor, and (d) fourth floor

5.2.2.2 Example 2: At = 20 Time Steps

In the second run, to test the limitation of the monitoring hardware and software, it
is assumed that the measurements are available every 20 time steps. Figures 5.7 and
5.8 describe the tracking of the displacement and velocity for the first and fourth floor
respectively. While the match between the results estimated using the Polynomial Chaos
based Kalman Filter and the true states is observed is not as good as the previous exam-
ple, the estimate still gives a good representation of the true state. Figure 5.9 presents
the evolution of the mean of the unknown parameters identified by the proposed filtering

technique. It is again readily noted that the change in hysteretic behavior is concentrated
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Figure 5.6: Probability density function of estimated floor 1 parameters ( At = 5 time

steps): (a) “a”, (b) “b”, (c) “c”, and (d) “d”

at the first floor at a time after 5sec. Figure 5.10 presents the probability density func-

tions associated with the estimated first floor parameters. Although the mean of the

identified parameters is closely comparable to that in example 1, it is obvious that the

associated scatter has increased, and thus indicating a higher coefficient of variation.
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Chapter 6

Sundance

Sundance is a system for rapid development of high-performance parallel finite-element
solutions of partial differential equations [Lon04]. This toolkit software is developed
mainly by Kevin Long in SANDIA National Laboratories. The high level nature of
Sundance relieves from worrying about the tedious and error-prone bookkeeping details.
It also allows a high degree of flexibility in the formulation, discretization, and the
solution of the problem. Moreover, Sundance can both assemble and solve problems in
parallel. One of its design goal, is to make parallel solutions as simple as serial ones.

Sundance is written in C++ programming language with optional python wrappers.
Therefore, it is necessary to know how to write and compile C++ codes to be able to use
it. Only a fraction of the objects and methods that make up Sundance are ever needed in
user code; most are used internally by Sundance.

Solution of partial differential equations is a complicated endeavor with many subtle
difficulties, and there is no standard approach to tackle all PDE’s. Sundance is a set of
high-level objects that will allow the user to build his own simulation code with a mini-
mal effort. Although, these objects shield the user from the rather tedious bookkeeping
details required in writing a finite-element code, they still require him to understand how

to do a proper formulation and discretization of a given problem.
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6.1 Guidelines for Using Sundance

e Finite Element methods for solving PDE’s are based on the PDE’s weak form.
Therefore, Sundance requires describing PDE’s by employing a high-level sym-

bolic notation for writing weak forms.

e The spatial discretization or mesh of problem can be created internally for simple
one dimensional or two dimensional problems, but for more complex problems it

is required to use a third-party mesher and import that mesh into Sundance.

e The FEM approximates PDE solution by a system of linear or nonlinear algebraic
equations. Many factors influence this approximation, namely, choice of weak
form, method of imposing Boundary Conditions, basis functions for the unknowns

in the problem, and more.

e Sundance has a built in Library linking to the famous TRILINOS solvers. There-
fore it suffice to identify the solver required for the problem and specify its param-
eters such as the tolerance level, the maximum number of iterations, linearization

or iteration method for nonlinear problems , and more.

e Solution of a time-dependent problem can be reduced to solving a sequence of
linear (or possibly nonlinear) problems, by timestepping or marching. Again,

there are many possible marching algorithms [Lon0O4].

6.2 SSFEM Using Sundance

In order to make use of Sundance in solving stochastic partial differential equations via

the SSFEM, certain modifications to the code are done. A spectral library is developed
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within Sundance to allow the high level implementation of the SSFEM. It entails defin-
ing a spectral basis whose type, dimensionality and order are to be specified along with
methods for computing the expectations over the space approximated by the specified

basis.

6.2.1 Example: One-dimensional Bar with a Random Stiffness

Consider a bar element of Length L, clamped at both ends and subject to a deterministic
static uniform body load P. It is assumed that the modulus of elasticity £ associated
with the bar is a realization of a lognormal random process indexed over the spatial
domain occupied by the bar. It is also assumed that the bar has a uniform cross-sectional
area, A.

The governing differential equation for this problem is,

Lap=p 6.1)

Although, this is a simple example, many of the complex Sundance syntax can be
demonstrated through its solution scheme. The boundary conditions, BCs, for the above
problem are,

u=0atxz=0and xz = L.

With the equation and BCs in hand, we can write the problem in weak form. Multiplying

by a test function v and integrating by parts, we have

dv du
—AE— — P 6.2
[nterior dl’ dl’ lnterior ! ( )
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6.2.2 Step by Step Explanation

In this section a walk through the code for solving the problem is detailed. At the end,

the complete code is listed for reference.

6.2.2.1 Boilerplate

A dull but essential first step is to show the boilerplate C++ common to nearly every

Sundance code:

#i ncl ude "Sundnace. hpp"

int main(int argc, charx* argv)

{
try
{
Sundance: @i nit(&argc, &argv);
[ *
* Code Coes Here
*/
}
catch(exception& e)
{
Sundance: : handl eExcepti on(e);
}
Sundance: :finalize();
}

These lines control initialization and result gathering for the problem, initializing and

finalizing MPI if MPI is being used, and other administrative tasks.
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6.2.2.2 Getting the Mesh

A mesh object is used by Sundance to represent a tessellation of the problem domain.
There are many ways of getting a mesh, all abstracted with the MeshSource interface.
Sundance is designed to work with different mesh underlying implementations, the
choice of which is done by specifying a MeshType object. In this example, we use
the BasicSimplicialMeshType which is a lightweight parallel simplicial mesh. For the
simple geometry associated with this problem, the discretization is done internally by

Sundance as follows,

MeshType meshType = new Basi cSi nplici al MeshType();

new

MeshSour ce nesher
Partiti onedLi neMesher (0.0, 1.0, 10, nmeshType);
Mesh mesh = mesher. get Mesh();

In this example, it is assumed that the total bar length 1s 1.0 discretized into 10 elements.

6.2.2.3 Defining the Domains of Integration

Having defined the mesh, it is time to define the domains on which the mesh equa-
tions and boundary conditions are to be applied. CellFilter objects are used to represent
domains and subdomains within a mesh. For this problem, we only need to define the
interior and the edges where the boundary conditions are to be applied. For the latter
purpose, the CellPredicate object is used. This object is a binary command used to test

whether a cell is in the boundary domain or not.

CELL_PREDI CATE( Lef t Poi nt Test, {return fabs(x[0])< 1le-8;});
CELL_PREDI CATE( Ri ght Poi nt Test,{return fabs(x[0]-1.0)< 1le-8;});

This identifies the extremities of the domain located at x = 0 and x = 1.0. Now, the

CellFilter object is used to define the separate domains:
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CellFilter interior = new Maximal Cel | Filter();
CellFilter points = new Di nensional Cell Filter(0);
CellFilter leftPoint = points.subset(new LeftPointTest());

CellFilter rightPoint = points.subset(new Ri ghtPointTest());

6.2.2.4 Defining the Spectral Basis and the Spatial Interpolation Basis

The spectral basis is defined by specifying its type, the number of dimensions and the
order of the expansion used to generate it. For the purpose of implementing the SSFEM,

the Hermite polynomials basis is used and it is generated as follows,

int ndim= 1;
int order = 6;

Spectral Basi s sbasis = new Herm teSpectral Basi s(ndim order);

Similarly, a spatial interpolation basis is defined by specifying its type and order. Given
these bases, we can now construct both the physical dicsretespace object and the random

one.

Di scret eSpace di scSpace(nesh, new Lagrange(l), vecType);

The latter specifies that the problem utilizes a first order lagrangian interpolation on the

mesh.

6.2.2.5 Defining the Model Parameters and Excitation

The modulus of elasticity is defined as a lognormal process. Using the standard PCE
expansion for a lognormal variable, the different coefficients of the one-dimensional
sixth order expansion are obtained and stored in data files. Now, we have to read these
files into Sundance vectors and define the associated Spectral Expressions. Sundance

has built in function to read data files into Discrete Functions. This is done as follows,

112



Expr EO = new Di screteFunction(di scSpace, 0.0, "EO0");
Vect or <doubl e> vec = Di screteFunction::
di scFunc( EO) - >get Vector () ;

const Ref Count Pt r <DOFMapBase>& dof Map =

Di screteFunction: : di scFunc(EO) - >map() ;
ifstreamis("EO.dat");
i nt nNodes;
i s >> nNodes;
TEST_FOR_EXCEPTI ON(nesh. nuntCel | s(0) != nNodes, RuntineError

"nunber of nodes in data file fieldData.dat is
<< nNodes << " but nunber of nodes in nmesh is "
<< mesh. nuntCel I s(0));
Array<int> dofs(1);
doubl e fVal;
for (int i=0; i<nNodes; i++)
{
dof Map- >get DOFsFor Cel | (0, i, 0, dofs);
i nt dof = dofs[O0];
is > fval;
vec. set El enent (dof, fVal);
}

Di scret eFuncti on: : di scFunc(EO) - >set Vect or (vec);

In a similar fashion, the remaining PCE coefficients of E are read into Sundance. The
excitation force is deterministic and hence its spectral representation is represented by

its value as the mean of the expansion and zero higher order terms.

/+ array of coefficients for the spectra expression */

Array<Expr> Coeff(sbasis.nterns());
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Coeff[0] =
1] =
2] =
3] =

4] =

Coef f

Coef f

Coef f
Coef f

Coeff[5] =

6] =

© o o o o o =
e e e e e e 9

Coef f

L T e T e N e T e T e T e |

Expr F = new Spectral Expr(sbasis, Coeff);
Expr A = 1.0;

Expr E = new Spectral Expr(sbasi s,
Li st (EO, El, E2, E3, E4, E5, E6));:
6.2.2.6 Defining the Unknown and Test Functions

Expressions representing the test and unknown functions are defined easily:
Expr u = new UnknownFuncti on(new Lagrange(1), sbasis, "u");
Expr v = new Test Function(new Lagrange(1l), sbasis, "v");
6.2.2.7 Writing the Weak form

To write the weak form, we need to define the Quadrature rule for computing the integra-
tion first. We’ll use second-order Gaussian quadrature. The weak form with a quadrature

specification is written in Sundance as:

QuadratureFanm |y quad2 = new Gaussi anQuadrature(2);
Expr egn = Integral (interior, (dxxv)=*(Ex(dx*xu)), quad2)

+ Integral (interior, v+F, quad2) ;
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6.2.2.8 Writing the Essential Boundary Conditions

The weak form above contains the physics in the body of the domain plus the Neumann
BCs on the edges. We still need to apply the Dirichlet boundary condition on the inlet,

which we do with an EssentialBC object

Expr bc = Essential BC(rightPoint, v+u , quad2)
+ Essential BC(I eft Poi nt, v+u, quad2);

6.2.2.9 Creating the Linear Problem Object

A LinearProblem object contains everything that is needed to assemble a discrete
approximation to our PDE: a mesh, a weak form, boundary conditions, specification of
test and unknown functions, and a specification of the low-level matrix and vector rep-
resentation to be used. We will use Epetra as our linear algebra representation, which is

specified by selecting the corresponding VectorType subtype,
Vect or Type<doubl e> vecType = new EpetraVect or Type();
Now the Linear problem object is defined as,

Li near Probl em prob(nmesh, egn, bc, v, u, vecType);

6.2.2.10 Specifying the Solver and Solving the Problem

The BICGSTAB method with ILU preconditioning is used for solving the problem.
Level one preconditioning alond with a tolerance of 10~* within 1000 iterations is
used. The whole setup is configured using the Parameterlist TRILINOS object to read

the specs from an xml file.

Par anet er XMLFi | eReader reader("bicgstab. xm");

Par amet er Li st sol ver Parans = reader. get Paranmeters();
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Li near Sol ver <doubl e> | i nSol ver

= Li near Sol ver Bui | der: : creat eSol ver (sol ver Par ans) ;
Then the problem is simply solved by using the following command,

Expr soln = prob. solve(linSolver);

6.2.3 Complete Code for the Bar Problem

#i ncl ude "Sundance. hpp"

CELL_PREDI CATE( Lef t Poi nt Test, {return fabs(x[0]) < 1.0e-10;});
CELL_PREDI CATE( Ri ght Poi nt Test, {return fabs(x[0]-1.0) < 1.0e-10;});

int nmain(int argc, char** argv)
{
try
{
Sundance: :init(&argc, &argv);

Vect or Type<doubl e> vecType = new EpetraVector Type();

/+ Create a mesh. It will be of type BasisSinplicial Mesh, and will
* be built using a PartitionedLi nedMesher. =/
MeshType nmeshType = new Basi cSinplici al MeshType();
MeshSour ce mesher = new PartitionedLi neMesher (0.0, 1.0, 10, neshType);
Mesh nesh = nesher. get Mesh();

/+ Create a cell filter that will identify the naximal cells
* in the interior of the donain */

CellFilter interior = new Maxi mal Cel | Filter();

CellFilter points = new Dinensional Cel |l Filter(0);

CellFilter leftPoint = points.subset(new LeftPointTest());
CellFilter rightPoint = points.subset(new Ri ghtPointTest());

/+ Create the Spectral Basis */

int ndim= 1;
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int order = 6;

Spectral Basis sbasis = new Herm t eSpectral Basi s(ndim order);

/+ create an enpty (zero-valued) discrete function */

Di scret eSpace di scSpace(nmesh, new Lagrange(1l), vecType);

Expr EO = new Di screteFunction(di scSpace, 0.0, "E0");
Vect or <doubl e> vec = Di screteFunction::di scFunc(EOQ)->get Vector();
const Ref Count Pt r <DOFMapBase>& dof Map =
Di screteFunction: : di scFunc(EQ) - >map();
ifstreamis("EO.dat");
i nt nNodes;
i s >> nNodes;
TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntimeError,

"nunber of nodes in data file fieldData.dat is

<< nNodes << " but nunmber of nodes in nesh is

<< mesh. nuntcel I s(0));

Array<int> dofs(1);
doubl e fVal;
for (int i=0; i<nNodes; i++)
{
dof Map- >get DOFsFor Cel | (0, i, O, dofs);
int dof = dofs[0];
is >> fVval;
vec. set El enent (dof, fVal);

}

Di scret eFunction: : di scFunc(EO) - >set Vect or (vec) ;

/+ create an enpty (zero-valued) discrete function */

Expr E1 = new Di screteFunction(di scSpace, 0.0, "E1");

Vect or <doubl e> vecl = DiscreteFunction::di scFunc(El)->getVector();

const Ref Count Pt r <DOFMVapBase>& dof Mapl =

Di screteFunction: : di scFunc(El1) - >map();

ifstreamisl("El. dat");
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isl >> nNodes;

TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntinmeError,
"nunber of nodes in data file fieldData.dat is "
<< nNodes << " but nunmber of nodes in nmesh is "

<< mesh. nuntel I s(0));

for (int i=0; i<nNodes; i++)

{

dof Mapl- >get DOFsFor Cel | (0, i, 0, dofs);
int dof = dofs[0];

isl >> fval;

vecl. set El enent (dof, fVal);

}

Di scret eFunction: : di scFunc(El) - >set Vect or (vecl);

/+ create an enpty (zero-valued) discrete function */

Expr E2 = new Di screteFunction(di scSpace, 0.0, "E2");

Vect or <doubl e> vec2 = Di screteFunction::di scFunc(E2)->get Vector();

const Ref Count Pt r <DOFMapBase>& dof Map2 =

Di screteFunction: : di scFunc(E2) - >map();

ifstreamis2("E2.dat");

i s2 >> nNodes;

TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntimeError,
"nunber of nodes in data file fieldData.dat is "
<< nNodes << " but number of nodes in nmesh is "

<< mesh. nuntCel I s(0));

for (int i=0; i<nNodes; i++)
{
dof Map2- >get DOFsFor Cel | (0, i, 0, dofs);
int dof = dofs[0];
is2 >> fVal;
vec2. set El ement (dof, fVal);
}
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Di scret eFunction: : di scFunc(E2) - >set Vect or (vec2);

/+ create an enpty (zero-valued) discrete function */

Expr E3 = new Di screteFunction(di scSpace, 0.0, "E3");

Vect or <doubl e> vec3 = Di screteFunction::di scFunc(E3)->get Vector();
const Ref Count Pt r <DOFMVapBase>& dof Map3 =

Di scret eFunction: : di scFunc(E3)->map();

ifstreamis3("E3.dat");

i s3 >> nNodes;

TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntinmeError,
"nunber of nodes in data file fieldData.dat is "
<< nNodes << " but number of nodes in nmesh is "

<< mesh. nuntCel I s(0));

for (int i=0; i<nNodes; i++)

{

dof Map3- >get DOFsFor Cel | (0, i, 0, dofs);
int dof = dofs[0];

is3 >> fval;

vec3. set El enent (dof, fVal);
}

Di scret eFunction: : di scFunc(E3) - >set Vect or (vec3);

/+ create an enpty (zero-valued) discrete function */

Expr E4 = new Di screteFunction(di scSpace, 0.0, "E4");

Vect or <doubl e> vec4 = DiscreteFunction::di scFunc(E4)->get Vector();
const Ref Count Pt r <DOFMapBase>& dof Map4 =

Di screteFunction: : di scFunc(E4) - >map() ;

ifstreamis4("E4.dat");

i s4 >> nNodes;

TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntimeError,

"nunber of nodes in data file fieldData.dat is "
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<< nNodes << " but nunber of nodes in mesh is "
<< mesh. nuntCel I s(0));

for (int i=0; i<nNodes; i++)
{
dof Map4- >get DOFsFor Cel | (0, i, 0, dofs);
int dof = dofs[0];
is4 >> fVal;
vec4. set El enent (dof, fVal);
}

Di scret eFunction: : di scFunc(E4) - >set Vect or (vec4);

/+ create an enpty (zero-valued) discrete function */

Expr E5 = new Di screteFunction(di scSpace, 0.0, "E5");

Vect or <doubl e> vec5 = Di screteFunction::di scFunc(E5)->get Vector();
const Ref Count Pt r <DOFVapBase>& dof Map5 =

Di screteFunction: : di scFunc(E5)->map();

ifstreamis5("E5.dat");

i s5 >> nNodes;

TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntinmeError,
"nunber of nodes in data file fieldData.dat is "
<< nNodes << " but number of nodes in nesh is "

<< mesh. nuntCel I s(0));

for (int i=0; i<nNodes; i++)
{
dof Map5- >get DOFsFor Cel | (0, i, 0, dofs);
int dof = dofs[0];
is5 >> fval;
vech. set El enent (dof, fVal);
}

Di scret eFunction: : di scFunc(E5) - >set Vect or (vec5b);

/+ create an enpty (zero-valued) discrete function */
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Expr E6 = new Di screteFunction(di scSpace, 0.0, "E6");

Vect or <doubl e> vec6 = Di screteFunction::di scFunc(E6)->get Vector();

const Ref Count Pt r <DOFMapBase>& dof Map6 =

Di scret eFunction: : di scFunc(E6) - >map();

ifstreamis6("E6.dat");

i s6 >> nNodes;

TEST_FOR_EXCEPTI ON( mesh. nuntCel | s(0) != nNodes, RuntinmeError,
"nunber of nodes in data file fieldData.dat is "
<< nNodes << " but nunber of nodes in nmesh is "
<< mesh. nuntCel I s(0));

for (int i=0; i<nNodes; i++)
{

dof Map6 - >get DOFsForCel |1 (0O, i, 0, dofs);
int dof = dofs[0];

is6 >> fVval;

vec6. set El enent (dof, fVal);

}

Di scret eFunction: : di scFunc(E6) - >set Vect or (vec6) ;

/+ Create Spectral Unknown And test Functions x/
Expr u = new UnknownFuncti on(new Lagrange(1), sbhasis, "u");

Expr v = new Test Functi on(new Lagrange(1l), sbasis, "v");

/+ Create differential operator and coordinate functions */
Expr x = new Coor dExpr (0);
Expr dx = new Derivative(0);

/+ W& need a quadrature rule for doing the integrations */

QuadratureFam |y quad2 = new Gaussi anQuadrat ure(2);

/+ array of coefficients for the spectra expression */
Array<Expr> Coeff(sbasis.nterns());

Coeff[0] = 1.0;

Coeff[1] = 0.0;

Coeff[2] = 0.0;

Coeff[3] = 0.0;

Coeff[4] = 0.0;
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Coe
Coe

Exp
Exp

Exp

[ *

Exp

Integral (interior,

[ *
Exp

0;
0;

r F = new Spectral Expr(sbasis, Coeff);

ff[5 = 0.
ff[6] = 0.
r A=1.0;

r E = new Spectral Expr(sbhasis, List(EO, E1, E2, E3, E4, E5,

Define the weak form =/

r eqn = Integral (interior, (dxxv)*(Ex(dx*u)),

v+F, quad2) ;

Define the Dirichlet BC */

r bc = Essential BC(rightPoint, v+u , quad2)+
Essenti al BC(| eft Poi nt, v*u, quad2);

/+ W& can now set up the linear problem =/

Li near Probl em prob(nmesh, eqgn, bc, v, u, vecType);

/* Read the paraneters for the linear solver froman XM file */

Par anet er XMLFi | eReader

Par anmet er Li st sol ver Parans = reader. get Paraneters();

reader ("bi cgstab. xm");

Li near Sol ver <doubl e> | i nSol ver

Li near Sol ver Bui | der: : cr eat eSol ver (sol ver Par ans) ;

/* solve the problem*/

Exp

r soln = prob. solve(linSolver);

FieldWiter w
wr . addMesh( nesh) ;

wr

£ £ § £ g 2

.write();

u2"
u3d"
ug”
us"

. addFi el d("u0",
. addFi el d("u1"
. addFi el d("
. addFi el d("
. addFi el d("
. addFi el d("

new

new

new

new

new

new

new Matl abWiter("Spectral bar");

Expr Fi el dW apper (soln[0]));
Expr Fi el dW apper (soln[1]));
Expr Fi el dW apper (soln[2]));
Expr Fi el dW apper (soln[3]));
Expr Fi el dW apper (soln[4]));
Expr Fi el dW apper (soln[6]));
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}

catch(exception& e)

{

Sundance: : handl eException(e);

}

Sundance: : finalize();
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Chapter 7

Conclusion

The combination of Polynomial Chaos with the Ensemble Kalman Filter renders an
efficient data assimilation methodology that surpasses standard Kalman Filtering tech-
niques while maintaining a relatively low computational cost. Although the proposed
method employs traditional Kalman Filter updating schemes, it preserves all the error
statistics, and hence allows the computation of the probability density function of the
uncertain parameters and variables at all time steps. This is done by simply simulating
the PC representations of these parameters. This simulation has a negligible computa-
tional cost.

Applying the proposed method for calibrating reservoir simulation models is an
innovative approach that allows approximating the higher order statistics of the pro-
duction forecast. The use of PC to represent the uncertainty in the reservoir model and
the measurement help convey the actual medium in a more realistic way. The proposed
method is tested on the one-dimensional Buckley-Leverett and the two-dimensional Five
Spot two-phase immiscible flow problems using synthesized measurement data. A novel
approach for representing the reservoir medium properties as a rational function is pre-
sented, and the obtained results depict the validity and effectiveness of the proposed
method.

The efficiency of the method is also conveyed through applying it for optimizing
the fluid front dynamics in porous media by using injection rate control. The obtained
results show that representing the controls as part of the Kalman Filter state vector is an

effective approach for controlling the flow and maintaining a desired target.
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The data assimilation technique is also applied for health monitoring of highly non-
linear structures. Together with the non-parametric representation of the nonlineari-
ties, the approach constitutes an effective system identification technique that accurately
detects any changes in the systems behavior. The Polynomial Chaos representation of
the non-parametric model for the nonlinearities is a robust innovative approach that per-
mits damage identification and tracking the dynamical state beyond that point. Using
Polynomial Chaos, the uncertainty associated with the assumed non-parametric model

is inherently present and thus represents the actual nonlinearity in a more accurate way.
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Appendix A

Complete SUNDANCE Reservoir

Characterization Codes

A.1 Two-Dimensional Water Flooding Problem - Sce-

nario 1

#i ncl ude "Sundance. hpp"

int main(int argc, char*x argv)
{
try
{
MPI Session::init(&rgc, &argv);

/* We will do our linear algebra using Epetra */

Vect or Type<doubl e> vecType = new EpetraVector Type();

MeshType neshType = new Basi cSi nplicial MeshType();
MeshSour ce mesher = new ExodusNet CDFMeshReader (" squar e_60x60. ncdf", neshType);
Mesh nesh = mesher. get Mesh();

I/ Create a cell filter that will identify the maximal cells

inthe interior of the domain */

CellFilter interior = new Maxinmal Cel | Filter();
CellFilter edges = new Dinensional Cel | Filter(1);
Cel | Filter Source = edges. | abel edSubset (1);

Cel | Filter Sink = edges.|abel edSubset(2);

/+ Create the Spectral Basis x/
int ndim= 3;
int order = 2;

int nterm=5;

/* Hermite Basis truncated after 5 terms */

Spectral Basi s shasis = new HerniteSpectral Basi s(ndim order, nternj;

/+ Create unknown and test functions, discretized using first-order
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* Lagrange interpolants */

Basi sFanmi |y L1 = new Lagrange(2);

Expr Se = new UnknownFunction(L1, sbasis, "Se");
Expr Ns = new Test Function(L1l, sbasis, "Ns");
Expr Pw = new UnknownFunction(L1, sbasis, "Pw');

Expr Nn = new Test Function(L1l, sbasis, "Nn");

/+ Create differential operator and coordinate functions */
Expr x = new Coor dExpr (0);

Expr y = new Coor dExpr(1);

Expr dx = new Derivative(0);

Expr dy = new Derivative(1l);

Expr grad = List(dx, dy);

/* W need a quadrature rule for doing the integrations */

QuadratureFami |y quad2 = new Gaussi anQuadrature(4);

Di scret eSpace dl(nmesh, L1, vecType);
Di scret eSpace di scSpace(nesh, List(L1, L1) , sbasis, vecType);

/* Initial Guess for the dynanmic states */

Expr u0 = new Di screteFunction(di scSpace, 0.0, "u0");

/* Initial Condition for the Saturation */

Expr Se00 = new Di screteFunction(dl, 0.0, "Se00");
Expr Se01 = new DiscreteFunction(dl, 0.0, "Se01");
Expr Se02 = new Di screteFunction(dl, 0.0, "Se02");
Expr Se03 = new Di screteFunction(dl, 0.0, "Se03");
Expr Se04 = new DiscreteFunction(dl, 0.0, "Se04");

Expr Se0 = new Spectral Expr(sbasis, List(Se00, Se0l, Se02, Se03, Se04));

/* Medium Porosity */

Expr PO = new Di screteFunction(dl, 0.20, "P0");
Expr P1 = new DiscreteFunction(dl, 0.0, "P1");
Expr P2 = new Di screteFunction(dil, 0.0, "P2");
Expr P3 = new DiscreteFunction(dl, 0.0, "P3");
Expr P4 = new Di screteFunction(dl, 0.0, "P4");

/* Medium Permeability */

Expr KO = new Di screteFunction(dl, 170.0, "K0");
Expr K1 = new DiscreteFunction(dl, 0.0, "K1");
Expr K2 = new Di screteFunction(dl, 0.0, "K2");
Expr K3 = new DiscreteFunction(dl, 0.0, "K3");
Expr K4 = new DiscreteFunction(dl, 0.0, "K4");

Vect or <doubl e> KlVec = DiscreteFunction::di scFunc(K1)->getVector();
Vect or <doubl e> P1Vec = DiscreteFunction::discFunc(P1l)->getVector();
Vect or <doubl e> K4Vec = DiscreteFunction::di scFunc(K4)->get Vector();
Vect or <doubl e> P4Vec = DiscreteFunction::discFunc(P4)->getVector();
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int nNodesl

int nElens = mesh. nuntCel | s(1);

int vecSize

= nesh. nuntCel | s(0);

= nEl ens + nNodesl;

/* crossectional Area */
double As = 1.0;

[+ initial
doubl e x1,

/*nunber of nodes in mesh */

/* nunber of elements */

guess for the scatter of the unknown medi um properties x/

X

2, X3, x4;

int seed = 1000;

for(int MC=0; MC<vecSize; MC++)

{

seed += 1;

StochasticLi bl sto(seed);

if (M) == 0)

{
x1
x2
X3 =
x4 =

sto. Normal (0, 10);

sto. Nornal (0, 0. 01);
sto. Normal (0, 5);
st o. Normal (0, 0. 005) ;

KlVec. set El enent ( MC,
P1Vec. set El ement ( MC,
K4Vec. set El enent ( MC,
P4Vec. set El ement ( MC,

(x1)):
(x2)):
(x3)):
(x4));

Di scret eFuncti on: : di scFunc(K1) - >set Vect or (K1Vec) ;

Di scret eFunction: : di scFunc(P1) - >set Vect or ( P1Vec) ;

Di scret eFuncti on: : di scFunc(K4) - >set Vect or (K4Vec) ;

Di scret eFunction: : di scFunc(P4) - >set Vect or ( P4Vec) ;

Expr P = new Spectral Expr(sbasis, List(PO, P1,

Expr K = new Spectral Expr(sbasis, List(KO, Ki,

double MuO = 1.735e06; /* QO
doubl e MUW = 1. 735e05;
10000. 0;

doubl e Pe =

doubl e INJ

Viscosity */

/* Water Viscosity */

P2, P3, P4));
K2, K3, K4)).

0.0323; /* Water Injection rate */

/* Setup the tinme stepping with timestep = 0.1 */
doubl e deltaT = 0. 10;

doubl e Sm = 0.35; /=residual

saturation */

I+ The coefficients of the different powers of

Expr Squad
Expr Scube

pow( Se, 4) ;
pow( Se, 3) ;

Expr Ssquare = pow Se, 2);

the chaos coefficients =/
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+

/* Computing the relative penmeabilities and capillary pressure */

Expr Krw = 0.864xSquad + 0.201*Scube - 0.065*Ssquare ;

Krw. set coef f (3, 0.05+«Krw. getcoeff[1]); /* nodeling error */

Expr Kro = 1.595xSquad - 4.784xScube + 5.994xSsquare - 3.805*Se + 1.0;

Kro. setcoeff(3, 0.05+«Kro.getcoeff[1]); /* nodeling error */

Expr Pc = Pex(-4.286+Scube + 8.974xSsquare - 6.993*Se + 3.152);

Pc. setcoeff (3, 0.05+«Pc.getcoeff[1]); /* modeling error =/

!+ Weak Form of coupl ed PDE */

Expr Wegn = Integral (interior, Ns*(As*(1.0-Sm=*(P+(Se - Se0))),
+ Integral (interior, (dxxNs)x(As/ MUW (Krw«Kx(dxxPw))xdeltaT),

- Integral (Source, Ns*|NJxdeltaT, quad);

Expr Oegn = Integral (interior,-Nnx(As*(1.0-Sm)*(P+(Se - Se0))),
Integral (interior, (dx*Nn)x*(As/MiOx(KroxKx(dx*(Pw + Pc)))+deltaT),

Expr eqn = Wegn + Ceqgn;

/+ Boundary Conditions */
Expr bc = Essential BC(| ef t Poi nt, Nn*(Pw 10000), quad);

/*setting up the nonlinear problem x/

Nonl i near Oper at or <doubl e> F =

new Nonl i near Probl en( nesh, eqn, bc, List(Ns, Nn), List(Se, Pw),

Par anet er XMLFi | eReader reader ("nox. xm ");

Par anet er Li st noxParans = reader. get Paranmeters();

NOXSol ver sol ver (noxParans, F);

int Nn = nNodesl;
/+ array of the global IDs of the measurenent |ocations */
int Gd022] ={1, 4, 5 8, 11, 12, 14, 15, 18,

19, 22, 25, 27, 30, 31, 32, 34, 37, 40, 41, 42, 47};
int LID[Nn];

/1 get local 1D of node given G D

const Ref Count Pt r <DOFMapBase>& dof Map = Di scret eFunction: : di scFunc(Se00) - >nap();

for (int i=0; i< Nn; i++)
{
int D= nmesh. mapd DToLI (O, i);
Array<int> dof I ndi ces;
dof Map -> get DOFsFor Cel | (0, 1D, 0, doflndices);

LIDi] = doflndices[O0];

/+ Open the data file */
FILE * nFile;

nFile = fopen("../true/ SMeasurenent.dat", "r");

uo,

quad)
quad)

quad)

quad) ;

vecType);
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int

nSteps = 20001;

for(int ns=0; ns < nSteps; ns++)

Vect or <doubl e>

{

sol ver. sol ve();

/+ Reading the solution into vectors so that it could be transfered

to the Newmrat Library for the assinmilation step */

PwO = new Di screteFunction(dl, 0.0,
Pwwl = new DiscreteFunction(dl, 0.0,
Pww2 = new Di screteFunction(dl, 0.0,
Pw3 = new Di screteFunction(dl, 0.0,
Pww = new Di screteFunction(dl, 0.0,

Vect or <doubl e> Se00V

Vect or <doubl e> Se01V

Vect or <doubl e> Se02V

Vect or <doubl e> Se03V

Vect or <doubl e> Se04V

Vect or <doubl e> PwWOV

Vect or <doubl e> PwanlV

Vect or <doubl e> Pw\2V

Vect or <doubl e> Pw\3V

Vect or <doubl e> PwwV

Vect or <doubl e>
Vect or <doubl e>
Vect or <doubl e>
Vect or <doubl e>

Vect or <doubl e>

Vect or <doubl e>
Vect or <doubl e>
Vect or <doubl e>
Vect or <doubl e>

Vect or <doubl e>

Se00V. set El enent (n, Sol nVec.
Se01V. set El ement (n, Sol nVec.
Se02V. set El enent (n, Sol nVec.
Se03V. set El ement (n, Sol nVec.
Se04V. set El enent (n, Sol nVec.
PwWOV. set El enent (n, Sol nVec.
Pww1V. set El ement (n, Sol nVec.
Pwn2V. set El enent (n, Sol nVec.
Pw3V. set El ement (n, Sol nVec.
PwwV. set El ement (n, Sol nVec.

for (int n=0;

{

Sol nVec

"PWAO") ;
"PwaL") ;
"Pw2") ;
"Pwg") ;
"PwA”) ;

= Di screteFunction::di scFunc(u0)->get Vector();

Di scret eFuncti
Di scret eFuncti
Di scret eFuncti
Di screteFuncti

Di scret eFuncti

Di scret eFuncti
Di screteFuncti
Di scret eFuncti
Di scret eFuncti

Di scret eFuncti

n<vecSi ze; n++)

on::

on:

on::

on::

on::

on::

on::

on::

on:

on::

KOV = DiscreteFunction::
K1V = Di screteFunction::
K2V = DiscreteFunction::
K3V = Di screteFunction::

K4V = DiscreteFunction::

POV = DiscreteFunction::
P1V = DiscreteFunction::
P2V = DiscreteFunction::
P3V = DiscreteFunction::

P4V = DiscreteFunction::

di
di
di
di
di

di
di
di
di
di

=1

i scFunc( Se00) - >get Vector () ;

1 di scFunc(Se01) - >get Vector ();

=1

i scFunc(Se02) - >get Vector () ;
i scFunc(Se03) - >get Vector () ;
i scFunc(Se04) - >get Vector () ;

= =1

=1

i scFunc( Pww0) - >get Vector () ;
i scFunc(Pwwl) - >get Vector () ;
i scFunc( Pwn2) - >get Vector () ;

= =1

: di scFunc(Pww3) - >get Vector () ;

=1

i scFunc( Pw@) - >get Vector () ;

scFunc(K0) - >get Vector () ;
scFunc(K1)->get Vector();
scFunc(K2) - >get Vector () ;
scFunc(K3)->get Vector();
scFunc(K4) - >get Vector () ;

scFunc( PO) - >get Vector () ;
scFunc(P1) - >get Vector () ;
scFunc(P2) - >get Vector () ;
scFunc(P3) - >get Vector();
scFunc(P4) - >get Vector () ;

get El ement (10+n));

get El enent (10xn+1));
get El ement (10*n+2));
get El enent (10%n+3)) ;
get El ement (10*n+4));
get El enent (10*n+5) ) ;
get El ement (10*n+6) ) ;
get El enent (10%n+7));
get El ement (10*n+8));
get El enent (10%n+9)) ;

137



/+ Measurements exist every 10 tinesteps */

if ( ((ns%10) == 0) && (ns > 0))
{
I+ the coefficients of the state vector containing the dynam c states
, Se and Pw, and the nodel paranmeters, K and P. x/
Col utmVect or  AO(4+*Nn) ;
Col utmVect or A1(4xNn);
Col utmVect or A2(4xNn);
Col utmVect or  A3(4xNn) ;
Col utmVect or  A4(4xNn);

/+ popul ating the state vectors with the Sundance solution */
for(int i=1; i<=4*Nn; i++)

i f(i<=Nn)
{
AO(i) = 0.64*Se00V. getEl ement (LID[i-1]) + 0.16;
Al(i) = 0.64*Se01V.getEl enent(LIDi-1]);
A2 (i) = 0.64*xSe02V.getEl ement (LID[i-1]);
A3(i) = 0.64xSe03V.getEl enent(LIDi-1]);
AA(i) = 0.64*Se04V.getEl ement (LID[i-1]);
}
else if ((i > Nn) & (i<=2+Nn))
{
AO(i) = PwOV.getEl enent (LID[i-(Nn+1)]);
AL(i) = PwalV. getEl ement (LIDi-(Nn+1)]);
A2(i) = Pww2V.getEl ement (LID[i-(Nn+1)]);
A3(i) = PwBV.getEl ement (LID[i-(Nn+1)]);
AA(i) = PwdV. getEl ement (LID[i-(Nn+1)]);
}
else if ((i > 2+*Nn) && (i<=3*Nn))

AO(i) = KOV.getEl enent(LID[i-(2xNn+1)]);
Al(i) = K1V.getEl ement (LID[i-(2*Nn+1)]);
A2(i) = K2V.getEl enent (LID[i-(2*xNn+1)]);
A3(i) = K3V.getEl ement (LID[i-(2*Nn+1)]);
AA(i) = K4V.getEl enent (LID[i-(2xNn+1)]);

else if ( (i > 3*Nn) & (i <= 4xNn))

AO(i) = POV.getEl ement (LID[i-(3*Nn+1)]);
Al(i) = P1V.getEl ement (LID[i-(3*Nn+1)]);
A2(i) = P2V.getEl ement (LID[i-(3*Nn+1)]);
A3(i) = P3V.getElement (LIDi-(3*Nn+1)]);
AA(i) = PAV.getEl enent (LID[i-(3*Nn+1)]);

/1 State Error Covariance Matrix
Matri x P1nm(4*Nn, 4xNn);
Plm = 0;
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P1lm = AlxAl.t()=*Exp. expectation(0,1,1) + A2xA2.t()*Exp. expectation(O0,2,2) +
A3*A3.t ()*Exp. expectation(0,3,3) + Ad«A4. t()=*Exp. expectation(O0,4,4);

/1 Measurement Matrix
const int np = 22;
Matrix Z(nmp, nterm;

Z = 0.0;

Col utmVect or nt (np);

for(int i=1; i<=np; i++)

{

fscanf(nFile, "%e", & (i));

Z.colum(1l) << nt;

Col utmVect or er1(np);

/* Measurenment Error */

for(int i=1; i<=np; i++)

if (m(i) > 0.20)

{
erl(i) = 0.001x(nt(i)-0.20);
}
el se
{
erl(i) = 0.0;
}

Z.colum(3) << erl;

/'l Measurenment Error Covariance Matrix
Matrix Pzz(np, np);
Pzz = 0;

Pzz = erlxerl.t();

/* Defining the observation matrix */

Matrix H(np, 4xNn);
H=0;
int bct = 1;
for(int i=0; i<np; i++)
{
H(bct,AdD[i]) = 1.0;
bct ++;

}
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/1Gain Matrix

Mat ri x KG 4*Nn, np);
Matrix KGL = H«PlmH. t();
Matrix K& = Pzz + KG1;
Matrix K& = K&.i();

KG = (P1ImH.t())*KG3;

/| Updat e

A0 = A0 + KG+(Z.colum(1l) - HxAQ);

Al = Al - KGrHrAl;

A2 = KG+Z.colum(3);

A3 = A3 - KGrHrA3;

A4 = A4 - KGrHxA4;

/1 Gve back to Sundance

for (int i=1; i<=Nn; i++)

Se00V. set El enent (LID[i-1], (AO(i)-0.20)/0.65);
Se01V. set El ement (LI D[i-1], Al(i)/0.65);
Se02V. setEl enent (LID[i-1], A2(i)/0.65);
Se03V. set El ement (LID[i-1], A3(i)/0.65);
Se04V. setEl enent (LID[i-1], A4(i)/0.65);

Pw\OV. set El enent (LI D[i-1], AO(i+Nn));
PwwlV. set El ement (LI D[i-1], AL(i+Nn));
Pw\2V. set El enent (LI D[i-1], A2(i+Nn));
PwW3V. set El ement (LI D[i-1], A3(i+Nn));
PwV. set El ement (LID[i-1], A4(i+Nn));

KOV. set El enent (LID{i-1], AO(i+2*Nn));
K1V.setEl enent (LID{i-1], Al(i+2+Nn));
K2V. setEl enent (LID{i-1], A2(i+2*Nn));
K3V.setEl enent (LID[i-1], A3(i+2+«Nn));
K4V. setEl enent (LID[i-1], A4(i+2xNn));

POV. setEl enent (LID{i-1], AO(i+3*Nn));
P1V.setEl enent (LID{i-1], Al(i+3*Nn));
P2V. setEl enent (LID[i-1], A2(i+3*Nn));
P3V.set El ement (LID[i-1], A3(i+3*Nn));
P4V. setEl enent (LID[i-1], A4(i+3*Nn));

Di scret eFuncti on: : di scFunc(Se00) - >set Vect or (Se00V) ;
Di scret eFunction: : di scFunc(Se01) - >set Vect or (Se01V) ;
Di scret eFuncti on: : di scFunc(Se02) - >set Vect or (Se02V) ;
Di scret eFuncti on: : di scFunc(Se03) - >set Vect or ( Se03V) ;
Di scret eFuncti on: : di scFunc(Se04) - >set Vect or ( Se04V) ;

Di scret eFuncti on: : di scFunc(Pwn0) - >set Vect or (PwwV) ;
Di scret eFunction: : di scFunc(Pwwl) - >set Vect or (Pw1V) ;
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Di scret eFuncti on: : di scFunc(Pw2) - >set Vect or (Pma2V) ;
Di scret eFuncti on: : di scFunc( Pw3) - >set Vect or (Pm3V) ;
Di scret eFuncti on: : di scFunc( Pw#) - >set Vect or (PmwV) ;

Di scret eFuncti on: : di scFunc( K0) - >set Vect or (KOV) ;
Di scret eFuncti on:: di scFunc(K1l)->set Vector (K1V);
Di scret eFuncti on: : di scFunc(K2) - >set Vect or (K2V) ;
Di scret eFuncti on:: di scFunc(K3) - >set Vect or (K3V);
Di scret eFuncti on: : di scFunc(K4) - >set Vect or (K4V) ;

Di scret eFuncti on: : di scFunc( P0) - >set Vect or ( POV) ;
Di scret eFuncti on:: di scFunc(P1)->set Vect or (P1V);
Di scret eFuncti on: : di scFunc( P2) - >set Vect or (P2V) ;
Di scret eFuncti on: : di scFunc(P3) - >set Vect or (P3V) ;
Di scret eFuncti on: : di scFunc( P4) - >set Vect or ( P4V) ;

Expr SeO = new Spectral Expr(sbasis, List(Se00, Se01, Se02, Se03, Se04));
Expr P = new Spectral Expr(sbasis, List(P0O, P1, P2, P3, P4));
Expr K = new Spectral Expr(sbasis, List(KO, K1, K2, K3, K4));

/+ Wite out the updated state to VIK files */

FieldWiter w3 = new VIKWiter("K' + Teuchos::toString(ns/10));
wr 3. addMesh( nesh) ;

wr 3. addFi el d("K0", new ExprFi el dW apper (K0));

wr 3. addFi el d("K1", new ExprFi el dW apper (K1));

wr 3. addFi el d("K2", new ExprFi el dW apper (K2));

wr 3. addFi el d("K3", new ExprFi el dW apper (K3));

wr 3. addFi el d("K4", new ExprFi el dW apper (K4));

w3 wite();

FieldWiter w4 = new VTIKWiter("P" + Teuchos::toString(ns/10));
wr 4. addMesh( nesh) ;

wr 4. addFi el d("P0", new ExprFi el dW apper (P0));

wr 4. addFi el d("P1", new ExprFi el dW apper (P1));

wr 4. addFi el d("P2", new ExprFi el dW apper (P2));

wr 4. addFi el d("P3", new ExprFi el dW apper (P3));

wr 4. addFi el d("P4", new ExprFi el dW apper (P4));

wid wite();

}
el se
{
Di scret eFuncti on: : di scFunc(Se00) - >set Vect or ( Se00V) ;
Di scret eFuncti on: : di scFunc(Se01) - >set Vect or (Se01V) ;
Di scret eFunction: : di scFunc(Se02) - >set Vect or ( Se02V) ;
Di scret eFuncti on: : di scFunc(Se03) - >set Vect or (Se03V) ;
Di scret eFunction: : di scFunc(Se04) - >set Vect or ( Se04V) ;
Expr Se0 = new Spectral Expr(sbasis, List(Se00, Se0l, Se02, Se03, Se04));
}
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fclose(nFile);

cat ch(exception& e)

{
Sundance: : handl eException(e);
}
Sundance: : finalize();

A.2 Two-Dimensional Flow Control Problem

In this example, the unknown medium properties are modeled as an exponential function
of a Polynomial Chaos expansion. Therefore the standard spectral library implemented
in Sundance can not be used to solve the problem. In what follows a work around for
the problem is presented, it entails expanding the equations for each coefficient in the
chaos expansion independently and then assemble and solve a larger system. This also
gives an insight on the implementation details of the spectral library within Sundance.
#i ncl ude "Sundance. hpp"

/+Function to create a |ist of unknown functions of arbitrary size */

Expr makeBi gUnknownFunct i onLi st (i nt nunFuncs, const BasisFanily& basis) {

Array<Expr> bi g( nunfuncs);

for (unsigned int i=0; i<big.size(); i++)

{
big[i] = new UnknownFunction(basis);
}
return new Li st Expr(big);

/+* Function to create a list of test functions of arbitrary size */
Expr nekeBi gTest Functi onLi st (i nt nunfFuncs, const BasisFanily& basis) {
Array<Expr> bi g( nunfuncs);

for (unsigned int i=0; i<big.size(); i++)

{
big[i] = new TestFunction(basis);
}
return new Li st Expr(big);
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/+* Function to create a discrete space with an arbitrary nunber of functions */

Di scret eSpace nmakeBi gDi scret eSpace(const Mesh& nesh,
int nunFuncs,
const Basi sFami |l y& basis,
const Vect or Type<doubl e>& vecType) {
Basi sArray bi g(nunfuncs);
for (unsigned int i=0; i<big.size(); i++)
{
big[i] = basis;
}

return DiscreteSpace(nmesh, big, vecType); }
/+ Function to evaluate the average of three Hermte Polynom als of Known
di nension and order where one is expressed as an exponential function.

The function takes as input DiscreteFunction Expr and returns Expr as well =*/

Expr GijkLi st(Expr al phal, Expr al pha2, Expr al pha3, DiscreteSpace di,

int VecSize, cijk Exp, int i, int j,int k)
{
Vect or <doubl e> al phalV = Di screteFunction::di scFunc(al phal)->getVector();
Vect or <doubl e> al pha2V = Di scret eFuncti on: : di scFunc(al pha2)->get Vector();
Vect or <doubl e> al pha3V = Di screteFunction: : di scFunc(al pha3)->get Vector();
Expr rtn = new DiscreteFunction(dl, 0.0, "rtn");
Vect or <doubl e> rtnV = Di screteFunction::discFunc(rtn)->getVector();
Vect or Space<doubl e> sS = al phalV. space();
int low = sS.|owestLocal | yOmed! ndex();
int highc = | owc +sS.nuniocal El ements();
for (int ix=lowc; ix<highc; ix++)
{
rtnV. set El enent (i x, Exp. sumexpect ati on3(al phalV. get El ement (i x),
al pha2V. get El ement (i x), al pha3V.getEl ement(ix), i, j, k));
}
Di scret eFuncti on: : di scFunc(rtn)->setVector(rtnv);
return rtn;
}

int main(int argc, char*x argv)
{
try
{
Sundance: :init(&argc, &argv);

/* We will do our linear algebra using Epetra */

Vect or Type<doubl e> vecType = new EpetraVector Type();

MeshType meshType = new Basi cSi nplici al MeshType();
MeshSource nmesher = new ExodusNet CDFMeshReader (" doubl el oopl. ncdf", nmeshType);
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Mesh mesh = nmesher. get Mesh();

/* Create a cell filter that will identify the naximal cells
* in the interior of the domain */

CellFilter interior = new Maxinmal Cel | Filter();

CellFilter edges = new Dinensional Cel | Filter(1);

Cel I Filter Sourcel = edges. | abel edSubset(1);

Cel I Filter Source2 = edges. | abel edSubset(2);

Cel | Filter Sink = edges.| abel edSubset(3);

const int nf = 10 /*«Nunber of unknown functions */;

/+ Create unknown and test functions, discretized using first-order

* Lagrange interpolants x/

Basi sFani |y basis = new Lagrange(2);

Expr Unk = makeBi gUnknownFuncti onLi st (nf, basis);

Expr Se0 = Unk[O0]; Expr Sel = Unk[1]; Expr Se2 = Unk[2];
Expr Se3 = Unk[3]; Expr Se4 = Unk[4];
Expr PwO = Unk[5]; Expr Pwl = Unk[6]; Expr Pw2 = Unk[7];
Expr Pw3 = Unk[8]; Expr Pw4 = Unk[9];

Expr Test = nmkeBi gTest Functi onLi st (nf, basis);

Expr NsO = Test[O]; Expr Nsl1 = Test[1]; Expr Ns2 = Test[2];
Expr Ns3 = Test[3]; Expr Ns4 = Test[4];

Expr NnO = Test[5]; Expr Nnl = Test[6]; Expr Nn2 = Test[7];
Expr Nn3 = Test[8]; Expr Nn4 = Test[9];

/* Create differential operator and coordinate functions */
Expr x = new Coor dExpr (0);

Expr y = new CoordExpr(1);

Expr dx = new Derivative(0);

Expr dy = new Derivative(1);

Expr grad = List(dx, dy);

/* We need a quadrature rule for doing the integrations */

QuadratureFanmi |y quad2 = new Gaussi anQuadrature(4);

Di scret eSpace dl(mesh, basis, vecType);

Di scret eSpace di scSpace = nmakeBi gDi scret eSpace(nesh, nf, basis, vecType);

/* Initial Guess */

Expr u0 = new Di screteFunction(di scSpace, 0.0, "u0");

/*Initial Condition %/

Expr Seo0 = new Di screteFunction(dl, 0.0, "Seo0");
Expr Seol = new DiscreteFunction(dl, 0.0, "Seol");
Expr Seo2 = new DiscreteFunction(dl, 0.0, "Seo2");
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Expr Seo3 = new DiscreteFunction(dl, 0.0, "Seo3");
Expr Seo4 = new DiscreteFunction(dl, 0.0, "Seo4");

/* Cross-sectional Area */
doubl e As = 10000;

/+* The intrinsic perneability of the mediumK, and its porosity P/
int nNodesl = mesh. nunCel | s(0);
int nElenms = mesh. nuntCel | s(1);

int vecSize = nElens + nNodesl;

/* representation of alpha = K/P */

Expr al pha0 = new Di screteFunction(dl, 0.0, "al pha0");
Expr al phal = new Di screteFunction(dl, 0.0, "al phal");
Expr al pha2 = new DiscreteFunction(dl, 0.0, "al phal");
Expr al pha3 = new Di screteFunction(dl, 0.0, "al phal");

/ «Di mensi ons and order of spectral basis */
int ndim= 3;
int order = 2;

const int nterm= 5;

/*Randonmly Generated Initial Guess for al pha */
Vect or <doubl e> al phaOV = Di screteFuncti on:: di scFunc(al pha0) - >get Vector () ;

Vect or <doubl e> al phalV = DiscreteFunction::di scFunc(al phal)->getVector();

Vect or <doubl e> al pha2V = Di screteFunction:: di scFunc(al pha2) - >get Vector();
Vect or <doubl e> al pha3V = Di screteFunction:: di scFunc(al pha3)->getVector();
int32 seed = 19850; /1 random seed

StochasticLi bl sto(seed);

for (int i=0; i<vecSize; i++)
{
al phaOV. set El ement (i, 2.93 + 0.1xsto.Nornal (0,1));
seed++;
al phalV. set El enent (i, 0.005+sto.Normal (0,1));
seed++;
al pha2V. set El enent (i, 0.005+sto. Normal (0,1));
seed++;

al pha3V. set El enent (i, 0.005+sto. Normal (0,1));

Di scret eFunction: : di scFunc(al phal) - >set Vect or (al phalV);
Di scret eFuncti on: : di scFunc(al pha2) - >set Vect or (al pha2V);

Di scret eFunction: : di scFunc(al pha3) - >set Vect or (al pha3V);

double MuO = 1.735; /+*Q | Viscosity */
doubl e MuW = 1.735; /+Water Viscosity */
doubl e Pe = 10000. 0;

/*Initial Guess for the Water Injection Rate to be Controlled */

/*Source 1x/
doubl e Qa0 = 300. 00;
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doubl e Qal = 10.00;
double Qa2 = 0.0;
doubl e Qa3 = 0.0;
doubl e Qa4 = 5.50;
/*Source 2 */

doubl e Qb0 = 300. 00;
doubl e Q1 = 10.00;
double Q2 = 0.0;
doubl e @3 = 0.0;
doubl e Qb4 = 5.50;

/* Setup the time stepping with timestep = 0.005 */

doubl e deltaT = 0. 005;

doubl e Sm = 0. 35;

cijk Exp(ndim order);

/* Evaluating the coefficients of the various orders of the unknown saturation */

Expr Squad0 = (1#1*SeO*Se0*Se0*Se0 + 6+1*Se0*Se0*Sel*Sel + 6+ 1* Se0* Se0*Se2+*Se2 +

6% 1 Se0* Se0* Se3* Se3 + 6+ 2* Se0* Se0* Sed* Se4 + 12x2x Se0* Sel* Sel* Sed +

4% 8% Se0* Sed Sed* Sed + 1x3xSelxSelxSelxSel + 6+ 1xSelxSelxSe2xSe2 +

6% 1x Selx Selx Se3*Se3 + 6+ 10*Selx SelxSedxSed + 1x3xSe2x Se2* Se2* Se2 +

6% 1 Se2* Se2* Se3*Se3 + 6% 2x Se2x Se2* SedrSed + 13+ Se3+ Se3 Se3* Se3

+ 6%2*Se3*Se3*Se4xSed + 1x60*SedrSedrSed+Sed )/ 1;

Expr Squadl = (4*1*Se0*Se0*Se0*Sel + 122+ Se0*Se0+Sel*Se4 + 43+ Se0+Sel+Sel*Sel +
12+ 1+ Se0* Sel* Se2* Se2 + 12x1xSeOx SelxSe3»Se3 + 12+ 10+ Se0* Sel+ Sed Sed

+ 4x12xSelxSelxSelxSed + 12+2xSelxSe2*Se2*Sed + 12x2*Selx Se3+* Se3* Sed

+ 4x68*SelxSed4rSed+Sed )/ 1;

Expr Squad2 = (4*1*Se0*Se0*Se0*Se2 + 12x1xSe0*SelxSel*Se2 + 43+ Se0*Se2+Se2*Se2 +
12+ 1+ Se0* Se2* Se3* Se3 + 12x2xSe0x Se2x Sed Sed + 12+ 2+ Selx Selx Se2+ Sed

+ 4x8xSe2+Se4xSed4xSed )/ 1;

Expr Squad3 = (4*1*Se0*SeO*SeO*Se3 + 12x1xSe0*Sel*SelxSe3 + 12 1xSeOSe2*Se2xSe3 +
4% 3% Se0* Se3* Se3* Se3 + 12x2x Se0* Se3* Sed* Sed + 122+ SelxSelxSe3+Sed +

4% 8 Se3*SedrSedxSed )/ 1;

Expr Squad4 = (4*2xSe0*Se0*Se0*Se4 + 6+2* Se0* Se0+Sel*Sel + 6+8+ Se0* Se0* Sed*Sed +
12+10* Se0* Sel* Sel+Sed + 12%2xSe0x Se2x Se2x Sed4 + 12x 2+ Se0* Se3+ Se3+ Sed

+ 4% 60* Se0* Sed* SedSed + 1x12+SelxSelxSelxSel + 6+%2*SelxSelSe2*Se2

+ 6% 2+ SelxSelxSe3*Se3 + 6x68+SelxSelxSedSed + 6+ 8+ Se2x Se2x Sed* Sed

+ 6%8+Se3*Se3*Sed*Sed + 1x544xSed»SedxSed+Sed )/ 2;

Expr Scube0 = (1x1xSeOxSe0*Se0 + 3x1xSeO+SelxSel + 3x1xSe0*Se2xSe2 + 3*1xSe0*Se3*Se3
+ 3%x2xSe0*Sed*Se4 + 3x2+SelxSel+Sed + 1x8+Sed4+Sed4+Sed )/ 1;

Expr Scubel = (3x1xSeOxSe0*Sel + 6+*2xSe0+SelxSed4 + 1x3xSelxSelxSel + 3*1xSelxSe2*Se2
+ 3*x1xSelxSe3+Se3 + 3+x10+SelxSe4xSed )/ 1,

Expr Scube2 = (3x1xSe0xSe0*Se2 + 3x1xSel*SelxSe2 + 1x3xSe2+Se2xSe2 + 3*1xSe2xSe3*Se3
+ 3x2xSe2+Se4*Sed )/ 1;

Expr Scube3 = (3x1xSe0xSe0*Se3 + 3x1xSel+SelxSe3 + 3x1xSe2+Se2xSe3 + 1*3xSe3*Se3*Se3
+ 3x2xSe3*Se4+Sed )/ 1;

Expr Scube4 = (3x2xSe0xSe0*Sed4 + 3x2xSe0+SelxSel + 3x8xSe0*Sed»Se4 + 3+10+SelxSel*Sed
+ 3%x2xSe2+Se2+Sed4 + 3x2xSe3+Se3*Sed + 1x60+Sed4+Sed+Sed )/ 2;

Expr SsquareO = (1*1xSe0*Se0 + 1x1xSelxSel + 1x1xSe2xSe2 + 1x1xSe3*Se3 + 1*2xSedxSed)/
Expr Ssquarel = (2x1*xSe0*Sel + 2*2*SelxSe4 )/ 1,

1;

146



Expr Ssquare2 = (2+x1xSe0*Se2 )/ 1;
Expr Ssquare3 = (2*1xSe0*Se3 )/ 1,
Expr Ssquared4 = (2*2+Se0*Se4 + 1x2xSel+xSel + 1x8+Se4xSed )/ 2;

/+Coefficients of water relative permeability */

Expr Krw0 = 0.8723*Squad0 + 0.1632*ScubeO - 0.0392*Ssquare0 + 0.0037*SeO0;
Expr Krwl = 0.8723*Squadl + 0.1632*Scubel - 0.0392*Ssquarel + 0.0037*Sel;
Expr Krw2 = 0.8723+xSquad2 + 0.1632+*Scube2 - 0.0392xSsquare2 + 0.0037+*Se2 + 0. 1*Krwo;
Expr Krw3 = 0.8723*Squad3 + 0.1632*Scube3 - 0.0392*Ssquare3 + 0.0037*Se3;
Expr Krwd = 0.8723*Squad4 + 0.1632*Scube4 - 0.0392+Ssquared4 + 0.0037*Se4;

/«Coefficients of oil relative pernmeability =/
Expr KroO = -2.7777«Squad0 + 4.9888+*Scube0 -
Expr Krol = -2.7777«Squadl + 4.9888xScubel -
Expr Kro2 = -2.7777«Squad2 + 4.9888*Scube2 -
Expr Kro3 = -2.7777+Squad3 + 4.9888*Scube3 -
Expr Kro4 = -2.7777«Squad4 + 4.9888+*Scubed4 -

. 3543*Ssquare0 - 1.8568+«Se0 + 1.0;

. 3543+«Ssquarel - 1.8568*Sel;

. 3543*Ssquare2 - 1.8568+«Se2 + 0. 1xKro0;
. 3543+ Ssquare3 - 1.8568*Se3;

. 3543*Ssquare4 - 1.8568+Se4;

PR R PR

|+ Coefficients for the capillary pressure */

Expr PcO = Pex(3.9051*Squad0 - 12.0155+ScubeO + 14.2754*Ssquare0 - 8.4337xSe0 + 3.2688);
Expr Pcl = Pex(3.9051*Squadl - 12.0155+«Scubel + 14.2754xSsquarel - 8.4337*Sel);

Expr Pc2 = Pex(3.9051*Squad2 - 12.0155+Scube2 + 14.2754*Ssquare2 - 8.4337xSe2) + 0.1xPcO;
Expr Pc3 = Pex(3.9051*Squad3 - 12.0155+«Scube3 + 14.2754xSsquare3 - 8.4337*Se3);

Expr Pc4 = Pex(3.9051*Squad4 - 12.0155+Scubed4 + 14.2754*xSsquare4 - 8.4337+Se4);

/+ Weak forms of the PDE's corresponding to the different terns in the chaos expansion */

Expr WegnO = Integral (interior, NsOxAs*(1.0-Sn)*(Se0 - Seo0), quad2) + Integral (interior, (grad+Ns0)
*As/ MW exp(al pha0 + 0.5+al phal+al phal + 0.5+al pha2+al pha2 + 0. 5+al pha3+al pha3) *( G j kLi st (al phal
,al pha2, al pha3, di, vecSize, Exp, 0, 0, 0)*KrwO*(grad+Pwd) + GCijkList(al phal, al pha2, al pha3, di,
vecSi ze, Exp, 1, 1, 0)*Krwlx(grad«Pwl) + CijkList(al phal, al pha2, al pha3, dl1, vecSize, Exp, 2, 2, 0)
*Krw2+ (grad«Pw2) + G jkLi st (al phal, al pha2, al pha3, di,vecSize, Exp, 3, 3, 0)*Krw3x(grad+Pw3d) +
Cij kLi st (al phal, al pha2, al pha3, d1, vecSize, Exp, 4,4, 0)*Krwix(grad«Pw4) )=+deltaT, quad2)
- Integral (Sourcel, NsOxQaO+deltaT, quad2) - Integral (Source2, NsO*QbOxdeltaT, quad2);

Expr Wegnl = Integral (interior, NslxAsx(1.0-Sm*(Sel - Seol), quad2) + Integral (interior, (grad+«Nsl)
*As/ MW exp(al pha0 + 0.5+al phal+al phal + 0. 5+al pha2+al pha2 + 0. 5+al pha3+al pha3) *( G j kLi st (al phal,
al pha2, al pha3, d1, vecSize, Exp, 0, 1, 1)*KrwOx(grad+Pwl) + G jKkList(al phal, al pha2, al pha3, d1i,
vecSi ze, Exp, 1, 0, 1)*Krwlx(grad+*Pw0) + CijkList(al phal, al pha2, al pha3, dl1, vecSize, Exp, 1, 4, 1)
*Krwlx(grad«Pw4) + G jkList(al phal, al pha2, al pha3, dl1, vecSize, Exp, 4, 1, 1)*Krwdx(grad+«Pwl) )
+del taT, quad2)- Integral (Sourcel, NslxQalxdeltaT, quad2) - Integral (Source2, NslxCblxdeltaT, quad2);

Expr Weqn2 = Integral (interior, Ns2+Asx(1.0-Sn)*(Se2 - Seo2), quad2) + Integral (interior, (gradxNs2)
+*As/ MuWw exp(al pha0 + 0. 5+al phalxal phal + 0.5+al pha2+al pha2 + 0.5+al pha3+al pha3)*(C j kLi st (al phal,
al pha2, al pha3, d1, vecSize, Exp, 0, 2, 2)*KrwOx(grad«Pw2) + C jkList(al phal, al pha2, al pha3, di,
vecSi ze, Exp, 2, 0, 2)*Krw2x(grad«Pw0) )=*deltaT, quad2) - Integral (Sourcel, Ns2xQa2+deltaT, quad2)
- Integral (Source2, Ns2xCb2+deltaT, quad2);

Expr Weqn3 = Integral (interior, Ns3xAs*(1.0-Snm*(Se3 - Seo3), quad2) + Integral (interior, (grad*Ns3)
+*As/ MuWw exp(al pha0 + 0. 5+al phalxal phal + 0.5+~al pha2+al pha2 + 0.5+al pha3+al pha3)*(C j kLi st (al phal,
al pha2, al pha3, d1, vecSize, Exp, 0, 3, 3)*KrwOx(grad«Pwd) + CjkList(al phal, al pha2, al pha3, di,
vecSi ze, Exp, 3, 0, 3)*Krw3*(grad«Pw0) )=*deltaT, quad2) - Integral (Sourcel, Ns3xQa3xdeltaT, quad2)
- Integral (Source2, Ns3xCb3xdeltaT, quad2);
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Expr Weqn4 = Integral (interior, Ns4xAsx(1.0-Sm)*2x(Se4 - Seod4), quad2) + Integral (interior, (grad+«Ns4)
*As/ MuW exp(al pha0 + 0.5+al phal+al phal + 0. 5+al pha2+al pha2 + 0. 5+al pha3+al pha3) (G j kLi st (al phal,
al pha2, al pha3, d1, vecSize, Exp, 0, 4, 4)xKrwOx(grad+~Pw4) + G jKkList(al phal, al pha2, al pha3, di,
vecSi ze, Exp, 1, 1, 4)+xKrwlx(grad«Pwl) + GijkList(al phal, al pha2, al pha3, d1, vecSize, Exp, 4, 0, 4)
*Krwdx (grad«Pw0) + CjkList(al phal, al pha2, al pha3, dl1, vecSize, Exp, 4, 4, 4)*Krwdx(grad+Pwd) )=*
del taT, quad2)- Integral (Sourcel, Ns4xQadrdeltaT, quad2) - Integral (Source2, Ns4xQb4xdeltaT, quad2);

Expr OeqnO = Integral (interior, -NnOxAs*(1.0-Sn)*(Se0 - Seo0), quad2) + Integral (interior, (grad+NnQ)
+*As/ MuO-exp(al pha0 + 0.5+al phalxal phal + 0.5+~al pha2+al pha2 + 0.5+al pha3~al pha3)*(C j kLi st (al phal,
al pha2, al pha3, d1, vecSize, Exp, 0, 0, 0)*KroOx(grad*(Pw0+Pc0)) + CijkList(al phal, al pha2, al pha3,
dl, vecSize, Exp, 1, 1, 0)*Krolx(grad+(Pwl+Pcl)) + CjKkList(al phal, al pha2, al pha3, dl, vecSi ze,
Exp, 2, 2, 0)*Kro2+(grad+(Pw2+Pc2)) + G jkList(al phal, al pha2, al pha3, d1, vecSize, Exp, 3, 3, 0)*
Kro3x(grad+(Pw3+Pc3)) + GijkList(al phal, al pha2, al pha3, dl1, vecSize, Exp, 4, 4, 0)x*Krodx
(grad+(Pw4+Pc4)) )xdeltaT, quad2) + Integral (Sink, NnOx0.4*(Qa0+Qb0)+*deltaT, quad2);

Expr Oeqnl = Integral (interior, -NnlxAs*(1.0-Sn)*(Sel - Seol), quad2) + Integral (interior, (grad+Nnl)
*As/ MuO-exp(al pha0 + 0.5+al phal+al phal + 0. 5+al pha2+al pha2 + 0. 5+al pha3+al pha3) *( G j kLi st (al phal,
al pha2, al pha3, di1, vecSize, Exp, 0, 1, 1)*KroOx(grad*(Pwl+Pcl)) + CijkList(alphal, al pha2, al pha3,
dl, vecSize, Exp, 1, 0, 1)=*Krolx(grad+(PwO+Pc0)) + CijkList(al phal, al pha2, al pha3, d1, vecSize, Exp,
1, 4, 1)*Krolx(grad+(Pw4+Pc4)) + CijkList(al phal, al pha2, al pha3, d1, vecSize, Exp, 4, 1, 1)*Kro4x
(grad*(Pwl+Pcl)) )=*deltaT, quad2) + Integral (Sink, Nn1x0.4*(Qal+Qbl)+deltaT, quad2);

Expr OCeqn2 = Integral (interior, -Nn2xAs*(1.0-Snm)*(Se2 - Seo2), quad2) + Integral (interior, (grad+*Nn2)
+*As/ MuO-exp(al pha0 + 0. 5+al phalxal phal + 0.5+al pha2+al pha2 + 0.5+al pha3+al pha3)*(d j kLi st (al phal,
al pha2, al pha3, d1, vecSize, Exp, 0, 2, 2)*KroOx(grad+(Pw2+Pc2)) + CijkList(al phal, al pha2, al pha3,
dl, vecSize, Exp, 2, 0, 2)*Kro2+(grad+(Pw0+Pc0)) )+deltaT, quad2)
+ Integral (Sink, Nn2+0.4x(Qa2+Qb2)+deltaT, quad2);

Expr OCeqn3 = Integral (interior, -Nn3*As*(1.0-Sm+*(Se3 - Seo3), quad2) + Integral (interior, (grad+*Nn3)
*As/ MuO-exp(al pha0 + 0. 5+al phalxal phal + 0.5+al pha2+al pha2 + 0.5+al pha3+al pha3)«(C j kLi st (al phal
,al pha2, al pha3, di, vecSize, Exp, 0, 3, 3)*KroOx(grad+(Pw3+Pc3)) + G jkList(al phal, al pha2, al pha3,
dl, vecSize, Exp, 3, 0, 3)*Kro3+(grad+(Pw0+Pc0)) )+deltaT, quad2)
+ Integral (Sink, Nn3%0.4x(Qa3+Qb3)+deltaT, quad2);

Expr OCeqn4 = Integral (interior, -Nnd4xAsx(1.0-Sm)*(2+«(Sed4 - Seod)), quad2) + Integral (interior, (grad*Nn4)

+*As/ MuO-exp(al pha0 + 0. 5+al phalxal phal + 0.5+al pha2+al pha2 + 0.5+al pha3+al pha3)*(d j kLi st (al phal,

al pha2, al pha3, d1, vecSize, Exp, 0, 4, 4)*KroO+(grad+(Pw4+Pc4)) + CijKkList(al phal, al pha2, al pha3, d1i,
vecSi ze, Exp, 1, 1, 4)*Krolx(grad+(Pwl+Pcl)) + G jkList(al phal, al pha2, al pha3, dl1, vecSize, Exp, 4, O,
4) «Kr 04* (grad* ( PwO+Pc0)) + GCijkLi st (al phal, al pha2, al pha3, d1, vecSize, Exp, 4, 4, 4)*Krodx(grad+
(Pw4+Pc4))) ~del taT, quad2) + Integral (Sink, Nn4*0.4x(Qad+Qb4)+deltaT, quad2);

/* The above set of equations is autonmatically generated using a C++ algorithmthat takes the nunmber of

di nensi ons and order as input */

Expr eqn = WeqgnO + Ceqn0 + Wegnl + Qeqnl + Wegn2 + Ceqn2 + Weqn3 + Oeqn3 + Wegn4 + Ceqn4;

Expr bc = Essential BC(Si nk, NnO*(Pw0-10000. 0), quad2) + Essenti al BC(Si nk, Nnlx(Pwl-0.0), quad2)

+ Essential BC( Si nk, Nn2x(Pw2-0.0), quad2) + Essential BC(Si nk, Nn3*(Pw3-0.0), quad2)

+

Essenti al BC( Si nk, Nn4x( Pw4- 0.0), quad2);

Nonl i near Oper at or <doubl e> F = new Nonl i near Probl em(nesh, eqn, bc, Test, Unk, u0, vecType);
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Par anet er XMLFi | eReader reader ("nox.xm ");

Par anet er Li st noxParans = reader. getParanmeters();

NOXSol ver sol ver (noxParans, F);

printf("Solving System\n");

const int Nn = nNodesi;

/ »Measur enent Locations */

int GdD1[13] = {5, 11, 19, 23, 33, 61, 69, 86, 87,

int GD[Nn]; /+ Target function is treated as a dicretized function on the nesh

and thus considered as neasurenents available at all

int LID Nn];
for (int i=1; i<=Nn; i++)

{
ani-1 =i;

/1 get local 1D of node given G D

const Ref Count Pt r <DOFMapBase>& dof Map = Di scret eFuncti on: : di scFunc(Seo0) - >map();

for (int i=0; i< Nn; i++)
{

int 1D = mesh. mapd DToLI D0, i);

Array<int> dof I ndi ces;

dof Map -> get DOFsFor Cel | (0, 1D, 0, doflndices);

LIDi] = doflndices[0];

111,

nodal

117, 126, 131},

FILE = olFile; /+Qutput file to record the updated flow at Source 1 */

olFile = fopen("Inflowl.dat","w');

FILE * o2File; /+Cutput file to record the updated flow at Source 2 */

o02File = fopen("Inflow2.dat","w');

FILE = nFile; /* File Containing the Discretized Target

nFile = fopen("../truenodel / STarget.dat", "r");

Function */

FILE + mlFile; /=*File Containing the observation Data */

mlFile = fopen("../truenodel /SW dat", "r");

int nSteps = 2001;

for(int ns=0; ns < nSteps; ns++)

sol ver. sol ve();

Expr Pwn0 = new Di screteFunction(dl, 0.0,

" Pun0")

| ocations */
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= new Di scret
= new Di scret
= new Di scret

= new Di scret

Vect or <doubl e> Sol nVec

Vect or <doubl e> SeoQV =

Vect or <doubl e> SeolV =

Vect or <doubl e> Seo2V =

Vect or <doubl e> Seo3V =

Vect or <doubl e> Seo4V =

Vect or <doubl e> PmWOV =

Vect or <doubl e> PmvlV =

Vect or <doubl e> Pm\2V =

Vect or <doubl e> PmwBV =

Vect or <doubl e> PmwV =

for

{
SeoQV.
SeolV.
Seo2V.
Seo3V.
Seo4V.
PwOV.
PwwLV.
Pw2V.
Pw\3V.
PwwV.

eFunction(di,
eFunction(dl,
eFunction(di,

eFunction(dl,

PwnL") ;
Pwi2" ) ;
PwAB" ) ;
Pwd") ;

= Di screteFunction::di scFunc(u0)->get Vector();

Di scret eFuncti
Di scret eFuncti
Di scret eFuncti
Di scret eFuncti

Di scret eFuncti

Di scret eFuncti
Di scret eFuncti
Di screteFuncti
Di scret eFuncti

Di screteFuncti

(int n=0; n<vecSize; n++)

set El ement (n,
set El enent (n,
set El ement (n,
set El enent (n,
set El ement (n,
set El enent (n,
set El ement (n,
set El enent (n,
set El ement (n,

set El enent (n,

on::

on::

on::

on::

on::

on::

on::

on::

on::

on::

2 2 2 2

2 2 2 2

i scFunc( Seo0) - >get Vector () ;
i scFunc(Seol) - >get Vector () ;
i scFunc(Seo2) - >get Vector();
i scFunc(Seo3) - >get Vector();
i scFunc( Seo4) - >get Vector () ;

i scFunc( Pww0) - >get Vector () ;
i scFunc(Pwwl) - >get Vector () ;
i scFunc( Pww2) - >get Vector () ;
i scFunc( Pww3) - >get Vector () ;
i scFunc(Pw#) - >get Vector () ;

Sol nVec. get El ement (10+n) ) ;

Sol nVec. get El enent (10*n+1));
Sol nVec. get El enent (10+*n+2) ) ;
Sol nVec. get El enent (10*n+3) ) ;
Sol nVec. get El ement (10+n+4));
Sol nVec. get El enent (10*n+5) ) ;
Sol nVec. get El ement (10+n+6) ) ;
Sol nVec. get El enent (10*n+7));
Sol nVec. get El ement (10+*n+8)) ;
Sol nVec. get El enent (10*n+9) ) ;

/+ Updating the System paraneters and states whenever a neasurenent is available */

if(
{

((ns% 100) == 0) && (ns >

Col umVect or
Col umVect or
Col umVect or
Col umVect or

Col umVect or

AO0(3*Nn) ;
AL(3*Nn);
A2(3%Nn);
A3(3%Nn);
A4(3%Nn);

for(int i=1; i<=3xNn; i++)
{
i f(i<=Nn)
{

0))

AO(i) = 0.65+Seo0V. getEl ement (LID[i-1]) + 0.20;
Al(i) = 0.65+SeolV.getEl ement (LIDi-1]);
A2(i) = 0.65*Seo2V.getEl ement (LIDi-1]);
A3(i) = 0.65+Seo3V. getEl ement (LID[i-1]);
AA(i) = 0.65+SeodV.getEl ement (LID[i-1]);
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else if ((

{
AO(i)
AL(i)
A2(i)
A3(i)
AA(i)

}
else if ((

{
AO(i)
AL(i)
A2(i)
A3(i)
AA(i)

> Nn) && (i <=2+xNn))

PwwOV. get El ement (LI D[ i - (Nn+1)]);
Pww1V. get El enent (LI D[i -(Nn+1)]);
Pw2V. get El ement (LID[i-(Nn+1)]);
Pw\3V. get El enent (LID[i -(Nn+1)]);
PwwV. get El enent (LID[i -(Nn+1)]);

> 2+Nn) && (i<=3+Nn))

al phaOV. get El ement (LI D[i - (2*Nn+1)]);
al phalV. get El ement (LI D[i-(2*Nn+1)]);
al pha2V. get El ement (LI D[i - (2*Nn+1)]);
al pha3V. get El ement (LI D[i-(2*Nn+1)]);

0.0;

/1 State Error Covariance Matrix
Matri x P1n(3%Nn, 3xNn);

Plm = 0;

P1lm = AlxAl.t()*Exp. expectation(0,1,1) + A2xA2.t()*Exp.expectation(0,2,2) +
A3xA3.t ()*Exp. expectation(0,3,3) + AdxA4. t()=*Exp. expectation(O0,4,4);

/1 Measurenent Matrix

const int nmp = 13;

Matrix Z(np, nternm;

Z =0.0;

Col umVect or nt (np);

for(int i=1; i<=np; i++)

{

fscanf(milFile, "%e", &t (i));

Z.colum(1l) << nt;

Col unmVect or er 1(np);

for(int i=1; i<=np; i++)

{

if (m(i) > 0.20)

{
erl(i)

0.001*mt (i);

= 0.0;
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Z.colum(4) << erl;

/1 Measurenent Error Covariance Matrix
Matrix Pzz(np, np);
Pzz = 0;

Pzz = erlxerl.t();

/+ Defining the observation matrix */

Matrix H(mp, 3*Nn);
H = 0;

int bct = 1;

for(int i=0; i<np; i++)
{
H(bct, @ D1[i]) = 1.0;

bct ++;

cout << "conputing the gain" <<endl;

//Gain Matrix

Matri x KG 3+Nn, np) ;
Matrix KGL = H*PlmH t();
Matrix K& = Pzz + KGIL;
Matrix K& = K&.i();

KG = (P1lmrH. t())*KG3;

A0 = A0 + KGt(Z.colum(1l) - H:AO);

Al = Al - KGHrAl;
A2 = A2 - KGrHrA2;
A3 = KG+Z.colum(4);
A4 = A - KGrHxA4;

/1 Gve back to Sundance

for (int i=1; i<=Nn; i++)
{

SeoOV. set El ement (LI D[i-1], (AO0(i)-0.20)/0.65);
SeolV. setEl enent (LID[i-1], Al(i)/0.65);
Seo2V. set El ement (LID[i-1], A2(i)/0.65);

Seo3V. set El enent (LID[i-1], A3(i)/0.65);

Seo4V. set El ement (LID[i-1], A4(i)/0.65);

PwWOV. set El enent (LID[i-1], AO(i+Nn));
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PwwlV. set El ement (LID{i-1], AL(i+Nn));
Pw\2V. set El ement (LID[i-1], A2(i+Nn));
Pww3V. set El ement (LID{i-1], A3(i+Nn));
PwwV. set El ement (LID[i-1], A4(i+Nn));

al phaOV. set El ement (LI D[i-1], AO(i+2*Nn));
al phalV. set El ement (LI D[i-1], AL(i+2+Nn));
al pha2V. set El ement (LI D[i-1], A2(i+2%Nn));
al pha3V. set El ement (LI D[i-1], A3(i+2+Nn));

Di scret eFuncti on: : di scFunc(Seo0) - >set Vect or ( Seo0V) ;
Di scret eFuncti on: : di scFunc(Seol) - >set Vect or (SeolV);
Di scret eFuncti on: : di scFunc(Seo2) - >set Vect or ( Seo2V) ;
Di scret eFuncti on: : di scFunc(Seo3) - >set Vect or ( Seo3V);
Di scret eFuncti on: : di scFunc( Seo4) - >set Vect or ( Seo4V) ;
Di scret eFuncti on: : di scFunc(Pw0) - >set Vect or ( PwwOV) ;
Di scret eFuncti on: : di scFunc(Pwwl) - >set Vect or ( PwwlV) ;
Di scret eFuncti on: : di scFunc(Pw2) - >set Vect or ( Pwm2V) ;
Di scret eFuncti on: : di scFunc(Pw3) - >set Vect or ( Pwn3V) ;
Di scret eFuncti on: : di scFunc(Pww) - >set Vect or ( PwwéV) ;
Di scret eFuncti on: : di scFunc(al pha0) - >set Vect or (al pha0V) ;
Di scret eFuncti on: : di scFunc(al phal) - >set Vect or (al phalV);
Di scret eFuncti on: : di scFunc(al pha2) - >set Vect or (al pha2V);
Di scret eFuncti on: : di scFunc(al pha3) - >set Vect or (al pha3V);

FieldWiter w2 = new VIKWiter("al pha" + Teuchos::toString(ns/100));
wr 2. addMesh( mesh) ;

wr 2. addFi el d("al pha0", new ExprFi el dW apper (al pha0));

wr 2. addFi el d("al phal", new ExprFi el dW apper (al phal));

wr 2. addFi el d("al pha2", new ExprFi el dW apper (al pha2));

wr 2. addFi el d("al pha3", new ExprFi el dW apper (al pha3));

w2 wite();

/+Update the systemstates and control every other tinestep to minimnize the nmismatch

between the predicted state and the target function */

else if ( ((ns%2) == 0) & (ns >= 0))
{
Col utmVect or ACO(2*Nn + 2);
Col umVector ACL(2*Nn + 2);
Col utmVect or AC2(2*Nn + 2);
Col umVector AC3(2*Nn + 2);
Col utmVect or ACA(2*Nn + 2);

for(int i=1; i<=2xNn; i++)
{
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i f(i <=Nn)

{
ACO(i) = 0.65+Seo0V. getEl ement (LID{i-1]) + 0.20;
AC1(i) = 0.65+SeolV.getEl ement(LIDi-1]);
AC2(i) = 0.65+Seo2V.getEl ement (LIDi-1]);
AC3(i) = 0.65+Seo3V. getEl ement (LID[i-1]);
ACA(i) = 0.65*Seo4V.getEl ement (LID[i-1]);

}

else if ((i > Nn) && (i<=2*Nn))

{
ACO(i) = PwwOV. getEl ement (LID[i-(Nn+1)]);
AC1(i) = PwwlV.getEl ement(LIDi-(Nn+1)]);
AC2(i) = Pww2V.getEl ement (LID[i-(Nn+1)]);
AC3(i) = PwwaV.getEl ement(LIDi-(Nn+1)]);
ACA(i) = Pw4V.getEl ement (LID[i-(Nn+1)]);

}

ACD(2+Nn+1) = Qa0;
ACL(2*Nn+1) = Qal;
AC2(2+Nn+1) = Qa2;
AC3(2*Nn+1) = Qa3;
ACA(2+Nn+1) = Qad;

ACD(2+Nn+2) = QbO;
ACL(2*Nn+2) = Qvl;
AC2(2+Nn+2) = Qb2;

AC3(2*Nn+2) = Qb3;
ACA(2+Nn+2) = Qb4;

/1 State Error Covariance Matrix
Matrix PCLn( (2*Nn+2), (2*Nn+2));
PClm = 0;

PClm = AC1*ACl.t()*Exp. expectation(0,1,1) + AC2*AC2.t()=*Exp. expectation(0,2,2) +
AC3+*AC3.t () *Exp. expectation(0, 3,3) + ACAxACA.t()*Exp. expectation(0,4,4);

/1 Measurenment Matrix
const int Cnp = 160;
Matrix ZC(Cnp, nternj;
ZC = 0.0;

Col utmVect or nt C(Cnp) ;

for(int i=1; i<=Cnp; i++)

fscanf(nFile, "%e", & C(i));

ZC.colum(1l) << mC;

Col umVect or  Cer 1( Cnp) ;
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for(int i=1; i<=Cnp; i++)

if (mQi) > 0.20)

{
Cer1(i) = 0.001*mt C(i);
}
el se
{
Ceri(i) = 0.0;
}

ZC. col um(4) << Cerl;

/1 Measurenent Error Covariance Matrix

Matrix PCzz(Cnp, Cmp);
PCzz = 0;

PCzz = Cer1*Cerl.t();

/+ Defining the observation matrix */

Matri x HC(Cnp, 2* Nn+2) ;
HC = 0;

int bct = 1;

for(int i=0; i<Cp; i++)
{
HC(bct, A D[i]) = 1.0;
bct ++;

}
cout << "conputing the gain" <<endl;

/1 Gain Matrix

Matri x KGC(2*Nn+2, Cnp) ;
Matrix KGLC = HCxPCLmxHC. t();
Matrix K&C = PCzz + KGLC,
Matrix KGBC = K&C.i();
KGC = (PCLn¥HC. t ()) *K&3G;

/1 Updat e

ACO = ACO + KGCx(ZC. colum(1l) - HC-AQD);
ACl1 = ACLl - KGCrHCxACL;
AC2 = AC2 - KGCrHCrACZ;
AC3 = KGCxZC. col um(4);
AC4A = ACA - KGCrHCrACK;
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/1 Gve back to Sundance

for (int i=1; i<=Nn; i++)
{
SeoQV. set El enent (LID{i-1], (ACO(i)-0.20)/0.65);
SeolV. setEl ement (LID[i-1], ACL(i)/0.65);
Seo2V. setEl enent (LID[i-1], AC2(i)/0.65);
Seo3V. setEl ement (LID[i-1], AC3(i)/0.65);
Seo4V. set El enent (LID{i-1], ACA(i)/0.65);

PwOV. set El enent (LID[i-1], ACO(i+Nn));
Pw1V. set El enent (LID[i-1], ACL(i+Nn));
Pw\2V. set El enent (LID[i-1], AC2(i+Nn));
PwW3V. set El ement (LI D[i-1], AC3(i+Nn));
PwwV. set El enent (LID[i-1], ACA(i+Nn));

Q0 = ACO(2+Nn+1);
Qal = ACL(2+Nn+1);
Q2 = AC2(2+Nn+1);
Q3 = AC3(2+Nn+l);
Q4 = ACA(2+Nn+1);

Qb0 = ACO(2%Nn+2);
Q1 = ACL(2*Nn+2);
Q2 = AC2(2*Nn+2);
Q3 = AC3(2*Nn+2);
Q4 = ACA(2+Nn+2);

Di scret eFuncti on: : di scFunc( Seo0) - >set Vect or ( Seo0V) ;
Di scret eFuncti on: : di scFunc(Seol) - >set Vect or (SeolV) ;
Di scret eFuncti on: : di scFunc(Seo2) - >set Vect or ( Seo2V) ;
Di scret eFuncti on: : di scFunc(Seo3) - >set Vect or ( Seo3V) ;

Di scret eFuncti on: : di scFunc(Seo4) - >set Vect or ( Seo4V) ;
Di scret eFuncti on: : di scFunc(Pww0) - >set Vect or (Pwn0V) ;
Di scret eFuncti on: : di scFunc(Pwwl) - >set Vect or (PwvlV) ;
Di scret eFuncti on: : di scFunc(Pw2) - >set Vect or ( Pwa2V) ;
Di scret eFuncti on: : di scFunc(Pw3) - >set Vect or (Pm3V) ;

Di scret eFuncti on: : di scFunc(Pww) - >set Vect or (PwwV) ;

fprintf(olFile, "%l %e %e % e %e %e\n", ns, QO0, Qal, Qa2, Qa3, Qa4);
fprintf(o2File, "% % e %e % e %e %e\n", ns, 0, Ql, 2, 3, 4);

fflush(olFile);
fflush(o2File);

el se

Di scret eFuncti on: : di scFunc(Seo0) - >set Vect or ( Seo0V) ;
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Di scret eFuncti on: : di scFunc(Seol) - >set Vect or (SeolV) ;
Di scret eFuncti on: : di scFunc(Seo2) - >set Vect or (Seo2V) ;
Di scret eFuncti on: : di scFunc(Seo3) - >set Vect or ( Seo3V) ;

Di scret eFuncti on: : di scFunc( Seo4) - >set Vect or ( Seo4V) ;

if (((ns %1) == 0) && (ns >= 0) )

{
FieldWiter w1l = new VIKWiter("S" + Teuchos::toString(ns/1));
wr 1. addMesh( nesh) ;
wr 1. addFi el d("S0", new ExprFi el dW apper ( Seo0));
wr 1. addFi el d("S1", new ExprFi el dW apper (Seol));
wr 1. addFi el d("S2", new ExprFi el dW apper ( Seo2));
wr 1. addFi el d("S3", new ExprFi el dW apper ( Seo3));
wr 1. addFi el d("S4", new Expr Fi el dW apper ( Seo4));
wil wite();
}

fclose(nFile);
fclose(olFile);

fclose(o2File);

cat ch(exception& e)

{

Sundance: : handl eException(e);

}

Sundance: : finalize();
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