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Abstract

Using the Reciprocal Theorem and the principle of superposition, this dissertation
examines three procedures for obtaining the impedance functions and driving force vectors
necessary for a soil-structure interaction analysis. The first procedure employs a volume
integral of body forces and the displacement Green’s Functions to obtain the frequency
dependent force-displacement relationship (impedance functions) for a rigid embedded
foundation and the generalized force vector required to hold the rigid foundation fixed
while subjected to incident waves (driving force). Although aformulation based on avolume
integral requires more computation than the others based on surface integrals, this procedure
proves to be numerically stable and is an excellent tool for linear soil-structure interaction
analyses. The second procedure is based on integrating the surface displacements with the
traction Green’s Functions and surface tractions with the displacement Green’s Function,
over the surface of arigid foundation. This well-known formulation has numerical instability
problems at the resonant frequencies of the medium interior to the foundation surface. This
dissertation explains the reason behind the instability using an analytical solution of the
Hilbert-Schmidt method and recommends an algorithm which uses the I'Hospitale Rule to
obtain the solution at those critical frequencies. The development herein for this method is
not meant to be a practical solution, but an academic exercise to explain a long-standing,
puzzling problem. The third and final procedure is to design a radiation boundary for a
three-dimensional finite element grid using the surface displacements and surface tractions
at the discrete artificial boundary, along with the Green’s Functions, to calculate outgoing
wave motion at nodes immediately outside of the artificial boundary, thereby eliminating
unwanted reflection of the outgoing waves. A procedure is recommended to obtain required
data from a commercially available software program. A modal method can be employed

to maximize the efficiency of the analysis.
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Chapter One
Introduction

Most earthquake engineering researchers agree that a soil-structure interaction (SSI)
analysis is essential for designing structures with a heavy, voluminous foundation (Choi
et al, 2001, Gueguen et al, 2002). One example of this type of structure is a nuclear
power plant which has a massive underlying containment unit which prevents leakage of
nuclear byproducts. When soil-structure interaction first began to be studied, little emphasis
was attached to an SSI analysis for high-rise buildings because they were viewed as light-
weight structures. The earthquake response of these types of structures has generally been
analyzed without considering SSl effects. Thisview is changing because damage assessment
reports of buildings in recent, destructive earthquakes such as the 1985 Mexico City, 1989
Loma Prieta, and 1994 Northridge earthquakes have shown that SSI effects are important.
These tremblors left many buildings with significant damage, but structural engineers were
impressed by the fact that the damage was not more severe. Duan (1999), USGS (1996)
and others have suggested that SSI is the reason for this surprising result. At the same
time, however, the 1995 devastation of the Kobe earthquake was amplified by SSI effects
(Mylonakis and Gazetas, 2000). This opens a great debate about what variables control SSI
and further augments the need to verify a method for including soil-structure interaction in

the analysis of all buildings (Jennings and Bielak, 1973).

In the past, engineers have considered the exclusion of a soil-structure interaction
analysis to be a conservative practice. But as more and more evidence of the importance
of soil-structure interaction is collected, many researchers and practicing engineers are
requesting that a thorough soil-structure interaction analysis be part of municipal building
codes (e.g. Stewart et al, 2004). There have been previous movements towards including

SSi effects in building codes. The first of these was the 1978 ATC-3 (Applied Technology
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Council) code. Refinements have been made over the years. In 1996 the ATC-40 code
made some provisions for a flexible supporting structure. A year later, the National

Earthquake Hazards Reduction Program (NEHRP) adopted a simplified sub-structuring
technique as a recommendation for soil-structure interaction analysis in everyday design.
Most recently, the European Building Code (Eurocode 7) has endeavored to include a
variety of recommendations for SSI in design (Frank, 2006). Due to the lack of validation

and verification of many SSI methods, most building codes have not mandated this type of

analysis (Celebi and Crouse, 2001).

A myriad of methods has been proposed to solve the soil-structure interaction problem.
To simplify the problem, linear analysis techniques have been developed. One of the most
commonly used approaches is a substructuring method which allows the problem to be
analyzed in parts (Kintzer et al, 1982). The system is decomposed into superstructure
and foundation sub-systems, thus allowing the dynamic response of each component to
be investigated separately. The analysis of the foundation system can be reduced to the
calculation of frequency dependent soil-springs and soil-dampers (more generally known
as impedance functions) and driving forces from incident waves. The impedance functions
include the effects of the mass, stiffness, and energy dissipation properties of the underlying
soil as well as radiation damping. The kinematic interaction of the foundation with the
incident waves is implemented in the form of a driving force vector. This method is also

known as the Continuum Mechanics approach.

Determining the soil impedance functions and the driving forces from incident waves
is a rather complex process, especially when the geometric configuration of the foundation
and the material properties of the soil medium are complicated. Several methods have
been introduced. The Boundary Integral Equation Method has been used by Apsel (1979),

Ohsaki (1973), and Tassoulas (1989), to name a few. Because of the difficult task of dealing
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with the singularities of the Green Functions, many investigators pull the source points
of the Green’s Functions away from the foundation surface, which results in the Indirect
Boundary Integral Equation method. The basic premise of this method is to reduce a
three-dimensional problem to a two-dimensional problem by considering only values on
the boundary of the foundation surface. The Reciprocal Theorem (also known as Betti’s
Law or Maxwell’'s Reciprocal Theorem) is the basis for this formulation. Based on a theory
of solid mechanics, the Reciprocal Theorem states that in a linear elastic solid, the work
done by a set of forces acting through the displacements due to a second set of forces is
equal to the work done by this second set of forces acting through the displacements of the

first set of forces (Fung, 1965).

With the ever-increasing amount and low-cost of computer power now available, the
Finite Element modeling method is being used increasingly often in structural analysis.
Unfortunately, there is a large difference between the finite element method applied to a
structural model and that of a soil medium. The Finite Element Model of the structure can be
highly refined because the material behavior of building elements is well understood. On the
other hand, the standard Finite Element Method has difficulties modeling the semi-infinite
space on which the structure rests. An artificial boundary is necessary to limit the total
number of degrees of freedom. Unfortunately, this same boundary creates the problem of
trapped wave energy. The outgoing waves reflect off the artificial boundary instead of being
radiated through the large, underlying medium (Kintzer et al, 1982). This creates standing
wave patterns, or resonance, which is exactly the opposite of what happens in a real soil
medium. In the real, physical world, the large spatial dimensions of the soil medium allow
the wave energy to damp out. This phenomena, known as radiation damping, is a major

factor in reducing damage to the structure from powerful earthquake wave energy.



A popular area of research in earthquake engineering is nonlinear soil analysis in soil-
structure interaction, which can be handled by the more ambitious Finite Element models.
According to Duan (1999), the kinematic interaction between the embedded foundation and
the incident waves has a greater effect on the structural response than the soil conditions. If
thisis correct, soil nonlinearity is then of secondary importance in the analysis. Nevertheless,
anonlinear analysis will help promote the understanding of the limitations of linear analyses.

This thesis will focus on the linear realm of soil-structure interaction.

A number of experimental investigations by Japanese researchers have been most
helpful in determining the effect of SSI on an actual structure (Fujimori et al, 1992; Akino
et al, 1996; Mizuhata et al, 1988; Iguchi et al, 1988; Urao et al, 1988; Watakabe et al, 1992;
Imamuraetal, 1992). These were performed in-situ, and are therefore, models which cannot
be duplicated in a laboratory. This type of model most closely represents an actual building
configuration, and therefore provides a standard by which analytical results can be compared.
Urao et al (1988) used the Thin Layer Method (TLM) to compare their experimental results
with an analytical model and were successful with some data correlation. Kurimoto et al
(1992) developed a complex soil spring for irregularly embedded foundations by combining
bottom and side soil springs. Parmlee and Kudder (1973) used a discrete parameter model
solution to investigate embedment effects of tall buildings in a flexible foundation medium
with a rigid embedded portion. Using a cone model, Takewaki et al (2003) developed a
fast and practical method for evaluating SSI effects in embedded structures. This model
is based on the assumption that the force transmitting mechanism of a foundation on the
ground subjected to dynamic disturbances can be represented approximately by a cone
“chopped” (truncated) by the foundation. Aviles and Perez-Rocha (1998) modeled soil-
structure interaction effects by using free-field ground motion as the foundation input motion

and then modified the fundamental period and associated damping of the structure. The



Finite Element Method was compared with soil springs in an embedment investigation
by Seed and Idriss (1973) for massive embedded structures. Spryakos and Xu (2004)
implemented a hybrid BEM (Boundary Element Model)-FEM model and performed several
parametric studies within the soil-structure interaction problem. In the theoretical realm,
Lysmer (1970) developed a lumped mass model for a layered, elastic half-space subjected
to Rayleigh waves. Sandi (1974) solved the problem for an elastic medium with geometric
and physical linearity. Gueguen et al (2002) studied how contamination of the free-field

vibration occurs when several buildings are located within a small area.

The formulation within this dissertation will follow the continuum mechanics approach.
Three different applications of the Reciprocal Theorem will be made, each aiming at the
same goal: to obtain impedance functions and driving force vectors. Although there have
been previous efforts made using methods derived from the same principle, revisiting
this approach in the 21st century may prove more fruitful for several reasons. First, the
computational cost has diminished to nearly zero because of the availability of personal
computers. Another significant advance in technology is the abundance of memory and
disk storage, making next-to-impossible problems of the past now plausible. With the need
for a soil-structure interaction analysis increased by recent damage assessments, validation

of methods used in practical applications has become imperative.

The first application of the Reciprocal Theorem will be a volume approach, which
will be used to solve the displacement compatibility problem by adjusting the body forces
placed inside the volume carved out by the boundary of an embedded foundation. The
drawback to this method is similar to that of the Finite Element Method, namely, a three-
dimensional formulation is used, requiring significant computational resources. However,
this is a much smaller task than trying to model the infinite soil medium surrounding the

foundation. This method also provides an alternative to the Boundary Integral Equation
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Method by requiring only the displacement Green’s Function. In contrast, the Boundary

Integral Equation Method requires both displacement and stress Green’s Functions.

The second application of the Reciprocal Theorem is the direct formulation of the
Boundary Integral Equation Method (BIEM). This formulation is mathematically elegant,
but has many, well-known numerical problems. Rizzo (1989), Liu and Chen (1999), Burton
and Miller (1971), and Pyl et al (2003) are among those who have tried to resolve the problem
of fictitious eigenfrequencies of the interior medium which appear when the Boundary
Integral Equation Method is used. This thesis will attempt to solve the problem with a new
scheme. It will be shown in Chapter Four that the Traction and the Displacement Green’s
Function matrices are Normal Matrices. This means that the two matrices have the same
eigenvalues and eigenvectors. Also, while investigating the mathematical formulation of the
Hilbert-Schmidt Method for solving an acoustic problem (Pao and Mow, 1973), it is clear
that when using the BIEM, both the traction and the displacement Green’s Function matrices
are controlled by a frequency-dependent function which causes both matrix determinants
to approach zero at the same frequencies. It is interesting to note that these frequencies are
the same as the resonant frequencies of the interior medium carved out by the boundary
of the rigid foundation. In the mathematical formulation of the Hilbert-Schmidt method,
this function, which appears with both matrices, can be eliminated by simply cancelling
the function from both sides of the equation. But when a numerical method is used, this
function cannot be removed. Experiments will be made to remove this function without
disturbing the underlying mathematics. At the resonant frequencies of the interior medium,
an eigenvector can be obtained for that zero eigenvalue and the zeroes in both matrices can
be replaced by the ratio of the slopes of the functions, a direct application of I'Hospital’'s

Rule.



The third application of the Reciprocal Theorem is to use the integral representation
as a basis to replace the artificial boundary of the Finite Element Method with a radiation
boundary. In discrete formulations such as the Finite Difference and the Finite Element
Methods, the number of nodes must be controlled due to limited computer memory. Since
the calculation of the response of a particular node depends on those of nodes in its proximity,
the truncation at the artificial boundary completely changes the nature of the model. It has
been proposed by Chien (2007) to use the Reciprocal Theorem to generate values for one
additional layer of nodes immediately outside the artificial boundary. The calculation of
the values at the exterior nodes is based on the complete integration of displacements and
tractions on the artificial boundary using the Green’s Functions of the problem. Because
the integration involves all the nodes on the artificial boundary, it is not an efficient method.
But considering the importance of the soil-structure interaction problem, this method is
attractive because it combines the flexibility of the Finite Element Method with the unique,

large soil medium representation made possible by continuum methods.

In all three applications, the Green’s Function developed by Apsel (1979), Luco and
Apsel (1983a, 1983b) will be used. Without this significant development, the present

research would not be feasible.



Chapter Two

Applications of the Reciprocal Theorem

To solve the elastic wave propagation problem in a semi-infinite configuration, it is
important to write an integral representation to relate the displacements, stresses and body
forces near an embedded foundation. This integral representation theorem can be derived

by using the Betti-Rayleigh relationship (Fung, 1965) to a bQdys shown in Fig. 2.1.

Figure 2.1 — Loading Conditions of a Solid Body.

The body?2, bounded by a surfac®, is subjected to certain loading conditions, with
being the traction vector applied at the surface ﬁrhxdaing the body force per unit volume
applied within€2. The displacement vector resulting from this loading conditiom.is
Consider the action of another loading condition withand f*, they will create a new

displacement vectar*. The reciprocal relationship is written as

/J*T{dSJr/u**devz/aTﬁds+/an1dv . (2.1)
S Q S Q



The above equation indicates that in a linear viscoelastic solid, the work done by a set of
forces acting through the corresponding displacement produced by a second set of forces
is equal to the work done by the second set of forces acting through the corresponding
displacement produced by the first set of forces. The inner products of all four terms in
Eq. (2.1) are scalars. This formulation is based on principles of physics and solid mechanics

rather than a mathematical hypothesis.

Since the inner product is a scalar, the inner-products on the right hand side can be

reordered. The equation can then be written as
/ W FdS + / W fav = / #1gds + / #laav . (2.2)
S Q S Q

To make Eg. (2.2) useful for general applications, let the loading conditions represented
by “*” be those generated by unit point loads in orthogonal directions. More specifically,

consider 3 different cases where the body fofcés a point load applied at locatiaf, =

T.
[xpv Yp> Zp]

CASE 1: Body force in the--direction at point,:

Fr= [5(?— 7)o, 0, O]T (2.3a)
= T
o= [o . S(F—T,) 0] (2.3b)

f;‘:[o L0, 5(F—Fp)]T (2.3¢)

The resulting displacement vectarsat = [z, y, z]” for the above loading conditions are

9



CASE 1:

0= [Ualr) | Un@lR) . Ueln)] (2.40)
CASE 2:

iy = [Vl UnlR) U0 (2.4)
CASE 3:

it = (Ul . U@l . UslR)] (2.40)

inwhichU;; is the displacement in thg-direction caused by a pointload in thedirection.
The column vectors in Eq. (2.4) represent the displacement Green’s functions. The index

notation forr; is defined as, = z, ro = y andrs = z.

Following similar steps, the traction vectarsat 7 resulting from the same loading

conditions are

CASE 1:

% Lo L . T

BT TaG) . Tein] (250
CASE 2:

T . Lo T

ty = [Tym(rp‘F) 9 Tyy(rp|/r> 9 Tyz(’r‘p|7ﬂ)i| (251))
CASE 3:

N . o o

E= | Tl o TR Tl | (2.5¢)

in which T3, is the traction developed atin the r;-direction by a point load at, in the
r;-direction. The traction vectors in Eq. (2.5) can be calculated by performing the matrix
product of the Green’s Function stress tensor and the direction cosines of the outward normal

vectoré,, on surfaces:

Ty | = | Oyz Oy 0Oyz Ny (2.6)

10



in whichn,, n,, andn are the direction cosines 6éf,.

By substituting the 3 sets of loading conditions into Eq. (2.2), a matrix equation of the

following form results,

/[U(FP\F)} YF)dS+/[U(fp|7f)] F(7) dV =
s Q

in which o
Um(rp““)
[U(Fp‘ﬂ } = nyB(Fp’F)
Uz (7p|7)
and

Lo (7p|T)
Ty (7p|7)

Tea(7p|7)

Usy (7p|7)
Uyy (7p|7)
Usy (7p|7)
Ty (7p|7)
Ty (7p|7)

Tey (7p|7)

/S[T(f’p!ﬁ | @(F) dS +a(7,), (2.7)

Usz (7p|7)

Uy (7p|7) : (2.8)
Uz (7p|7)
Tz (7p|7)
Ty (7p|7) : (2.9)

T (p|T)

and the vectofi(r},) on the right-hand side of Eq. (2.7) is the result of the integral

5(F — 7,)
/ 0 5(F — 7))
9 0 0

0 u2(r)
o(F—7p) | L us(r)

dv (2.10)

The typical application of the integral representation of Eq. (2.7) is to generate the

wave motion at the locatiofiusing the displacements and tractions at the surface

£

) = [V 87 ds— [ [T ] i ds

(2.11)

This formulation is generally preferred because an integral evaluated over a surfafe area

is one dimension smaller than an integral evaluated over a valunhethis proposal, three

different methods will be explored, including one which employs the body force integral.
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2.1 — Application One, A Body Force Formulation

As an application of the integral representation in Eq. (2.7), it is proposed here to
eliminate the existence of the surfaSeand formulate the embedded foundation problem
using the volume integral of body forces only. The Reciprocal Theorem can therefore be

written as
[Lvem ) fnav =) 212)

and the displacement at any point in the medignean be calculated as an integral of the
displacement Green’s Function and the body forces distributed inside a vblurs an
application to find the impedance of an embedded foundation, consider the schematic shown
in Fig. 2.2. Let the volumé be that occupied by the foundation afitF) the distribution

of unknown body forces inside the volume which would constrain the displacement in the
volume to be rigid body motion, with 3 translational components, 2 rocking modes, and
1 torsional mode. The driving force vector induced by incident wave motion can also be
obtained by determining the body force distribution which would hold the foundation mass

fixed while subjected to the incoming wave motion.

The numerical solution of Eq. (2.12) can be accomplished by subdividingp small
subregions and assuming a zeroth order approximation of a constant body force within that
subregion. Prescribe the displacemé&t) to match the motion of a rigid foundation and

EqQ. (2.12) can be discretized into a matrix equation of the form
@] f=a (2.13)

in which fcontains the values of the constant body forces inside the subregions and

represents the prescribed displacements. The elements of the jatie defined as the

12



\J
<

Figure 2.2 — Body Force Distributions Inside an Embedded Foundation.

integral of the displacement Green’s Function inside the subregion

v~ [ (U@ ]av (2.14)

V;

The disadvantage of this method is that many subregions might be needed to obtain an
accurate solution that satisfies the rigid body motion displacement constraints @ithin
Since the volume integral is three-dimensional, the number of subregions can become large
very quickly. The advantage is that the formulation is simple and only the displacement
Green’s Function is needed. The Boundary Integral Equation Method would also require

the stress Green'’s Function.

After the body force vectorf is determined by the inversion of Eq. (2.13), the

translational impedance can be obtained as

K:/fdv+w2/pdv , (2.15)
Q Q

13



in which p is the mass density of the soil and the second term is the inertial force of the
mass contained if2 for an embedded foundation oscillating at the frequencizg. (2.15)
is used because the conventional definition of the impedance function does not include the

mass of the rigid foundation.

The application of this formulation appears to be straightforward and the convergence
of the results should be excellent and stable. The only concern is that the second term of
Eqg. (2.15) may become very large at high frequencies, requiring an alternate formulation
for that case. Also, the singularity of the dynamic Green’s Function needs to be treated with
care. Fortunately, it is well known that the singularity of the dynamic Green’s Function
is the same as that of the static Green’s Function. In fact, the singularity of the Green'’s
Function is the same in an infinite space as that in a semi-infinite space. It is proposed that
the integration of the diagonal terms of Eq. (2.14) be performed in two parts: (i) Integrate
the static Green’s Functions analytically since they are simple algebraic expressions. (i)
Integrate the difference of the dynamic and static Green’s Function numerically using
Gaussian Quadrature. The numerical integral in part (ii) contains no singularity as it has

been removed through subtraction.
2.2 — Application Two, A Direct Boundary Integral Equation Method

This application assumes there are no distributed body forces in the wave propagation
medium. Therefore, the Reciprocal Theorem as given in Eq. (2.7) can be simplified as

shown earlier by Eq. (2.11) and becomes

a(F,) = /S (U7 ] #7) dS — /S (T | aFds . (216)
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Figure 23 — A Schematic of the Direct Boundary Integral Equation Method.

in which the volume integral ove® has been eliminated. The wave propagation medium
is that exterior ta5' and, therefore, the outward normal vectqris directed away from the

exterior medium as shown in Fig. 2.1.

The Green’s Function matrice§l/] and [T], have singularities if* — 7,| = 0.
This is the reason why many publications using this continuum approach have avoided
putting the source point, on the surfaces. For several years, those methods were called
Sources methods because the sources were placed inside the Swafat#e displacement
compatibility conditions at the boundary were satisfied using a least squares approximation.

This method is now identified as the Indirect Boundary Integral Equation Method.

If the source point?, is moved ontoS, then the integral ovef would involve a
point in whichR = |7 — 7,| = 0. For the[U] matrix, the Green’s Function entries have
singularities of the form1/R, z/R?, y/R? andzy/R3. When cylindrical coordinates are

used,x = Rcosv andy = Rsint, and all singularities are of the foriry R with some
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azimuthal dependencies. Therefore, all the singularities of the nfirace integrable over
S. The singularities of the matrik’], however, are one order higheriat?? and are not
integrable over the surface If the principal value integral is used for the term involving
[T'], then the limit wherr, approache$ is the integral equation,

La(r,) = 7|7 ] 1) dS — 7|7 ] (7 7
30 = [ [UGI0] s = [ [T@10] s . fons . (217)

in which the second integral on the right hand side is the principal value integral.

Chapter Six will discuss a scheme which subtracts out the static singularities and
performsthose integrals in closed form and then integrates the difference of the two functions

numerically. This procedure is only required for the subregiotiwherer,, andi*coincide.

Unusual as it may seem, the numerical evaluation of the principal value inte¢ifaief
simple. Although the singularities are not integrable, they are odd functions. Therefore, the
resulting numerical value of the integral is equal to that of the even part, or the nonsingular
part, of the function. Using Gaussian Quadrature with an even number of sample points
per axis of integration, i.e., an algorithm which does not require the center point, the point
where the singularity resides, convergence can be obtained using as few as two points per

integration direction.

The numerical solution of Eq. (2.17) can be accomplished by subdiviglingp small
subregions and assuming, as a zeroth order approximation, the unknown traction to be
constant within that subregion. Now prescribe the displacemgftto match the motion
of a rigid foundation and Eq. (2.17) can be discretized into a matrix equation:

U]t = (%[I] +[Ma (2.18)

in which ¢ contains the values of the unknown tractions at the subregiors arfid @

represents the prescribed displacements. The block elements of the mattiess [ 1]
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are defined as the integral of the displacement and traction Green’s Functions, respectively,

over the subregion surfacg:

(gj::jg[v(ﬁwﬁ]ds , (2.19)

and

T = /S TIPS (2.20)

After the numerical solution of Eq. (2.18) is obtained, the translational impedance functions

can be computed as
K:ZF/ s . (2.21)
J J

The calculation of rotational impedances is similar to the calculation of moments and will

be covered in detail in Chapter Six.
2.3 — Application Three, A Radiation Boundary for Discrete Methods

For discrete formulations such as the finite difference and the finite element methods,
the number of nodes must be limited due to memory constraints. Thus, an artificial boundary
is created to curb the size of the model. For many applications outside of the earth sciences,
this is not a severe constraint. But for wave propagation models, it completely changes the
nature and behavior of the model. This modeling misrepresentation is created by the fact
that the calculation of values at a particular node depends on nodal values in its proximity.
The truncation at the artificial boundary reflects the outgoing waves instead of allowing them
to pass through, and thereby creates unwanted standing wave patterns. It has been proposed
by Chien (2007) to use the Reciprocal Theorem to generate values for one additional layer
of nodes immediately outside of the artificial boundary in order to eliminate the artificial
boundary. The calculation of the values at the exterior nodes is based on the integration of

the entire artificial boundary using the appropriate Green’s Functions. The integration of
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the displacements and tractions provided by the discrete model at the artificial boundary is
also necessary. Since the integration involves all the nodes on the artificial boundary, the
banded matrix property of the discrete method will be destroyed, rendering this an inefficient
method. But when the problem is important enough, efficiency is of secondary importance.
As a tradeoff, the size of the model of the interior medium can be reduced significantly.

This method is worth exploring for the embedded foundation problem because it combines

the power of discrete and continuum methods.

Subset A Subset I  Subset S

Subset £

Figure 2.4 — Formulation of a Radiation Boundary.

Shown in Fig. 2.4 is a schematic of the proposed radiation boundary for a discrete
model. Although the illustration is two-dimensional, there is no limitation for this method.
It can be expanded to handle three-dimensional models in a semi-infinite space. The nodes
are identified by the subscrip#s, A, S and/. The subse#d contains the nodes on the
artificial boundary. E' contains the nodes exterior to the artificial boundafycontains
the interior nodes adjacent t, and/ represents all the remaining interior nodes, which

constitute the most important portion of the analysis. The subsgas extracted from
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subsetl for the purpose of calculating stresses and tractions at the artificial boundary. The
displacement values & will be determined from the displacements and tractions at the

artificial boundary using the Green’s Functions of the problem and Eq. (2.11).

The indices of the nodes are ordered starting with the nodes in skitzsetnumbered
first, followed by subsetd, S and/. The formulation of the discrete model can be written
in a matrix form as

—

Zla=f (2.22)

inwhich[Z]is afrequency dependentimpedance matrix of the discrete model which includes
stiffness, damping, and inertial effects of the soil condition near the embedded foundation.
The forcing function,f, is included to provide excitation from the interior of the model.
The type of excitation can be concentrated or distributed loads or spherical waves generated

as reflections of incident waves from irregular wave scattering boundaries.

According to the pre-assigned nodal orders, the above matrix equation can be

partitioned as follows:

[[Zpe] [Zsal [0] [0]7 i) [07

[Zag] [Zaal [Zas] [0] iip 0
=1 : (2.23)

(0] [Zsal [Zss] [Zsi]| | s 0

L [0]  [0] [Zis] [Zi)d Lard  LF;d

in which F is the forcing function applied at the interior part of the model. It is assumed

that no forces are applied at or beyond the artificial boundary.

For a model with a fixed artificial boundary, Eqg. (2.23) would reduce to

|:[ZS'S] [ZSI]] [U,S [ 0 ]
. (2a24)
[ZIS] [ZII] ur lI
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This is not a useful assumption for harmonic wave problems as it does not possess any
characteristics of a wave propagation model. Unwanted reflected waves from the artificial

boundary exist regardless of how far the boundary is placed away from the essential locations
of the model. The solution of Eg. (2.24) has many resonant frequencies because the reflected

waves from the artificial boundary interfere constructively with the outgoing waves.

To remove the problems caused by an artificial boundary, it is proposed to calculate
the displacementjz, as defined in Eq. (2.23) using the Green’s Functions of the problem

and a representation theorem of the form,
i) = [ ([vGelrn)iaeo) - [1@elin]an) a2
S

in which 4 andt 4 are the displacement and traction vectors at the artificial boundary. The
integration is to be performed over a closed bound&yin this case, the artificial boundary.
The Green’s function matricef/ (7g|74)] and[T(7g|74)], contain the displacement and
traction, respectively, observediat, generated by a point source locatedat The above
formulation allows the displacementsg, to be calculated without information from nodes
outside of the domain of, therefore, the waves can propagate outward based on the motion

of the interior nodes.

For numerical calculation, approximate the integrals in Eq. (2.25) by numerical

guadratures of the form,
[ £Ea s = 3 wir@)at) (2.26)
j

in which w; are weighting factors and; are the sample points selected for numerical
integration. With this discretization scheme in place, the right hand side of Eq. (2.26) can

be written as a matrix product and it can be replaced by the matrix equation

—

UE = - [Tzz] ﬁA + [Uzz] tA ; (227)
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in which the matrice$T’, .| and[U. .| are not necessarily dimensionally square because the

number of nodes in subsétis not likely to be equal to that of subsét

The vectori 4 in Eq. (2.27) appears as an unknown in Eq. (2.23), therefore, the first
term on the right hand side of Eq. (2.27) can be implemented simply by substitution. The
traction vectort 4, on the other hand, must be computed from the stress distributions near
the artificial boundary and is therefore dependent on nodes from StibBetnatrix form,

the traction vectot 4 can be expressed in termsif andis as
ta = [Daliia + [Dslis , (2.28)

inwhich[D 4] and[Dg] are sparse matrices containing mostly rows with one nonzero value
except for those associated with the corner nodes on the artificial boundary. Eq. (2.27) can

now be written as
Up = (_ [Tzz] + [Uzz] [DA]) A+ [Uzz] [DS]ﬁS ) (2~29)

with the aid of Eq. (2.28). The matrix product’,.][D 4] and[U..][Ds], are best performed
by the strategic use of indices by combining scalar multiples of the roWs,of since the

[D] matrices are not far from being identity matrices.

With Eq. (2.29) available, Eg. (2.23) can now be condensed bedausan be replaced
by @4 andus. Eliminating the first row of the partitioned matrix equation, Eq. (2.23) can

be re-ordered as

(Zaa]l [Zas] 10] Up —[ZagliE
(Zsa]l [Zss] [Zsi]| |us | = 0 : (2.30)
(0] [Zs] [Z]d L Fy
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The substitution of Eq. (2.29) fafg on the right hand side of Eq. (2.30) and subsequent
rearrangement of unknown variables yields a complex matrix equation for the finite

difference model as

(Zaa+ Zap(~T.. +U..Da)] [Zas+ ZapU..Ds] [0] 7 [@a 0
[Zs4] [Zss] Zsi] | |ids| =10
[0] [Z1s] (Z11] 08t Fy

(2.31)

The above equation will provide the mechanism for outgoing waves to propagate outward
without reflection from the radiation boundary. The important difference between Eq. (2.31)
and Eq. (2.24) is that the new formulation is complex and, therefore, includes radiation

damping. Resonant behavior caused by the artificial boundary will be eliminated.
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Chapter Three

A Distributed Force Formulation

As an application of the integral representation in Eq. (2.7), the need for suffface
is eliminated and and the rigid embedded foundation problem is formulated using only a

volume integral of distributed forces. The Reciprocal Theorem can be simplified to

/Q [UF ™) ] F(P) dV = a@(7,) (3.1)

In the above expression, the displacement vector at any point in the medjuoan be
calculated as an integral of the displacement Green’s Funéficemd the distributed forces

inside volumet).

The major advantage of this formulation is that only the displacement Green’s Functions
are needed and they are more easily obtained than the traction Green’s Functions because
tractions are sensitive to the detailed geometry of the scatterer’s surface. The disadvantage
of this formulation is the increased computational effort due to the additional dimension in
the volume integral over a surface integral. However, the “1/R” type of singularity in the
displacement Green’s Functions is efficiently removed by integration over 3 independent

variables.

To find the impedance of a rigid embedded foundation, let the voldrogEq. (3.1)
be that occupied by an embedded foundationﬁmﬂ be the vector of unknown distributed
forces inside the foundation volume which would constrain the displacement within the
volume to move as a rigid body. The six modes of rigid body motion include three
translational components, two rocking components and one torsional component. In a

separate formulation to obtain the driving force vector induced by incident wave motion,
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Eqg. (3.1) can also be used to determine the body force distribution that would hold the
foundation mass fixed while being subjected to the incoming wave motion. The body force
discussed here is different from what is typically implied in other applications. It is most

commonly associated with gravitational or electromagnetic forces on the material within a
volume. In the present application, it is used as a vehicle to prescribe rigid body motion for
the foundation volume, to simulate a rigid embedded foundation. In the remainder of this

chapter, the terms body forces and distributed forces will be used interchangeably.

Figure 3.1 — Distributed Forces Inside an Embedded Foundation.

A numerical solution of Eq. (3.1) can be accomplished by first subdivitimgto N
subregionsy;,i =1,2,...,N. Then, Eq. (3.1) can be written as
N

> [ wemiina -, (2)

j=1"Vi
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The next step is to approximaﬁéf) as a constant vectof;, insideV;. Eqg. (3.2) becomes

3l

/ U7 |)] dv> f =) (3.3)

Vi
Assign the source point of the Green’s functieh, to ber;, the centroid of one of the

subregions};, then Eq. (3.3) can be expressed &s»>a3 matrix equation
(@] fj=w ,i=1,2,...,N, (3.4)

in which

[B,5] = /V Uy (3.5)

J

will be referred to as the influence matrix which relates the displacement veaigrtiaé
centroid of subregiotv;, to the uniform body forcg‘; in subregionV;. Now replace the

summation in Eq. (3.4) by a matrix representation of o8I€rx 3N expressed as
@] f=a (3.6)

inwhich f andu contains the body force vector and the displacement vectors at the centroids

of all N subregions, respectively.

To adapt Eg. (3.6) to the calculation of the impedance matrix of an embedded
foundation, let the displacement vectar, be defined by rigid body motion as defined

for each subregioir; as

—

1_[1' = [Ozi]Uo 5 (37)

in which U, is a generalized displacement describing the six-degree-of-freedom foundation

motion as
- UL
Uy
= | U
by ’
bo,
| b,
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and|«] is the rigid-body kinematic matrix defined as

The parameterin EqQ. (3.8) and Eq. (3.9) has a unit of length related to the lateral dimension
of the foundation so that all entries in the generalized displacementill have units of

length.

(xia Yi, Zz)

Figure 3.2 — The Six Degrees of Freedom for a Rigid Embedded Foundation.

The solution of the matrix equation, Eq. (3.7), can be obtained numerically as

(f] = [®] '[o] T, (3.10)
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in which [f,.] is @3N x 6 matrix containing the 6 body force distributions which satisfy
the displacement compatibility conditions specified bydhé x 6 matrix [a]. The matrix
[a;] In Eq. (3.9) is a subset ¢&] in Eq. (3.10); the latter contains all the centroids of e

subregions.

The final step of the formulation is to accumulate the body forces into three forces and

three moments using the transpose of the rigid body kinematic matrix as

Fo=[a]"[f] =[] [®] '] T (3.11)
in which
CE -
Fy
Fy = Af;z/b : (3.12)
M, /b
[ M. /b

is the generalized force, including three forces and three moments, normalized to units of

force.

Onthe right hand side of Eq. (3.11), the matrix prodt[@ﬂ,T (@] -1 [a],is normally the
definition of the6 x 6 impedance matrix, however, the body forcﬁé,s} have the additional
task of moving the mass within the volume. The impedance matrix for a massless embedded

foundation must now be defined as

M}:MT0M4+w%@ﬁM , (3.13)

in which [m] contains the mass of the soil within each subredipnThe inertia term in

Eqg. (3.13), in detailed form is
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[a]" [m][a] = (3.14)

o1 0 0 0 Zz/b —y@/b 7
S m, 0 0 1 Yi/b —2;/b 0
0 /b /b () /b —2z /02|
= Zz/b 0 —.CI?Z/b —a:iyi/bg <£E$ + Z?)/b2 —yizi/bQ

_—yi/b l’l/b 0 —xizi/bQ —yizi/b2 (ZL’ZQ -I-yf)/bQ_

containing mass and normalized moment of inertia terms.
3.1 — Numerical Procedure for the Integration of Singularities

The integral in Eq. (3.5) can be evaluated accurately by numerical quadratures except
for the diagonal elements;; because the source poin}, and the observation point, are
located in the same subregidf The singularities of the displacement Green’s Functions
are of the typel /R. They are easily integrable if the integrals are evaluated analytically,
but it is not possible to evaluate them numerically because the denominator becomes zero

when the source and observation points are at the same location.

Itis comforting to recognize that for this difficult numerical problem there is a relatively
simple solution. It is well known in the theory of solid mechanics that the form of the
singularities for all Green’s Functions are the same, regardless if the problem is dynamic or
static, an infinite space or a semi-infinite space configuration. Itis proposed to evijuate

of Eg. (3.5) in two parts as

®] = [ WMV
| ) 3.15
Z/%<[U(Fp\F)]—[U*(fp|m) dv+/m[U*(Fp’F)] . (3.15)
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in which [U*(7,|7)] is any appropriate Green’s Function matrix which can be expressed in
closed form. For this particular application, the static point load solution (Love, 1906) in
an infinite space will be used. With the procedure introduced in Eqg. (3.15), the first integral
can be evaluated numerically since it is now void of singularities and the second integral

can be evaluated analytically.

The static point load solution by Love (1906) can be rearranged for this application in

the form,
iy ) (LU0
[U (Tp|7:ﬂ_ 87TMR 8 (1) (1) (316)
2 (x—2p)? (@—zp)y—yp) (z—1p)(2— 2)
%wgﬁ (2 —2p)(y — yp) (v —yp)? —yp)(z—2) |

(=) (2 —2p) (Y—yp)(z—2) (2 — Zp)2

inwhichR = /(z — )2+ (y — yp)? + (2 — 2p)? , ¥ = B/« is the ratio of the shear
wave velocitys to the compressional wave velocity The constant is the shear modulus.

The integral ofU* as shown in Eq. (3.16) can be performed analytically as

SO 0 0 (1 _ 72) S:ra: S:Ey sz

8 0 So O + 8— Smy Syy Syz 9
7T/,L 0 O S() 77/1/ Sg:z Syz SZZ

(3.17)

1++%)

[ o =

in which the expressions fd, in closed form, are given in Appendix C.
3.2 — Application of Green’s Functions Obtained in Cylindrical Coordinates

Most Green’s Functions derived in classical wave propagation research are given in
cylindrical coordinates because the configuration of a point load adapts well to that system.
For time harmonic Green'’s Functions, the solutions are expressed in Hankel Transforms and
numerical evaluation is tedious. As an example, the Green’s Function computer program

created by Luco and Apsel (1979a, 1979b) required a number of years to develop.

29



For the present method, only the displacement Green’s Function are needed. The
applicable functions ar¢,.. and f.. for the vertical point load and,,, f,, and f., for
the horizontal point load. The functiong, are all nonsingular. The Green’s Functions are

obtained by dividing by the factar/(ur).

Consider now the coordinate system illustrated in Fig. 3.3. Note that the polar
coordinate system is defined with theaxis pointing downward, which is the typical
convention for classical geophysical problems. The origin of the polar coordinate system
is defined at the source point,, therefore, the observation point, is located at the

coordinates(r, v, z), in which

r= 7=l = /(@ 2)2 4 (g~ 4)? (3.18)
and

— S 2 —an-l (Y Y

Y = arg(r' — 7,) = tan (x—xp) . (3.19)

The z-dependency of the Green’s Functions is included in the functfons

Using the polar coordinate system, all horizontal point forces can be represented by
P.(¢) because the reference angle can be varied to match any orientation. Therefore, the
general displacement-force relationship can be written in a fornrBot @ matrix as

ur(r,1) 1 [fw cos(Y — o) fra P (o)
wy(r,) o= — | fyrsin(® —h) 0 TA¥0 . (3.20)
{ UZ(T‘, ) } Hr fzr COSW - ¢0) fzz { PZ }

To obtain a displacement-force relationship in the Cartesian coordinate system, the following

mapping of the forces and the displacements may be used:

Py(rp) £:(0)
Py(7,) p =4 Pi(/2) : (3.21)
P,(7,) P,
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Figure 3.3 — The Definition of the Cylindrical Coordinate System.

s () costp —singy 07 ( up(r,0)
uy(7) p = | sineyy  cosyp 0 Uy (7, 9) : (3.22)
() 0 0 1] (u(rv)
The first, Eqg. (3.21), can be used with Eq. (3.20) to relate the displacements in polar

coordinates to the forces in Cartesian Coordinates as

UT(T, 77/}) 1 frr COS77Z} frr SiIN,D frz P, (Fp)
uy(r, ) p = — | fyrsing —fyrcosyp 0 P, (1) , (3.23)
Uz (h ) Hr fzr cos ¢ fzr sin ¢ fzz P, (Fp)

Now apply the transformation (3.22) to both sides of Eg. (3.23). The resultis a displacement-

force relationship in Cartesian coordinates written as

) Py(7,)
= — [G] < Py(7p) , (3.24)
s P.(7)
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in which

frrcos2¢_f1/)r Sinzw (frr + fyr)sinpcosp  fr.. cost
— (f’f’T+f r)SianOSw frrSiHQ’lﬂ—f r0082¢ szSinw
6] = Forcos fursing f.. - (3.25)

Using Cartesian coordinates, the facteis,;) andcos v/, can be evaluated simply as

sing =LY% (3.26)
r

and

T — Tp

cos ) = (3.27)

r

If the elements of matrixG] are defined with subscripts as

Gmx Ga:y G:cz
Gl = | Gya Gyy Gy : (3.26)
Gz:c Gzy Gzz

then the matriXU (v, |7)] in Eq. (3.5) can be formed as

1 Gmm Gym sz
[U(Fp\m:m Goy Gyy Gy : (3.27)
sz Gyz Gzz

A columnin[G] represents the displacements caused by a pointload in a particular direction,
following the orderz, y, z, respectively. In the matrixU(7,|7)], however, the same
displacement components are stored as a row. The reason for this transposition can be
observed in Eg. (2.2) in which the Green’s Functions entriesaﬁg. are written as a row

vector in preparation for an inner product.
3.3 — Convergence Rates of the Distributed Force Method

To test the rate of convergence for the method proposed in the previous section,

the static Green’s Functions provided by Mindlin (1936) will be used. After some
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modifications, using the parameter= (3/«, the ratio between the shear wave velocity and
the compressional wave vecocity, the five static displacement Green’s Functions written in
cylindrical coordinates can be expressed as

1—~2) [1+~2 /1 2 1 22 3r2
JARE Al o s e (Sl BV S GO

+ 2y (1 ” )] (3.28)
(1—~")(R2+ 2+ ¢) Ry(Ry + 2+ ¢) '
r(1-9%) 1 142 6cz
fo=——wmta_omE &
8 Ry (1-9*)R; RS

(1 — ”}/4)R2(R2 +z4+c

)2] —f (3.29)

for = 21—~ [z—c 14++4%(z—¢) _ bez(z+ )
- 87 R}  1—-72 R} R3
2v2
L , 3.30
=] (330
f (19 [z—c 1+ 29 1
o 8 R} (1-7)R3 (1—-~Y) Ry(Ry+z+c)
6cz(z + ¢
+T—5} ) (3.31)
2
and
f (=% [z—c 14 ~* +(z—c)2
= 87 R3 (1 =~2)2R, R3
1+42 (z—i—c)j)—Zcz N 6cz(z5—|— c)? (3.32)
1 —~2 s 5

The above equations can now be used along with Eq. (3.25) to create the Green’s Function

matrix necessary for the numerical solution.

3.3.1 — Solution with a Point-Displacement Compatibilty Condition

To develop a model for an embedded foundation, consider the special case of a square
foundation of widtr2b and depthh. The dimensior2b has been used as the width in many

previous publications because early results for embedded foundation were obtained for a
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cylindrical foundation. To make an easy comparison of the two results, it is convenient to
use the half-width of the rectangular foundation. The Poisson’s Ratis,set to 1/3 for

the results in section 3.3; the corresponding ratio of body wave velocities,therefore

Figure 34 — A Schematic for a Rigid Embedded Foundation.

Cubic subregions are used for the numerical solution. The first task is to prescribe the
displacement compatibility conditions at the centroid of each subregion. In subsection 3.3.2,
the displacement compatibility will be prescribed with the average displacement throughout

the subregion.

Since the subregions are cubical in shape, the available combinatidr$ afe not
totally flexible. However, the simplest subregion geometry is used so the rate of convergence
can be tested without involving too many parameters. flftgatios included in this section
are 0.25, 0.50, 0.75, 1.00, 1.50, and 2.00. The number of subregions used is the product
of N, N, and V., the number of subregions in thgy andz direction, respectively. For

example, ith/bis 0.25, the possible combinations for that model(@ve, IV,,, N, ) equal to
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(8,8,1), (16,16,2), (24,24,3) or (32,32,4). There are no intermediate combinations possible
unless non-cubical subregions are used. There aré:f\W@atios that are amenable to a
more refined grid of combinations,/b equal to 1 and 2. These will be used as the basis for

a more detailed convergence test.

Shown in Fig. 3.5 are the convergence tests for embedded ratiosqual to 0.25,
0.50 and 1.50. These are the more restrictive models because of their aspect ratios. For the
cases withh /b equal to 0.25 and 1.50, only 4 data points are available for each graph. The
horizontal axis of each graph in the figure is the valu&/'of In parts (a), (b) and (c), the five
impedance functionsKy,, Kyv, Kmm, K, Knm, are plotted. They are dimensionless

values defined as

K= lgr o K= g,
in which p is a reference shear modulus,is a horizontal direction, either or y, v
is the vertical orz direction, m is a moment about one of the horizontal axess the
moment about the-axis, or the torsional component. The convergence trend exists for
all 5 components, but it is clear that the translational components converge faster than the
rotational components. Thisisto be expected. The radial distance from the center of rotation
amplifies the inaccuracy of the higher stresses near the surface of the foundation. The stress
distribution near the center of the rigid foundation contributes very little to the rotational
components. The vertical scales were expanded to show the variations clearly, but the last

two data points on each graph have a percentage difference of less than 5%.

As mentioned previously, the number of subdivision combinations possible using a

cubical subregion is the largest for the special caség'bequal to 1 and 2. Fai/b = 1,
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Figure 3.5 — Performance of the Distributed Force Method
for Various Embeddment Ratidg/b.
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the combinations can beV,, Ny, N.) = (N, Nz, N,/2) for any even numbelN,. For
h/b = 2, the combinations can bEv,, N,, N.) = (N, N, N;) for all positive integer

values ofN,,.

Fig. 3.6 shown the results féar/b = 1 in parts (a) and (b) foV,. values from 2 to 20

in increments of 2. The results fay'b = 2 are shown in parts (c) and (d) of the same figure
asN, varies between 1 to 16 in increments of 1. The large number of cases analyzed shows
smooth convergence trends for both ratios and, therefore, demonstrates the stability of this
method. The large number of subregions can be taxing on a computer. Some of the largest
cases took over 10 hours of CPU time on a medium speed personal computer. But this is an
academic exercise to provide validation of the method. Practical engineering applications
would not require such precision because the determination of the soil properties is not an

exact science.
3.3.2 — Solution with Average-Displacement Compatibilty Condition

The results in section 3.3.1 were obtained by prescribing the rigid body displacement
at the centroid of each subregion. The displacements away from the center points, however,
may deviate from the rigid body condition. When this method is employed in the frequency
domain, and when the excitation frequency is high, the deviation can be even larger. For
numerical solutions with a smaller number of prescribed subregions, the compatibility

conditions throughout the volunie are not strictly enforced.

One improvement that has been made to other rigid foundation analyses is to apply
displacement compatibility to the average displacement within the volume of a subregion.
This would ensure that the displacement within the subregion, on the average, is equal to

the prescribed condition.
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Fig. 3.7 shows the rate of convergence for the two compatibility conditions. The results
for the average-displacement scheme are plotted with a dashed line while those for the point-
displacement scheme are plotted with a solid line. Since this method underestimate the exact
theoretical solution, it is clear that the average-displacement scheme converges consistenly

faster than the point-displacement result.

Observing the plotted results suggests that fewer subregions can be used if the
average-displacement compatibility scheme is applied. This will significantly reduce
the matrix dimensions and, therefore, the amount of required computer memory when
the matrix is inverted. The overall computer analysis time may not decrease, however,
because integration must now be performed for the distributed forces as well as for
the displacements, six dimensions of integration. But an alternative formulation always

increases the understanding of the numerical algorithm, so the exercise is not without value.
3.3.3 — Convergence of the Dynamic Solution

With the experience gained in the previous two subsections, the average displacement
compatibility condition will be the condition of choice throughout the remainder of Chapter
Three. For the higher frequencies, there can be several wavelengths within the model’s

boundaries, therefore, an average displacement approach would guarantee better results.

To present the dynamic time-harmonic results, itis convenient to define a dimensionless
frequency,ap = wb/j3, in which w is the circular frequencyy is the half width of the
foundation ands is the reference shear wave velocity. Since the width of the foundation is
2b, the value ofag = 7 represents a condition when the shear wave wavelength is exactly
equal to the width of the foundation. The dynamic results will be presented for the range

of ag from 0 to 6 in the remaining figures of this chapter.
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From the practical point of view, the range @f described in the previous paragraph
can be converted to real world unit in the following manner. For example, if the shear
wave velocity of a relatively firm half space is 500 m/sec, and if the total width of a square
foundation is 50 m, theny, = 27 represents a frequency of 20 cycles/sec, or a circular
frequency o0 rad/sec. The reference point for the impedance functions is the origin of
the coordinate system, defined at the center and at the top of the embedded square foundation.
This will be the convention used, except for the results for a cylindrical foundation in Section
3.4 because the results will be compared to those provided by Apsel (1979) and his results

are referred to the bottom of the cylindrical foundation.

Shownin Fig. 3.8isthe horizontal, rocking and coupled horizontal-rocking components
of the impedance function for a square foundation embedded in a semi-infinite space with
an embedment ratio df/b = 0.75. The Poisson’s Ratio of the viscoelastic medium is
again 1/3; lightly damped values of the medium are measure @gifagtors,Q, = 100

for compressional waves, aKgh = 50 for shear waves.

The top row of two figures in Fig. 3.8 shows the convergence of results for the horizontal
impedanceK;,. The left figure shows the soil spring value as defined as the real part of
the impedance, i.ek,;, = Re(K},); whereas the right figure shows the soil damper
defined as the imaginary part of the impedance divided by the dimensionless frequency, i.e.,
chn = Im(Kpp)/ag. Four different subdivisions of the square foundation with embedment
ratio of /b = 0.75 is considered. The smallest model has number of subregions.in the
andz direction as 8, 8, and 3, respectively. The more precise models have factors of 2, 3 and
4 times larger in each dimension and, therefore, 8, 27 and 64 times as many subregions in
the foundation volume. Since the computer time for solving a set of simultaneous equations
is of the orderN3, the most precise model would take more than a quarter million times

longer than the simplest case. The computer time devoted for the most precise case is about
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4 hours per frequency on a personal computer and the least precise case is about 10 seconds
per frequency. Noting that the scales of the plots are magnified to show the differences,
the rate of convergence is excellent except for the least precise case. The computer time,
although quite long, is not unreasonable because there are many hours of idle time available
on personal computers at the present time. It is not unreasonable to spend several hours of

computer time to obtain good results for a seismic analysis.

More evidence for the convergent trends are illustrated in the Rocking and Coupling
impedance functions in the four lower figures. Uniformly, the imaginary parts converge with
a higher degree of accuracy. But the real parts have some struggles in the higher frequency
end. Itis important to point out that at high frequencies, the imaginary parts are an order of
magnitude larger than the real part and therefore the real parts lose one digit of accuracy due
to the domination by the imaginary parts. Itis also important to note that the less accurate
results for the soil springs will not affect the accuracy of a soil-structure interaction analysis
at high frequencies because the inertia and damping terms would dominate. This effect
can be illustrated quite clearly by the forces of a single degree of freedom oscillator in the

frequency domain-w?m + iwc + k, where the inertia term is largest at high frequencies.

The convergence test was conducted using uniform size cubical subregions for
integration, therefore, it is not the most efficient way of attaining accuracy quickly. Too
many small subregions were spent deep into the interior of embedded foundation where
the smaller stresses do not contribute significantly to the final results. Future work with
variable size subregions could enhance this method by placing smaller subregions near the
foundation’s embedded surfaces and larger subregions in the interior. It is clear that this
would be especially effective for rotational impedances as the near surface stresses, with

larger moment arms, contribute more strongly to the moment calculations.
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Over 70% of the computer time is devoted to the solution of the complex simultaneous
equations after the matrix is assembled. It is hopeful that recent development of multiple
core processors will decrease the computational time significantly. Research has shown that
a Dual-Core or Quad-Core processor, with the aide of an optimized BLAS (Basic Linear
Algegra System), can increase the speed of calculation by a factor of 2 to 5. At the time of

this writing, the marketing of single core processors is effectively discontinued.

Figure 3.9 — An Approximate Grid for a Cylindrical Foundation.

3.4 — Comparison with Published Results

There are not many published impedances for embedded foundation to compared. One
set of data which is ideal for comparison is the impedance functions for embedded circular
cylindrical foundation prepared by Apsel (1979). Those results were calculated using the

same set of Green’s Functions but using an indirect boundary integral equation method.
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The present method is formulated over the volume of the foundation model while Apsel’s
formulation placed sources inside the foundation surface and impose the displacement
compatibility conditions at the surface approximately by minimizing the energy of a scalar
potential. As mentioned in the previous section, Apsel’s results have the reference point
set at the bottom of the cylindrical foundation, therefore, all results in Section 3.4 will be

transformed to the bottom of the foundation.
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Figure 3.10 — Vertical and Torsional Impedances for Various Poisson’s Ratios.
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Using cubical subvolumes, a circular cylinder can only be approximated using the
present method. But a large number of subregions, as many as 12,992 for the embedment
ratio h/b = 1, the approximation of a circle is excellent as shown in Fig. 3.9. Since there
are three component of displacements in each subregion, the number of degrees of freedom
is nearly 40,000. A large computation effort was performed to ensure the results are as
accurate as possible using a personal computer. Apsel’s impedance results were computed
for five components: horizontal, vertical, rocking, torsion and a coupling term between

horizontal and rocking. The publised results were obtained for the Poisson’s Ratio of 0.25.

At this pointin the analysis, itis important to point out how the Poisson’s Ratidoes
have a large effect on the impedances. This parameteffects the ratio of shear wave
velocity to compressional wave velocity,= (3/a, therefore, it is a critical parameter to
characterize a soil medium. The results to be used for this comparison use the embedment
ratio of h/b = 0.75. As shown in the lower figures of Fig. 3.10, the torsional impedance is
not affected at all by the Poisson’s Ratio because only shear waves are generated by torsional
motion of a cylindrical foundation. The rough edges of the approximated circle as shown
in Fig. 3.9, however, may have caused some small inaccuracies. In the upper figures of
Fig. 3.9, the vertical impedance is shown. For an embedded foundation, the vertical motion
generates compressional waves from the bottom of the foundation and shear waves from its
vertical side boundaries. Therefot€,,, is highly dependent af. For the higher value of
v = 0.45, which represents soil media with a large moisture content, the soil spring actually

becomes negative in the high frequency range.

The examination of the impedance functions and their dependence on Poisson’s Ratio
continues in Fig. 3.11, where the horizontal, rocking and coupling terms are shown.
Although these impedances are frequency dependent, there appears a surprising jump on

the horizontal components a§ ~ 1.9 whenv = 0.25. Knowing some other methods
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Figure 3.2 — A Closer Observation of the Horizontal Impedance.

based on Green’s Functions have had spurious frequencies in their solutions, this jump of
approximately 10% relative to the magnitude of the impedance has to be monitored carefully.
It appears this characteristic only appear when the soil medium has a Poisson’s Ratio of
0.25 or less. Typically, approximate Poisson’s Ratios for soil representation are more near
0.50 than 0.25 because an alluvial valley has high moisture content. Thevalle25 is

a typical value used for steel and aluminum.

After a detailed analysis of the horizontal impedance with a very fine increment in
the frequency axis, it is concluded that the change in value is not a characteristic of the
present method, but rather, a characteristic of the soil properties or of the Green’s Function
calculations. In Fig. 3.12, a closer observation of the horizontal impedance with a reduced
frequency axis and a refined frequency spacing is presented. The vertical axis was also

magnified to show the details of the change in values. It is clear that only the curve for
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Figure 3.13 — Comparisons &f,, and K;; to Published Results.

v = 0.25 has the jump and that it is not a random numerical instability, but rather a
characteristic of the underling medium because the jump is actually a smooth pulse in the

frequency domain.

Shown in the lower figures of Fig. 3.13 is the comparison for the torsional impedance,
Ky, for embedment ratios df/b = 0.25, 0.5, and1. The results of the present method

are shown as solid lines while Apsel’s results are plotted with dashed lines. The left side
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of the figure contains the real part of the impedance or the soil sptingThe right side

of the figure contains the imaginery part of the impedance divided by the dimensionless
frequency, or the soil dampet,. The soil damper from the impedance function includes
both the material damping and the effects of radiation damping; the latter is a result from
the loss of energy due to spreading of outgoing waves. Since the figures are quite busy,
there are no labels for the/b ratios, it would be correct to assume that the highest curves
represent the results @f/b = 1, the middle curves represehfb = 0.5 and the lowest

curves show the results far/b = 0.25.

The torsional results are remarkably similar, much better than the othercomponents
to be shown later. One explanation is that for a cylindrical foundation model, the torional
component generates only shear waves, therefore, there is no mode conversion between shear
and compressional waves. The torsional results are the simplest to obtain as compared to
the other components. A closed-form solution for a hemispherical embedded foundation

was prepared by Luco (1976).

Shown in the upper figures of Fig. 3.13 is a comparison for the vertical impedance,
K,,, for three embedment ratios. It clear that the results do not match as well as the case
of the torsional component. The largest deviation is in the high frequency range, when
dimensionless frequencyy, is larger than 3. Physically, when the valueagf= 7, the
wavelength of the shear wave is equal the width of the foundafkn,One immediate
concern is the deviations at high frequency. The explanation is not entirely clear because
other results generated for a Poisson’s Ratio of 0.45, the real part decreases sharply for high
frequency. A general rule about high frequency results is that the imaginery part dominates
at high frequency to the order &f+ iwc, therefore, the loss of accuracy for the real part is

acommon phenomenon.
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Figure 3.14 — Comparisons &f,;,, K., andK,,, to Published Results.
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Another complicated component, the horizontal impedakigg is shown in the top
figures of Fig. 3.14. For a surface foundation, the horizontal impedance produces only shear
waves and the results are predictable like the torsional case. For embedded foundations,
however, the leading vertical surface of the foundation generates compressional waves while
the bottom surface generates shear waves; opposite to the vertical component. One particular
phenomenon of note is that the present results show a small jumagear.7. This is
not present in Apsel’s results and it is also not present in Day’s (1977) results which Apsel
benchmarked against. At first, a numerical instability is assumed, but a refined analysis
with a very fine frequency increment reveals that it is perhaps a physical characteristic of
the soil medium. Apsel’'s results and the present results were calculated with a Poisson’s
Ratio of 1/4 and that translates to a ratio of shear wave to compressional wave velocities of
v = 1/+/3. Results generated for Poisson’s Ratios of 4/3-(1/2) and 0.45{ = 0.3015)

did not result in a jump. It is supposed that for a small value tife compressional waves
have a smaller wavelength and that could have contributed to that jump. As an experiment,
a low value of 0.20 for the Poisson’s Ratio also resulted in a jump at a similar valye of

But realistically, the Poisson Ratio for a soil medium, especially for agricultural areas, is

much nearer 0.5 than 0.0, therefore, the speed ratishould be smaller thay(3.

Shown in the middle figures of Fig. 3.14 is the Rocking component of the impedance
function, K,,,,,,. Again, there is no label for the results of different embedment rdiids,
The reader could follow the results by knowing that the higher values are from the larger
h/bratios; they are 1.0, 0.5 and 0.25. In bottom figures of Fig. 3.14 the coupling impedance
between the rocking and the horizontal componehts;,, is displayed. Like most other

components, the real part has deviations at high frequency while the imaginary parts match

52



S e s e s s s 724 O s s B ) B B B

10 - 15+
TN T :/—\_
== 1 L T T T T |
n b=075 | 1O0 T E
B — — —hb=050 - | |
- hb=025 - | -
O_ I B 5_ I R
A e B e e e s Y = s s s s B N B
Cit

20 10

\
\
\
\
\
|
|
|
|
|
|
|
|
|
|
|
|
|
|
L

15— AN

1011 S R T S I o Y I

o
[y
N
w
N
ol
(o)}
o
[y
N
w
N
o1
(o)}

Figure 3.15 ¥, and K, for a Square Embedded Foundation.

nearly identically. From previous figures, it has been shown that the high frequency range

of the real part does not have the same difficulty when the Poisson Ratio is greaf than
3.5 — Results of a Square Embedded Foundation

The cylindrical embedded foundation results of Apsel were calculated with

axisymmetric sources, known as ring loads. The vertical and torsional components were
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analyzed with zeroth order harmonic for the vertical and azimuthal component of ring
forces, respectively. The horizontal, rocking and coupling components were calculated
with the first order harmonic for the horizontal and vertical ring forces, respectively. With
these axisymmetric properties, the formulation becomes two-dimensional in nature and very
accurate results could be obtained. The ring load method, however, cannot be extended to

arbitrary shaped foundation.

As a simple application of the present method, which is formulated for an arbitrarily
shaped foundation, the case of a square foundation with various embedment ratio is
presented. The results for thendy direction are the same except for a sign in the coupling
terms, therefore, a more concise presentation can be made. For a rectangular foundation
with a different aspect ratio, the two horizontal and the two rocking component would be
completely different. Furthermore, a totally nonsymmetrical foundation has & fulb
impedance matrix as results and the matrix is frequency dependent. Since the impedance

matrix is symmetric, there is a maximum of 21 components for an isolated foundation.

The impedance functiong’,,, and K;; are shown in Fig. 3.15. In each figure, three
ratios of embedment, h=b =0.75, 0.50 and 0.25 are shown. All the results were calculated
using a Poisson’s Ratio of 1/3. The numerical solution is stable throughout the frequency
domain and the results show that the present method does not have a numerical instability
problem. It is amenable for practical engineering application. The main drawback is
that a large number of subregion is required to produce excellent results, therefore, the
computational effort can be quite tedious. Additional results for the horizontal, rocking and

coupling impedances are shown in Fig. 3.16.
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Figure 3.17 — Horizontal, Vertical and Rocking Input Motion Due to Incident SH-Waves.
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3.6 -— Response of a Massless Embedded Foundation to Incident Waves

An important component of the soil-structure interaction equation of motion is the
driving force vector from the incoming waves. Physically, it is defined as the force required
the hold the foundation fixed while subjected to a prescribed incident wave. The driving
force vector can also be replaced by the input motion vector and they are related through
the impedance matrix. The input motion vector represents, physically, the response of a
massless embedded foundation to incident waves. The way the foundation respond to a
wave is identified as kinematic interaction. This effect is considered to be an important
parameter in a seismic analysis because it reduces the horizontal motion of the foundation
as compared to the free field motion. Later results show that while the horzontal component
may be reduced for the higher frequencies, the torsional component becomes prominent for

oblique incidence.

The Modified Ohsaki’'s Method has flexibility, the only difference between the
impedance calculation and the driving force calculation is the boundary condition. The
only requirement is to set displacement condition of the new problem as the negative of
the incident wave field within the foundation’s volume. Effectively, this condition sets the
displacements within the foundation to zero, i.e., a fixed foundation. The summation of the
resulting body forces yields the driving forces. Since the foundation is motionless, there is
no need to correct for the intertia forces generated by the movement of the foundation as in

the previous case of impedance calculation.

To present results which are easier to understand visually, the driving force vectors are
converted to input motion vectors by multiplying it by the inverse of the impedance matrix.
Three different sets of results are given. The response of the massless foundation toincident

body waves of the type SH, P and SV were considered. The free field motion of these body
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Figure 3.18 — Horizontal, Vertical and Rocking Input Motion Due to Incident P-Waves.
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waves, plus that of the Rayleigh Surface Wave, are given in Appendix D. A minor change
of coordinate axes is needed to use the results in Appendix D, the derivation in the appendix
was given with they-axis defined downward and theaxis into the plane. In the present

system, the-axis is downward and the-axis is outward from the plane.

The response of the square massless foundation to a SH-wave with an embedment
ratio of /b = 0.75 is presented in Fig. 3.17. The incident wave travels ingtirection,
therefore, the particle motion of the wave is in thelirection. The horizontal shear wave
causes no vertical component but the twisting motion generates a torsional response. Four
different incidence angle$, were used. They ar@®, 30°, 60° and90°, measured with
respect to theg-axis. The last angle90°, is the vertical incident angle and no torsional

component will result from that.

Shown in the upper figures of Fig. 3.17 is the horizontal response to SH-wdyes,
The limit to the zero frequeny &for an incident wave amplitude dfbecause the reflected
wave interfere constructively with the incident wave. The real and imaginary parts alternate,
an indication there is a phase factor in its response. The rocking component is largest when
6 = 90° while the torsional component is largest for= 0°. At their peaks, the rocking and
twisting angles, multiplied by the half width of the foundation, is abigdtof the maximum
horizontal response. Therefore, the rotational components contribute significantly to the
response of the foundation and therefore, the superstructure. There is no mode conversion

for the SH-component, the free field motion is of pure shear.

Shown in Fig. 3.18 is the response of a massless foundation to an incident P-wave.
The wave travels in the-direction with its particle motion in the and thez-directions.
Except for the vertical incidence 66°, the incident P-wave causes a mode conversion and

a reflected SV-wave results. Three angles of incidence are considered, tI3¢y a5e°
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Figure 3.19 — Horizontal, Vertical and Rocking Input Motion Due to Incident SV-Waves.
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and90°. measured with respect to tikeaxis. The horizontal and vertical response to these
incident P-waves is given in a table in Appendix D. For the case of the vertical incident
wave, there is no induced rocking. The wavelength of the incident P-wave is twice as long

as that of the incident S-waves, therefore, the kinematic interaction is less prominent.

Shown in Fig. 3.19 is the response of a massless foundatio to an incident SV-wave.
The wave travels in the-direction with its particle motion in the andx-directions. The
SV-wave has a very limited range of angles which are admissable, therefore, the angles used
are60°, 70° and80°. The vertical incident angle 6f)° was not used because it would be the
same as that of the SH-wave. Similar to the P-wave case, only the horizontal, vertical and
rocking components are excited. The free surface amplitudes of these incident SV-waves

are listed in Appendix D.

In summary, the input motion vectors, along with the impedance matrix, completes the
substructural information required for a soil-structure interaction analysis. The response of
a structure to various incident waves can be calculated first in the frequency domain and

then transformed into the time domain using Fourier Transformation.
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Chapter Four

Application Two, the Boundary Integral Equation Method

As shownin Eq. (2.17), aboundary integral equation can be written using the reciprocal
theorem. By eliminating the body force term, only the tractions and the displacements at
the surface of the wave scatterer need to be analyzed. The limit of the source,pmitd

surfaceS leaves an integral equation in the form

]_ -,
3 = [N ]inds - [ (760 ]awds . fons . @y
S S
In the above equation, the displacement vector at any point on the suifacean be
calculated as a surface integral of the displacements and tractions at the same surface

multiplied by the traction and displacement Green’s Functions, respectively.

Eq. (4.1) is a vector formulation of a boundary value problem which yields a unique
solution to the vector wave equation. After the boundary values are determined, Eq. (2.16)

can be used to calculate the wave solution at other locations away from the stirface

The major advantage of this formulation is that only the surface of the wave scatterer
is involved, thus reducing a three-dimensional problem to two dimensions. Another
advantage is the elegance of the formulation which has attracted competent researchers from
mathematics, physics, and engineering to devote significant effort to its study over the past
30 years. The disadvantage of this formulation is the instability of the numerical solution.
Spurious resonant frequencies of the corresponding interior problem appear in the solution
of the exterior problem, rendering the solution useless for many practical applications. An

attempt will be made in this chapter to clearly understand the numerical instability based
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on previous solutions and devise an improved workable solution to eliminate the interior

resonant frequencies.

As an application to find the impedance of a rigid, embedded foundation, let the
surfaceS of Eq. (4.1) be an embedded, rigid foundation afi¢ be the unknown traction
which would constrain the displacement veci¢r) on the same surface to move as a rigid
body. The six modes of rigid body motion include three translational, two rocking, and one
torsional modes. In a separate formulation to obtain the driving force vector induced by
incident wave motion, Eq. (4.1) can be used to determine the traction distribution that would

hold the foundation surface fixed while being subjected to the incoming wave motion.

Figure 4.1 — Subdivision of the Rigid Embedded Foundation Surface.
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A numerical solution of Eq. (4.1) can be accomplished by first subdividimgo NV

subregionsS;,i = 1,2,..., N. Then, Eq. (4.1) can be expressed as
1 N N
3 =3 [ (vGm )i as -3 [ [T@n]dnds . 42
j=1 J j=1v*3

with 7, placed onS. The next step is to approximaté?) as a constant vectofj and

u(r) as a constant vectag,;, on S;, as a zeroth order approximation. It has been shown in
previous formulations of this type (Wong 1975) that the higher order approximations often
do not improve the accuracy because the traction distribution has extremely high values at
the edges. Therefore, a constant value which represents the average traction distribution in
the subregions provides a good approximation. With the above assumptions, Eq. (4.2) can

be simplified to

N N

- - 1.
Z </S [U(7p|7)] dS) tj = 5“(7})) + Z (/S

j=1 3 j=1

[T (7| 7)] dS) uj . (4.3)

J
Assign the source point of the Green’s Functigp,to be equal ta7, the centroid of the

subregionssS;, then Eq. (4.3) can be expressed &s>a3 matrix equation

N . 1 B N B .
jz:; [UZJ] tj = Quz —|—;[Tij]uj ,Z — 1,2,...,N, (44)
in which
Uil = [ WEimas (1.5
and
(T3] = /S T\ dS (4.6)

J
will be referred to as the influence matrices. Replace the summation in Eq. (4.4) by a matrix

equation of ordeB/N x 3NN and it can be expressed as

)7 = @m T m) i (4.7)
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in which ¢ contains the displacement vectors at the centroids oMiselbregions.

To adapt Eg. (4.7) to the calculation of the impedance matrix of an embedded
foundation, let the displacement vectai, be defined by rigid body motion as defined

for each subregion; as

—

'Ji = [Oéi]Uo 5 (48)

in which U, is the six-degree-of-freedom foundation motion defined as

UL
Uy
- U,
bz ’
b,
b |

(4.9)

and|c] is the rigid-body kinematic matrix defined in this manner:

0 0 1 /b —wx/b 0

(4.10)

The parameteb in Eqg. (4.9) and Eq. (4.10) has a unit of length related to the size of the

foundation so that all entries in the generalized displacement vactaaye units of length.

The solution of the matrix equation, Eq. (4.7), can be obtained numerically as

-1 (1
] = [0] (5 1 + m) Bl (4.11)
in which [t,] is a3N x 6 matrix containing the 6 columns of traction distributions which
satisfy the displacement compatibility conditions specified bystNex 6 matrix [«]. The
matrix [c;] in Eq. (4.10) is a subset ¢f] in Eq. (4.11). The latter contains the rigid body

motion of all the centroids of th&’ subregions.
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The final step of the formulation is to accumulate the effects of the surface tractions

into three forces and three moments using the transpose of the rigid body kinematic matrix:

Fo= 1) 6] = [a) (0] (3 11) + 177 ) o] (4.12)

in which
F;
Fy
. F,
M., /b ’
M, /b
L M, /b ]
is the generalized force, including three forces and three moments, normalized to the unit

(4.13)

of force.

On the right hand side of Eq. (4.12), the matrix product,

1

K] = [o] ") (310 + [1]) o] (11
is the definition of the& x 6 impedance matrix.

4.1 — Numerical Procedure for the Integration of Singularities

Theintegralsin Egs. (4.5) and (4.6) can be evaluated accurately by numerical quadrature
exceptforthe diagonal elemeibfs andT;;, because the source poifif, and the observation
point, 7, are located in the same surface subredipnThe singularities of the displacement
Green’s Functions are of the ordefR and they are easily integrable analytically, but it is
an illegal operation to numerically divide by zero. The singularities of the traction Green’s
Functions are of the order/ R? and they are not integrable even analytically. For this

formulation, only the principal value integral is required.

As shown in Chapter Three, the form of the singularities for all Green’s Functions are

the same regardless of whether the problem is dynamic or static, or whether the model has
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an infinite space configuration or a semi-infinite space configuration. Using this knowledge,

U;; of EQ. (4.5) can be evaluated in two parts:

Uil = [ WIS
; , 4.15
- [ (e - @) as+ [ pwmas o

7

in which [U*(7,|7)] is any appropriate Green’s Function matrix which can be expressed in
closed form. For this particular application, the static point load solution in an infinite space
will be used (Love, 1906). With the procedure introduced in Eq. (4.15), the first integral
can now be evaluated numerically since it is void of singularities and the second integral

has a reasonably simple closed form solution.

The static point load solution by Love (1906) was shown in Eq. (3.16) The integral
of U* is evaluated over a surface in this application as opposed to over a volume, like
Application One. Therefore, depending on the orientation of the surface nortfigltae

static integral varies.
4.2 — Application of Green’s Functions Obtained in Cylindrical Coordinates

As shown in Chapter Three, there is a need to adapt the Green’s Functions developed in
the cylindrical coordinate system to the Cartesian coordinate system used by the embedded
foundation problem. For the integral equation method, the displacement Green’s Function
fr~ and f.. for the vertical point load and.,,., f,, and f.,. for the horizontal point load
are needed, as was the case in Chapter Three. Additionally, the stress Green’s Functions,
Grry s 922 aNdg,.. for the vertical point load ang,,, g, 922+ gry, gr> @ndgy,. for the

horizontal point load are also required. The functignsare all regular functions and they

67



Figure 4.2 — Definition of the Cylindrical Coordinate System.

are to be normalized by the factoy () while the functiongy;; are to be normalized by

the factorl /(ur?).

Now consider the coordinate systemsiillustrated in Figure 4.2. Again;aes of both
systems is defined pointing downward. The origin of the polar coordinate system is defined
at the source point;,, therefore, the observation point, is located at the coordinates,

(r,1, z), in which

r=lF -l =) (- ) (4.16)
and
= r—r) = -1 w
Y = arg(r — 7p,) = tan (1‘ — xp) . (4.17)

The z-dependency of the Green’s Functions is included in the funcifcarsdg.
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Using the polar coordinate system, all horizontal point forces can be represented by
P.(¢) because the reference angle can be varied to match any orientation. Therefore, the
general displacement-force relationship can be written in a fornBot & matrix:

UT(T, w) 1 f?“r COS(@D - 77b0) frz
: P,
{uw, ¥) } = [fw sin(¢ — o) 0 { ](3‘”0)} : (4.18)
(7, 1) fercos( — o) fuz ?

To obtain a displacement-force relationship in the Cartesian coordinate system, the following

mapping of the forces and the displacements may be used:

P () P (0)
P v =3 P(x/2) b (4.19)
P () P,
and
Uy (7) cosy —siny O up(r, )
uy(7) p = | siney  cosyp 0O Uy (7, 7) . (4.20)
u (7) 0 0 1] Lu(rv)

During the first step of the transformation, the relationship in Eq. (4.19) can be substituted
into EqQ. (4.18), then expanded by one column to relate the displacements in polar coordinates
to the forces in Cartesian coordinates:

u (1, 1) 1 frrcost  frrsing o f,, P, ()

uy (1) p = - fyrsing  —fyrcosyp 0 P, () , (4.21)

w(r, ) ) M [ farcost farsing fo | | Pa(7)
Now apply the transformation (4.20) to both sides of Eq. (4.21), the resultis a displacement-

force relationship in Cartesian coordinates written as

Uy (T) 1 Py (7p)
w() t=—[G] PR ¢ (1.22)
u () a P, (Fp)
in which
frrcos2'¢]_f¢r Sin2¢ (frr+fwr)SianOSw frz COS¢
_ (frr+f r)sin@bcosz/} frrSin277Z}_f TCOSQ¢ frzSin¢
)= Forcos s .. - (423)
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Using Cartesian coordinates, the factais,;) andcos 1, can be evaluated simply as

sing =49 (4.24)
T

and

r—Tp

cos Y = (4.25)

r

If the elements of matri¥G] are defined with the following subscripts,

Gmx Gazy GZCZ
Gyﬂ? ny G?JZ
Gz:c Gzy Gzz

G] = : (4.26)

then the matriXU (v, |7)] in Eq. (4.5) can be formed as

Gmaz Gym Gza:
Goy Gyy Gy
G:cz Gyz Gzz

[U(FP‘F)] = i

" (4.27)

A columnin[G] represents the displacements caused by a pointload in a certain direction, in
the orderr, y, andz, respectively. In the matriplU (7,|7)], however, the same displacement
components are stored as arow. The reason for this transposition can be observedin Eq. (2.2)
in which the Green’s Functions entry, i.e?k,T, is written as a row vector in preparation for

an inner product.

The stresses caused by a vertical point load can be written in the form,
1 grr O g’I’Z
(B(P)]=—510 gpp O : (4.28)
ur
gr= 0 gz
while the stresses caused by a horizontal point load injthéirection, i.e.,P. (1), are

1| grrcos( —1bo)  grysin(y —tho)  grz cos(y — o)

(2 (Pr(10))] = 2 | e sin(y — o) gyy cos(¥ — o) gy sin(y — o)
" Orz COS(?/) - ¢0) Gz Sin("v/} - 7700) 9zz COS(¢ - 'QDO) ( )
4.29
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Using Eqg. (4.29), the stresses created by a point load im-ieection can be obtained by

settingyy, to 0, in the form,

GroCOSY  GrpSINY  gracOSY
[Z(P)] = 5 | 9rv SiNY  gyy COSY Gy, SinY , (4.30)
a grz COS 7/1 Gopz sin 77/) gz~ COS 1/1

and the stresses created by a point load injtd@ection can be obtained by settigg to

7/2, in the form,

1 Grr SINY —Gry COS (0 GrzSINY
— G COSTY  Gypyp SINY  —Gy, COS Y . (4.31)
Grz sin ¢ —Gyz COS 1/) Gzz sin ¢

To calculate the tractions required for the matfiX in Eq. (4.6), the stress tensors in
Egs. (4.28), (4.30) and (4.31) must be transformed inathe through two orthogonal
transformations of Eq.(4.20). Numerically, it is more efficient to transform vectors than
matrices, therefore, it is suggested that the surface normal vegidye first transformed

to the cylindrical coordinate system by the equation

n-(7, 1) costy siny 0 Ny (7)
ny(r,y) p= | —siny cosyp 0 Ny (77) : (4.32)
n.(r,v) 0 0 1] (n("

then the normalized traction vectors at the observation goint, ) subjected ta?,, P,

andP,, are, respectively,

t’f’.’D g?"'l" O grz n’l"(r7 w)
lypz ¢ = 0 Gupyp 0 ni/l (Ta ¢) ) (433)
tZJ? gTZ 0
try grr COS ¢ gry sin lﬁ grz COS ¢
tyy ¢ = | Gryy SINY Gy COSY Gy SINY , (4.34)
tzy grz COS ¢ Gz sin ¢ gz~ COS ¢
and
trz Grr sin 7/} —grqy COS ¢ Grz sin 1/} T,
tyz ¢ = | —gry COSY gy siny  —gy, cosY ) . (4.35)
t., gr-siny  —gy,cosy  g.,siny
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The next step is to convert the traction vectors in cylindrical coordinates to Cartesian

coordinates using the transformation,

H,, H,;, H,, cosy —siny 0 tre  try Lrs
H,, Hy,, H,, |=|siny cosyp 0 tye  tyy Ty , (4.36)
H., sz H,, 0 0 1 125 tzy 179

and finally, the matriX7'(v,|r)] in Eq. (4.6) can be formed as

H;r:m Hya: Hza:
H,, H,, H., . (4.37)

T(r -
[ (Tp|fﬂ MT2 sz Hyz sz

4.3 — A Two-Dimensional SH-Wave Example

The simplest case in elastodynamic wave propagation is the two-dimensional SH-
wave problem. It has just one antiplane component and the SH-wave equation is directly
analogous to the scalar acoustic wave equation. The Green’s Function for this problem is
easily expressed in closed form for time harmonic waves of the &t In this particular
case, the displacement Green’s Function matrix has only one element,

i

m (H§2)<kR1) + Héz)(k;RQ)> . (4.38)

[U(7p|7)] = Usz(@p, yplz, y) =
in which p is the shear modulus‘[éz) is the Hankel Function of the second kind and of

zeroth order, and the distancég, and R,, are calculated as

By= /(@ a2+ (wp—9)?

and

Ry = \/(:cp—x)2 oy +y)?

respectively. The traction Green’s Function matrix also has only one element, it can be

computed as
[T<FP|F)] = TZZ (xp7 yp|x7 y) = OzeNg + O zyNy s (439)
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in whichn,, andn,, are the two-dimensional direction cosines of the outward norméil at

and the stresses,

_ oU,, _ ik (2) 0R; (2) O0Ry

Ozyp — MW = Z (Hl (le)% + Hl (k’RQ)E s (440@)
B oU,, ik () 0R, (2) O0Rs

0w = Hp = (Hl (kR,) 5 (kR») ) (4.400)

in which H{z) is the Hankel Function of the second kind and of first order, and the partial

derivatives of the distances can be calculated simply as

OR, z,—=x ORy z,—=x OR1  yp—vy ORy  yp+y

6m Rl ’ aIL’ RQ ’ 8?/ Rl ’ 8y R2

The information above can now be used in Eg. (4.4) and the vector at each node is now
a scalar, as there is only one antiplane component to be considered. The surface integrals
in Eqg. (4.5) and Eq. (4.6) can be reduced to line integrals for a two-dimensional geometry.
The diagonal elementg/;; of Eq. (4.5) andl;; of Eq. (4.6), must be treated with care.
The displacement Green’s Function in Eq. (4.38) hag;aR) singularity as” approaches

7p. The scheme presented in Eq. (4.15) can be applied without difficulty bekay(ge)

is easily integrable analytically. The traction Green’s Function as shown in Eq. (4.39) and
Eqg. (4.40) has d/R singularity and is not integrable even analytically. However, only
the principal value integral is required and the integrand is extremely well-behaved, except
when7’is exactly at,. The limit is taken there and the result is -1/2 for a smooth surface,
which explains why the integral equation in Eq. (4.1) has a factor of 1/2. The other 1/2 was

removed by thd /R singularity of the traction Green’s Function.

Shown in Fig. 4.3 is an SH-wave model of a circular cylindrical foundation. It is the
most basic of all models, but it will be used here to illustrate a fundamental problem which

exists for boundary integral equation formulations. The radius of the cylindeanmsl the
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Figure 43 — A Two-Dimensional Circular Cylindrical Foundation.

results will be presented using the dimensionless frequegey wa /3, in whichw is the

frequency in rad/sec anelis the SH-wave velocity.

Shown in Fig. 4.4 are four plots of the antiplane component of impedance as a function
of the dimensionless frequenay. The four plots represent the models created with the
number of subregiongy, set to 10, 20, 40, and 80. The real part of the impedance is
plotted with a solid line while the imaginary part, divided dy, is plotted with a dashed
line. Physically, the real part is likened to a spring and the imaginary part, after it is divided

by frequency, is likened to a viscous dashpot.

The results for the case wheévi = 10 are totally unstable, but the backbones of the
curves do show some correct trends of the classical solution. The results for the case when
N = 20 are much improved, but the instability is still too great for practical application.
Further improvement can be made by continuing to increase the number of subregions to 40

and then to 80, but no matter how lar§yemight be, there are locations of instability. The
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Figure 4.4 — Antiplane Impedance Function as a Function of Frequency.
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case whenV = 160 is not shown here, but it can be reported that the numerical instability
still exists. The frequencies at which this numerical instabilty occurs are the resonant
frequencies of the interior problem. The determinant of[thematrix in Eq. (4.7) is zero

at those frequencies. Itis puzzling why the frequencies of the interior model appear in the
solution of the exterior model. Many researchers have been frustrated by this phenomenon

for an extended period of time.
4.4 — Clues to Numerical Instability Problem

For the past 30 years, many researchers have recognized the instability problem of the
boundary integral equation formulation. Most recognized that the troubled frequencies are
those of the interior problem with the same scattering surface. In this section, an explanation
will be given based on the Hilbert-Schmidt classical solution for SH-wave scattering. This
method formulates the integral equation solution by expanding the Green’s Function as a
linear combination of orthogonal functions which are specific to the scatterer’s surface. The

actual procedure is similar to the method of separation of variables.

A recap of this method was given in Pao and Mow (1971) for an SH-wave example
in an infinite space. The Green’s Function for an infinite space, somewhat similar to that

expressed in Egn. (4.38), is

s Im(ka)HD (kr) ., r>ro
Gl = — > " cosm( — ) . (4.41)
m=0 Jm(k:T)HT(,%)(k:a) , r<ry

in which «a is the radius of the cylindrical wave scattering surface @nglthe parameter
which describes the surfade As shownin Eqg. (4.41), the Green’s Functions for the interior
problem and the exterior problem are very similar. Only the direction of their normal vectors

differ, one pointing out, the other pointing in.
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Using the same orthogonal function, the incident wave field can be expressed as
=8 Z €mJIm (kr) cosmb , (4.42)

in whichey = 1 ande,,, = 2 for m # 0. Express the solution for the surface traction as a

linear combination of orthogonal functions with unknown coefficigBts in this manner,

) =Y Bpcosnfy . (4.43)

With all the prepared expansions, &% = adf,, and perform the integration over the

surfaces:
. Z 27 oo
u'(rp) = ~1 / Z B, cos nb Z Jm (ka)H'? (kr) cosm(0 — 6y) | adby
n=0 m
= — (ma) ZB Jn (ka)H (kr) cos nf , ronsS
(4.44)
Replacingu’ () by its series approximation, we have the algebraic equation
S Z €mJIm (ka) cosnb = —@ Z By J, (ka)H'® (ka) cosnb : (4.45)

The orthogonality of the eigenfunctions allows each coefficient to be determined uniquely
and independently,
41S e,

By=——2™ (4.46)
ﬂaH,(LQ)(ka)

The simplicity of the last step allows many problems in applied mathematics to be solved
routinely. The terny/,,, is cancelled from both sides of the equation after the inner productis
performed to separate the terms. It is mathematically straightforward to cancel a term from
each side of the equation. Numerically, however, fhefunction goes to zero at certain

frequencies, more specifically, the resonant frequencies of the interior problem. If one of
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the eigenvalues of the left-hand-side maffi¥ becomes zero, the determinan{&f also

becomes zero.
4.4.1 — Application of I'Hospital's Rule

One of the major discoveries in this dissertation is the fact that the matrices of each

side of Eq. (4.7) are Normal Matrices, i.e.,

[ﬂ(iﬂ+p0;(§ﬂ+pggq . (4.47)

This fact has been confirmed numerically. This shouldn’t come as a surprise, though,
because a matrix productis a collection of inner products. The inner product of displacement

and traction forces, regardless of the order in which it is performed, is equivalent to energy.

The most useful property of Normal Matrices is that they share the same eigenvalues
and eigenvectors. Applying this knowledge, numerical schemes can be designed based on
an eigenvalue solution. Since both matrices are frequency dependent, it is not as simple as
the eigenvalue problem for constant matrices. However, it is reasonable to assume that an
eigenvector is changing slowly within a narrow band of frequencies. In fact, the eigenvector
for a circular geometry is not a function of frequency, though it is expected that a more
general geometry would yield frequency dependent eigenvectors. If this assumption is
acceptable, Ieﬁ be the eigenvector of interest, and its product with the matrices would

yield

FUWIo=fw) (4.48)
7 (s + ) d=ow) (4.49)
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and ato, both f(w) andg(w) are zero. If the matrices are available for two other frequencies,
w1 andwsy, one on each side af, then an approximation of the limit can be taken using

I'Hospital’s rule as
g(w2) — g(w1)

= flwa) = f(wr) ’ (4.49)
and the matrix equation in Eq. (4.7) can be repaired by
_ e T\ 1 _ g 7T\ -
([U(w)} + o(c)o >t: (5[1} + [T(w)} + ¢(cq)d ) U , (4.50)

in whichc is an arbitrary constant. The repair factor will change the determingbt(af)]
to a finite non-zero value. Since the same change is made to the right-hand-side, the ratio

for the contribution of that particular eigensolution is correct according to Eq. (4.49).

This method is a proposal for future work in a more vigorous fashion. Most of the
effort of this dissertation was devoted to the development of Application One, the Modified
Ohsaki method. The contribution made in this chapter could provide a way for the boundary

integral equation method to eventually be stabilized.
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Chapter Five

Application Three, a Radiation Boundary

The equation of motion for a three-dimensional elastodynamic problem can be

expressed in terms of horizontal displacementgnd v, and vertical displacementy,

as
0%u 00 Pu  9*u  0%u
0%v 00 0%v  0%*v 0%
9w 00 Pw  Pw  O*w

in which A andp are the Lame’ constants afids the three-dimensional dilation defined as

B ou Ov Ow

=% a7 (5.2)

The Lame’ constants are related to the Young’s moduliysnd the Poisson’s ratio,

g - MBA+2u)

5.3
and
A
— 5.4
T , (5.4)

respectively. The strong coupling between the three equations for the three-dimensional
problem in Egs. (5.1) makes the implementation of a finite difference model extremely

difficult. The impracticality stems from the coupling of the displacement components in
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Figure 51 — A Three-Dimensional Finite Element Model.

the boundary conditions for the tractions because the stresses are defined in this manner,

ou
TT — 2U—— ) .
o A6+ P (5.5a)
Oyy = N0 + QMZ—Z , (5.5b)
ow
ou Ov
Tmy =K (6_3/ + %) 5 (55d)
ov Ow
Tyz = M <$ + 8_y> s (556)
ow Ou
Tow = | <% + a) ; (5.5f)

Therefore, even a simple stress-free boundary condition is difficult to formulate. For most
cases, other than the two-dimensional SH-wave models or acoustic wave problems, it is

much simpler to use a finite element model.
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5.1 — Three-Dimensional Finite Element Formulation

Consider a three-dimensional embedded foundation model in a semi-infinite space as
illustrated in Fig. 5.1. The model is constructed using isoparametric block elements as
described in Appendix G (Zienkiewicz, 1971). The 8-node element stiffness matrix and
element mass matrix have a size2dfx 24, with 3 displacements per node. Using a grid
generator to prepare the global and local node indexing scheme, an undamped time-harmonic

model can be represented by an equation of motion of the form,
(—WQ[M]JF[KD i=f (5.6)

in which [M] is the global mass matrif] is the global stiffness matrix anflis the nodal
force vector. The simplicity of the finite element formulation is obvious as a stress-free
boundary at the spherical cavity can be implemented by merely setting the nodal forces at

the free boundary nodes to zero, as shown in Fig. 5.1.

Subset A Subset I  Subset S

Subset £

Figure 5.2 — Nodal Definition for Radiation Boundary.
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For most applications, the nodal numbering scheme is optimized in order to minimize

the bandwidth of K]. To implement the radiation boundary, however, it is better to number

the nodes by subsets. Start with subBdbr the exterior nodes, subsdtfor the artificial

boundaries nodes, subsefor an additional layer of nodes for the purpose of calculating

stresses and tractions, and sulddet all other interior nodes of the model. The organization

of the nodes is shown in Fig. 5.2.

Eq. (5.6) can be rewritten in the form,

(Zja=f

(5.7)

inwhich[Z] is a complex, frequency-dependent impedance matrix which includes stiffness,

damping, and inertial effects of the soil medium. The forcing functifincan be used

to simulate internal forces or to set boundary conditions. For incident wave scattering

problems, the force vector can be set opposite to the incident wave stresses to create a stress-

free boundary. For the latter case, the solution of Eq. (5.7) would then be the scattered wave

field. The sum of the incident wave field and the scattered wave field would constitute the

total solution.

According to the pre-assigned nodal order, Eq. (5.7) can be partitioned as follows:

[ [ZEE]
[ZaE]

[0]

L [0]

[ZEA]
[Za4]
[Zs4]

[0]

[0]
[Zas]
[Zss]

[Z1s]

[0] 7
[0]

[Zs1]

(Zr1]

- — -

0
0

0

L F

in which F7 is the forcing function applied to the interior portion of the model. Itis assumed

that no forces are applied at the artificial boundaries, or exterior to them.
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5.2 — Creation of a Radiation Boundary

Each node in the finite element model is coupled to adjacent nodes through the stiffness
matrix and sometimes through the consistent mass matrix or damping matrix. For example,
one node in subset is related to nodes from ubseis A, andS. Other interior nodes have
similar surrounding nodes. The nodes in suldlsghowever, have missing adjacent nodes
which would allow propagation of outgoing waves to the far-field. To remove the problems
caused by the truncation of a model by an artificial boundary, it is proposed to calculate the
displacementiig, as defined in Eq. (2.25), using the Green'’s functions of a semi-infinite

medium and a representation theorem in the form,
i) = [ ([vGelnitn) - [T@ein]a@) as . 69)
S

in which i(7,) and £(7,) are the displacement and traction vectors at the artificial
boundaries. The integration is to be performed over a radiating bounglaayd in this
case, the artificial boundaries. The Green’s Function matrficésy |4 )] and[T (7|7 4)],
contain the displacement and traction values, respectively, at obsénganerated by a
point source located atz. Eq. (5.9) was derived based on the Betti-Rayleigh reciprocal
theorem; it allows the displacement at a node in subsetbe computed by integrating the
effects of the displacement and traction values at a radiative su§abased on Huygen’s
Principle. The detailed derivation of Eq. (5.9) is given in Appendix A. The above formulation
allows the displacementgg, to be calculated without nodes exterior to model. This allows

the waves to propagate outward, based on the motion of the interior nodes.

To calculate the traction at a given location, an outward normal to the exterior medium
is defined as a unit vector toward the interior nodes from the artificial boundary. The reason

for this convention is that for the outgoing waves, the exterior medium is the propagating
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medium, the finite element model of interest is actually outside of the propagating medium.

The relationship between the traction vectognd the stress tensor is

t=|ty| = |0oyx Oyy 0y Ny , (5.10)
tZ O-Zx O-Zy o-ZZ nZ

in whichn,, n,, andn are the direction cosines for the outer normal veetpr,For three-
dimensional problems, Eq. (5.9) is quite tedious, it has mow and z components. The
derivation of the Green’s Function matrix of a semi-infinite medium for point loads in three
directions was given by Luco and Apsel (1979). In this particular case, the displacement

Green’s Function matrix is

Ui (Tglra) Uiwa(Te|ra) Uis(Fe|ra)
U(Te|Ta)] = | Ua1(Fe|7a) Use(Fr|Fa) Uss(Fe|ra) ) (5.11)
Us1(Fe|Ta) Use(Te|Ta) Uss(Tg|ra)
and the traction Green'’s Function matrix is
T11(Fe|Ta) Ti2(Fe|Fa) Tis3(Fe|iFa)
[T (Fe|Ta)] = | To1(Fe|Ta) Toee(Fr|Fa) Tos(Fg|Fa) , (5.12)
T31(Fp|Ta) Tsa(Fe|Fa) Ts3(FE|ifa)
in which the matrix elementq};;, can be calculated as
_Tll 1 -Uxxx nyx Uwzx Ny
Tio | = | Oyax  Oyyx  OTyzx Ny , (5.13)
| T13 | L Ozxx Uzyx Ozzx Ny
_T21 ] _way nyy Oxzy Ny
Toe | = Oyzy Oyyy Oyzy Ny ) (5'14)
| T23 ] L Ozxy Uzyy Ozzy n;
and
T31 Ozzy Umyz Oxzy Ny
Tso | = | Oyay Oyyy Oyzy Ny . (5.15)
| T33 | L Ozxy Ozyz Ozz, n

In Eq. (5.13) through (5.15),, n, andn are the direction cosines of the outer normal
vector of the boundary surface at the point of integration and the stress matrices are those

generated by forces in th€, Y, andZ directions, respectively.
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For numerical calculation, approximate the integrals in Eq. (5.9) by numerical

guadratures of the form,
[ £E0a s = 3 wir@)at) (5.16)
J

in whichw; are weighting factors for integration angicontains the sample points selected

for numerical integration. For most applications in this chapter, an equally spaced two-
dimensional Trapezoidal Rule is sufficiently accurate for rectangular artificial boundaries.
For a cubical model, there are six, two-dimensional surfaces. The values of the weights are
w; = h?/4 at the corner of a rectangular integration surfateandw; = h?/2 at the edges
andw; = h? for all interior points of the rectangular area. The valugé @fthe grid spacing

in the direction of integration, assumed to be the same in both lateral directions, without

any loss of generality.

With this discretization scheme in place, the right hand side of Eq. (5.9) can be written
as matrix products:

iip=—[T)ia+[Ulta (5.17)

in which the matrice§l'] and[U] are generally not square in dimension because the number

of nodes in subset is usually not equal to that of subsét

The vectori 4 in Eq. (5.17) is one of the unknown vectors in matrix equation Eq. (5.8),
therefore, the first term on the right hand side of Eq. (5.17) can be simply implemented by
substitution. The traction vecton, on the other hand, has to be computed from the stress

distributions with the formula

B tm Oz (FA) Oxy (FA) Oz (FA) Ny
tra) = |ty | = | ouy(Ta) oyy(Ta) oy=(7a) Ny ) (5.18)
tz Oxz (FA) Oyz (FA> O-ZZ(_)A) n;
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and that requires the stresses at the nodes in subseid the direction cosines of the

boundary at the same corresponding locatiens,

To obtain a second order approximation for the stresses, similar to that provided by
the Central Difference Formula in Chapter 3, it is proposed to use the values of the average
stresses of the eight surrounding block elements. The concept of a stress average was
explained in Chapter 4 by Eq. (4.18). For an isoparametric block element, the stresses can

be calculated as

7= (T’Iy = [D|[L][N]a (5.19)
in which
. EQ-v)
D] = (1+v)(1—2v)
[ 1 (1-v) (1-v) 0 0 0 -
=7 1 =) 0 0 0 .
v Y 1 0 0 0 :
1-v) (1-v)
0 0 0 (1 - 2v) 0 0 ’
2(1 —v)
0 0 0 0 (1 - 2v)
2(1 —v)
(1-2v)
0 0 0 0 0 2.
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1
Q
]

9 0 0
0
0 5’_y 0
0
[L]_ 0 0 EP
= : (5.21)
9 9
oy Ox
o 0
0 0
172: 0 8zl
V] = [N (N2 ING] (NG [N ING] [N [N (5.22)
Ni(z,y,2) 0 0
[N;] = 0 Ni(x,y,2) 0 , (5.23)

and the shape functions, as defined in Appendix G in terms of the natural coordiaatds

n, are

N6 Q) = S+ EOM+mn)(1 +GO) (5.24)

The range of the natural coordinates is defined-as,< ¢ < 1, -1 < n < 1 and
—1 < ¢ < 1. In matrix form, the traction vectdr, can be represented in termsitf, @ 4
andug as

ta = [Dplip + [Dalia + [Dslids (5.25)

in which the matrices[Dg]|, [D4] and [Dg] contain weighting factors that include the
derivative computation, geometrical information, and material constants of the elements

near the artificial boundary.

Substitution of Eqg. (5.25) into Eq. (5.17) yields a new expressiom for

ip = —[T|da+[U]([Delug + [Dalua + [Dslis) : (5.26)
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It is clear thatir appears on both sides of Eq. (5.26). The expression can be written in

explicit form by introducing
Vel =[] - [U][De] (5.27)

iy is expressed explicitly as
ip = [Ve] " (—[T] + [U][Da]) @a + [Ve] U] [Dslds (5.28)

The complex matrix equation for a finite element model, equipped with a radiation boundary

with the unknown variabl@z eliminated, now has a new left hand side given by

(Zaa+ ZapVg (=T +UDA)] [Zas+ ZagV5'UDs] [0] @A 0
[Zs4] [Zss] Zsi] | |is | =10
[0] [Z1s] [Z11] Uy Fy

(5.29)

The above equation is ready for application to three-dimensional models in a semi-infinite

medium. Only the boundary conditions pertinent to the model need to be implemented.

5.3 — A Modal Solution

The formulation of the previous section requires a great deal of coding to create a finite
element model with an exact radiation boundary. With many outstanding finite element
programs available on the market, it is preferable to take advantage of these to obtain the

necessary solution components instead of duplicating what has already been done.

In this section, a new formulation which makes use of extractable information from
commercially available software will be implemented. Without any loss of generality, the
scheme was tested using the SAP2000 program. All components necessary for the radiation

boundary implementation were obtained successfully and straighforwardly. Some technical
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tricks were developed to extract key information which is usually eliminated during the
matrix formation process. For example, all the degrees of freedom of the constraint nodes
are automatically eliminated. That information is vital for the formulation of a radiation
boundary. The information for these constraint degrees of freedom was extracted using the

scheme described in Section 5.2.1.

Subsetd Subset/

SubsetF

Figure 5.3 — Simplified Modal Analysis Model.

Consider the simpler model as shown in Fig. 5.3. As compared to the earlier model
in Fig. 5.2, the nodal points in subsgtare eliminated and the stresses will be calculated

using modal stress information provided by the finite element program.

Numbering the nodes in the sequence, subset, and ther/, the equation of motion

can be written in a partition matrix form:

Zpel [Zeal [0] 7 [UE 0
(Zag] [Zaa] [Zai is| =10 , (5.30)

[0] (Z14]  [Z11] Uy Fy
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The submatricel?] include all the effects of the mass, damping, and stiffness of the interior
model. The submatrices in Eg. (5.30) are not easy to extract from a standard finite element
software program. As restraints are placed on a certain node, the corresponding degrees
of freedom are condensed out during the matrix assembly process. More specifically, the
outer part of the model would be fixed or partially restrained so that the subma#icgs

[Zgal = [ZAE]T are eliminated. A simple scheme based on Richardson Extrapolation will

be introduced later to recover these submatrices.

Condense Eq. (5.30) so that the contributiom if is moved to the right side of the

equation. Eq. (5.30) can then be re-written in this form:

(Zaa]l [Zar)| |Ua —[ZaE)iE
— ) . (5.31)
(Zra)  [Zr] ] | dr Fr

The matrix on the left side of the above equation is the same as that of a model which has all
the nodes in subsét fixed. Now perform a modal analysis of this fixed boundary model and
generate a sufficient number of modal frequencies and mode shapes for later application.
The matrix on the left side of Eq. (5.31) can be optimized for a small bandwidth by the finite
element program. Renumbering of the results will therefore be necessary in the later stages.
Define the modal matri{®| as a matrix which contains the mode shapes as columns so
that the displacements at the artificial boundaryand in the interior of the model, can
be expressed as linear combinations of the mode shapes:
[gﬂ =[®f (5.32)

in which 77 contains the modal ordinates. The properties of the modal méhiixare such
that

[Maa]  [0O]

[¢]" @] =1[1] (5.33)
(0] [Mp]
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and

[Kaal [Kar]
)"

[Kra]  [Mi]
Substituting Eq. (5.32) into Eq. (5.31) and premultiplying the equatiofdiy yields the

] [®] = [diag(w?)] . (5.34)

following equation,

[Kaal  [Kail ~[ZagluE
[@]" [@)77 = [D(w)]i7 = [®]" B : (5.35)
[K1a]  [Mii] Fy
in which the dynamic matriX,D(w)] is defined as
[D(w)] = [diag—w” + w} + 2iww;(;)] . (5.36)

In the above equationy; contains the modal frequencies of the fixed boundary model. The
submatrix,[Z 4], on the right side of Eq. (5.35), can be simplified by assuming that the
material damping between nodes in subgetnd A is negligible. Also, recognizing that
SAP2000 uses a lumped mass model, we ohjtding] = [K 4g], with the latter matrix

being the stiffness matrix between nodes of those two subsets. The displacement vector,
g, IS the missing displacement that a finite element model cannot produce. This vector
is to be calculated using the reciprocal theorem, as stated in Eq. (5.17), with the Green’s

Functions of a semi-infinite medium.

Let [® 4] contain the mode shape ordinates at the selected nodes of sub3dte
displacement vectof; 4, can then be expressed|ds;|i7. Define[®s] as the mode shape
ordinates at the selected nodes surrounding sudseThis will provide enough stress
information for the calculation of the traction vectat, through a matrixN], ast =
[N][®s]77. Substitution of these two new definitions into Eq. (5.17) yields the vegtdn

terms of the modal ordinates:

up = (=[T][®a] + [Ul[N][®s]) 77 - (5.37)
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The right side of Eq. (5.35) can now be separated:

—[ZagliE 0
[@]" _ =[@]" | | —[®a]"[Kag] (=[T][®4] + [U][N][®s]) 77
Fy Fy

Gathering the term related fpto the left side, Eq. (5.35) now has the form

0
[R]77 = [®]" [ } ] : (5.38)
Fr
in which
[R] = [D(w)] + [®a]" [Kagp] (~[T][®4] + [U][N][®s]) . (5.39)

The formulation of[R], being a full, complex matrix, guarantees that resonant behavior
of the interior medium will not occur as radiation damping terms are added to the interior
medium’s dynamic matriX,D(w)]. The size of matriR] is equal to the number of modes
used, therefore, it is not unreasonably large. Furthermore, the formation of the mode shape
matrices is performed just once and calculation over the frequency domain should not require

a great computational effort.

The application of the above method to soil-structure interaction is based on the
type of forces used i, and the displacement produced . Many other interesting
boundary value problems can be solved when complications from the artificial boundary

are eliminated.
5.3.1 — Richardson Extrapolation for the Missing Submatrix

One important entry in the matr] in Eq. (5.39) is the submatri¥{ 4 z|. In a modal
analysis model, the nodes in subgetare fixed, therefore,K 4| will not be present in

the output information. To extract this important submatrix, the nodes in sibseist be
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Figure 54 — A Partially Restrainted Finite Element Model.

free. To ensure the stability of the model, several springs with arbitrary values afe
attached at various points of the model, as shown in Fig. 5.4. SAP2000 and many other finite
element programs have this capability. For the proposed algorithm, the vadues afot
necessarily small, but the stiffness matrix must be formed twice, once with the spring value
of ak and the second time with the spring valuaf. Define the resulting stiffness matrix

for the first case to b&K («)] and for the second case to € (2«)]. Then Richardson

Extrapolation will generate the matrix without the attached spriffg$0):

[K(0)] = 2[K(a)] = [K(20)] (5.40)

The above formula will efficiently generate the required maftfix,z|. At the locations
where there are no springs attached, the stiffness matrix element is calculated as—

k. At the special locations where springs are attached, the stiffness matrix elements are
calculated ag(k + aks) — (k+2aks) = k, in whichk, is the arbitrary value of the spring.

This algorithm for obtainingK 4 p] completes the extraction of required information for a

finite element analysis with an exact radiation boundary.
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Chapter Six

Conclusion

Three applications of the Reciprocal Theorem for three-dimensional soil-structure
interaction analysis of rigid, embedded foundations have been presented. The major
requirement for all three applications is that the problem must be linear, otherwise, the

principle of superposition cannot be applied.

Method One, a volume approach, is a modification of a method introduced by Ohsaki
for static results. It uses the body forces within the volume of the foundation to satisfy
the displacement compatibility conditions. This method has the advantage of requiring
only the displacement Green’s Functions, and therefore, less computer code development.
It has proven to be the most viable method, of the three studied, for routine engineering

applications.

Method One generates stable results and (a) can analyze arbitrarily shaped foundations,
(b) is able to handle layered viscoelastic media, (c) can analyze the response of a massless
foundation to all types of incident waves for three translations and three rotations, and (d)
has the potential to analyze multiple foundation configurations using an iterative algorithm

without severely increasing computer memory requirements.

The drawback to Method One, the Modified Ohsaki Method, is that it is a volume
formulation, therefore, it will require significant computational effort if the foundation
is deeply embedded. Future improvement of this method should include non-cubical
subregions (only cubical elements were used in this dissertation) to allow for more flexibility
when modeling an oddly shaped foundation. Another consideration is that the stress

concentration occurs near the rigid foundation’s surface. A scheme could be implemented
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using smaller subregions near the surface and larger subregions within the interior of
the foundation, thereby significantly reducing the number of degrees of freedom for the
foundation. Over 70% of the computation time is devoted to the solution of complex,
simultaneous equations. Computer time can be greatly diminished by reducing the number

of subregions.

Through the use of the Boundary Integral Equation created by the reciprocal
relationship, Method Two was formulated using integrals over only the surface of the
embedded foundation model. Therefore, the spatial dimension of the numerical method is
reduced by one compared to Method One. This is a very attractive approach, as a significant
reduction of unknowns can be achieved for detailed models. The main problem with this
approach, as indicated by many researchers, is that the resonant frequencies of the interior
portion of the foundation volume affect the numerical solution of the exterior problem. A
simple explanation was given in Chapter Four, based on a two-dimensional Hilbert-Schmidt
solution, for why the interior frequencies are involved in an exterior formulation. An
algorithm to combat the instability was developed by recognizing that the surface integrals
of tractions and displacements, written in matrix form, are normal matrices. As a byproduct
of this discovery, it is easy to prove that both matrices share the same eigenvalues and
eigenvectors. A scheme was suggested in Chapter Four that substitutes the division of two
small numbers by a ratio of slopes, an application of I'Hospital’s Rule for the eigenvalue

under consideration.

From a practical perspective, Method Two was not explored as an alternative for
routine engineering applications in this dissertation. Instead, as an academic contribution,
some recommendations were made for improving its stability. As mentioned previously,

only surface integrals are required, leading to a computational reduction. This advantage
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over Method One, however, is lessened because Method Two requires both traction and

displacement Green’s Function matrices and is more mathematically difficult.

The third application of the Reciprocal Theorem uses the same integral representation
as the Boundary Integral Equation Method except the displacement is calculated at points
away from the surface of the wave scatterer. Additionally, the surface for this formulation
is not the foundation model’s surface, but rather, a surface which encloses the soil medium
model around the foundation site. The wave motion inside this surface is modelled by a
discrete method such as the Finite Element method, and the integral representation, based
on the Reciprocal Theorem, is used to radiate the outgoing waves into the surrounding semi-
infinite medium. Chien (2007) had some success using this approach for the simpler SH
wave problems and for scattering problems in an infinite medium. The present application
is designed for a three-dimensional, semi-infinite medium with more difficult Green’s

Functions, not expressible in closed form.

To tap into the capabilities of existing Finite Element programs, a scheme was
developed using the concepts of Richardson Extrapolation to extract pertinent matrix
information for the implementation of Method Three. It has been shown that the normal
modes and their accompanying mode frequencies, modal displacements, and modal stresses
can be routinely generated as output. The extraction of the stiffness matrix for the nodes
at the artificial boundary, however is not simple because those degrees of freedom are
eliminated during the assembly process as restraints are placed on those nodes to satisfy the
boundary conditions. It was proposed that an adequate number of springs be attached to
an otherwise unrestrained structural model and to then output the corresponding stiffness
matrix. Then repeat the process by doubling the value of the springs and output this second
stiffness matrix. Using these two matrices, an extrapolation can be made from double-

valued springs to single-valued springs to a spring-free model. After this simple process,
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the influence of the springs is totally removed. This algorithm is applicable regardless of

the values used for the springs.

In conclusion, the three applications of the Reciprocal Theorem have resulted in (a)
the development of a practical method for calculating impedance functions and driving
forces needed for a soil-structure interaction analysis, (b) the recommendation of a scheme
to improve the stability of the Boundary Integral Method, and (c) a method to extract
information from commercially available finite element programs for the implementation

of an exact radiation boundary. All three methods provide a basis for future development.
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Appendix A
USGS Damage Report of
the Olive View Hospital Building

This is an excerpt from the 1996 USGS damage assessment report for the 1994
Northridge Earthquake. The information provided is relevant to the material presented
in this thesis. The following paragraphs review the design and construction of the Olive
View Hospital as well as the damage it sustained in the 1994 Northridge Earthquake. The
values of the peak displacements and accelerations are given, together with an explanation

for the damage that was done.
Olive View Hospital (OVH) Damage Report

The OVH building was designed in 1976 to withstand increased levels of seismic forces
based on the disastrous fate of its predecessor. The structural system for resisting lateral
forces is a mixed design of concrete and steel shear walls. The foundation consists of spread
footings and concrete slab-on-grade for the ground floor. The ground floor and second floor
are typically built of concrete shear walls 25 centimeters thick that extend along several
column lines. At the third level, the plan of the building changes to a cross shape, making

a 4-story tower with steel shear walls surrounding the perimeter.

USGS engineers examined the building performance by using data from both the
Northridge and Whittier Narrows earthquakes for comparisons. The building was designed
for two levels of performance. The first level, 0.52g, represented accelerations at which the
building would not be badly damaged. The second level, 0.69¢g, represented accelerations
at which the building would survive, perhaps with major damage but without catastrophic

failure.
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Data from sensors in the OVH building show that the building escaped the impact of
long-period (>1 second) pulses generated by the Northridge quake. The OVH records
indicated that very large peak accelerations at the ground level (0.91g) and the roof
level (2.31g) were accommodated by the building without structural damage. Analyses
of the data indicate that the structure was in resonance at frequencies between 2.5 and
3.3 hertz. These frequencies are also within the site-response frequencies of 2-3 hertz,
calculated from examining the geological materials upon which the structure was built.
The effective structural frequencies derived from the Northridge and Whittier earthquakes
data are different and exhibit variations attributable to nonlinear effects. One effect is soil-
structure interaction which was seen to be more pronounced during the Northridge event.
The building possibly experienced rocking at 2.5 hertz in the north-south direction during
that event, and there is the possibility that radiation damping (wherein the building dissipates
energy into the surrounding soil) contributed to reducing that response. Damping ratios
for the building were 10%-15% (north-south) and 5%-10% (east-west) for the Northridge
effects, and 1%-4% (north-south) and 5%-8% (east west) for the Whittier effects. These
nonlinear effects that tended to reduce the shaking of the building during large ground
motions are consistent with the different damping ratios observed during the Northridge and
Whittier Narrows events. There was also nonlinear behavior due to minor structural damage
during the Northridge earthquake. It is also likely that the cruciform wings responded with

a different frequency than that of the overall building.

The Olive View Hospital building was conceived and designed as a very strong and
stiff structure, particularly in response to the disastrous performance of the original OVH
building during the 1971 San Fernando earthquake. However, the resulting design placed
the fundamental frequency of the building within the frequency range of the site (2-3 hertz),

thereby producing conditions for resonance. This case study indicates that determining the
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site frequencies needs to be emphasized in developing design response spectra. Despite the
site resonances, the performance of the OVH building was considered to be a great success
during the Northridge event. The hospital sustained no structural damage under very strong

shaking (greater than 2g) at the roof level.
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Appendix B

Example of the Reciprocal Theorem

The reciprocal theorem is based on a physical principle of work-energy, it is therefore

not a mathematical principle. It may be difficult to grasp how it works, therefore a simple

example will be shown here to verify, numerically at least, that it does indeed hold true. The

solution of the elastic wave equation in an infinite space will be used as the basis for the

verification. Shown in later sections in this appendix will be the formulas for displacements

generated by point loads iy y andz directions.

Let the two locations be representediby- (z,y, z) coordinates as

2 1
=1 2 and o= |7
0.5 4

1 0
P=1-3 and Py, = 5
-3 4

The resulting displacement vector at the opposite location are computed as

0.0396 + 0.0052i —0.0114 — 0.0008i
iy (7)) = | —0.1734 — 0.0192i and @ (7)) = | 0.1178 +0.0204i
0.1324 — 0.0164i —0.0090 — 0.01054

The two set of inner products are the same as shown by
Plii (7)) = —0.33768 — 0.0303674 ,

and

Pl iy (7) = —0.33768 — 0.030367i
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B.1 Displacements and Stresses Generated by a Vertical Point Load

Shown in Fig. B.1 is a concentrated logdin the positivez-direction. The solution
of the three-dimensional wave equation can be written in terms of two potential functions

¢ andy as shown in Lamb’s paper (1904) as

_ —Q o e—ihr
¢= 477]{:2#&( T )’ (B.1)
—ikr
X= 4722;4 (6 r )’ (B-2)

inwhichr = /22 +y2 + 22,2 =2, — x5,y = Yo — ys aNdz = 2y — z, are the relative
position of the observation point with respect to the source point im,th@ndz-directions,

respectively.

Qz

Figure B.1 — Vertical) ; Point Force Configuration.
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The argument ofy, hr = wr/a, is a dimensionless frequency normalized by the
compressional wave velocity, implying thate is a potential for compressional waveg.
on the other hand, is the shear wave potential because wr /g is normalized by the
shear wave velocityy. The exponential function with a negative argument is used in this
derivation because it represents an outgoing wave as oo when associated with the

harmonic time factoe’?.

For a unit applied load) in the vertical(Z) direction, let the amplitud® = 1. Also,

define for convenience the parameters

en = (6_;}”), (B.4)

and

£y = (e_:) (B.5)

so that equations (B.1) and (B.2) can be written as
Oe
¢ = —'ma—h and X = VkEk
z

B.1.1 — Displacements
Using the potential® andy, the displacements for a vertical load in they, andz-
directions, respectively, can be expressed as,

19J0) 0%y
or + 0x0z

U3
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82
- w{gg o))

¢ 0?2 X
U. _ B.
32 oy + 0y0z (B.7)

82
= Tk [81;82 (&?k - €h)}

and
¢ 82X 2
033 = _32 + —522 +k X (BS)
62 2
= Yk |:_§Z2(€k —€h) +k 5k:|

in which, the derivatives of, are represented by

0%, xz[3 /1 1 .
_ . k| — ]{52 —ikr B.9
oxrdz r3 |r (r t ) | © ’ (B.9a)

0 yz [3 /1 N
e e B.
oyo= 13 |7 (r —Hk) k | e " (B.9b)
and
0% 1 [(322—7r%) /1 ikr
W; =3 {% (; —|—’Lk’) — /{:222} etk (B.9¢)

The derivatives ot;, are in the same form except the subscript and variatdhould be

replaced byh.
B.2 Displacements and Stresses Generated by a Point Load in tBé&-Direction

Shown in Fig. B.2 is an illustration of the horizontal point load inthdirection using

the(z, y, z) coordinate system. Also in the same figure is(thley’, ') coordinate system.
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The (2/,y/, 2') system is rotated from ther, y, z) system by90° about they-axis. The

orthogonal transformation between these systems can be expressed as

(Q(zyz +— 2'y'2")] =

O = O
_ o O
O O =

To obtain the results for the horizontal point lo@d, two steps are required:

Y

Qx

/

x, 2z’ Y, T

Figure B.2 — Horizontad) x Point Force Configuration.

(1) Calculate the displacements and stresses ifuthg’, z’) system using the expressions

presented in Section B.1. This is done becalseis in thez’-direction, formerly the

vertical direction. The values for the prime coordinates can be obtained from the

position vector of the present configuration as

x x 0 1 0 |=x Yy
y 1= |y|=1]00 1||y|=]2
2! z 1 00 z T
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(2) Use the calculated displacements in the ¢/, ") system and transform them to the

(x,y, z) system using

Ug Uy’ 0 0 1 Uy Uy
uy | =[Q] [uy | =11 0 0] |uy | = | ug
U, Uy 0 1 0 Uy Uy

B.2.1 — Displacements

If the displacements in Section B.1 can be written in functional form as

U31 ('CC/7 yla Z/)
Usa (56’7 y’, Z’)
Uss(z',y', 2")

then the displacements caused by a horizontal point load in-tfieection can be written

U11<1';y7z) U33(y7zax)
U12<$7 Y, Z) = U31 (y7 Z, I) (B]'O)
U13('Tay7z) U32<y727$)

in which the coordinates, y andz are the only parameters displayed because the material

properties of the viscoelastic medium remain unchanged.
B.3 Displacements and Stresses Generated by a Point Load in theDirection

Shown in Fig. B.3 is an illustration of the horizontal point load in #héirection using
the(z, y, z) coordinate system. Also in the same figure is(thley’, z’) coordinate system.
The (2/,y', 2') system is rotated from ther, y, z) system by90° about thex-axis. The

orthogonal transformation between these systems can be expressed as

[Q(zyz +— 2'y'2")] =

_ o O
o O
S = O
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Qy

/

x,y’ Y,z
Figure B.3 — Horizontal)y Point Force Configuration.

To obtain the results for the horizontal point lo@g, the same type of procedures as
those used in Section B.2 can be applied. First calculate the displacements and stresses in the
('), 2) system using the expressions presented in Section B.1. This is done b@sause
is in the 2’-direction, formerly the vertical direction. The values for the prime coordinates

can be obtained from the position vector of the present configuration as

x x 0 0 1 x z
y | = [Q]T yl=11 0 0 yl|=|=z
2! z 0 1 0 z Yy

Next use the calculated displacements in(they’, z’) system and transform them to the

(z,y, z) System using

Uy Uy 0 1 0 Uy Uy
uy | =[Q) [uy | =10 0 1| |uy | = | ux
U Uyt 1 0 0 Uy Uy
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B.3.1 — Displacements

In terms of the displacements in Section B.1, the displacements caused by a horizontal

point load in they-direction can be written as

U21<x7yvz) U32(vaay)
U22(ajay72) = U33<27xay) (B]'l)
UQB(SU;Z/,Z’) U31<Z,.’L‘,y)
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Appendix C
Volume Integrals of Static Singularities

The Green’s Functions for all three-dimensional configurations have the same type
of singularities, regardless if the problem is dynamic or static, full space or semi-infinite
space. This appendix will provide the exact integrals for the static full-space Green’s
Functions (Love, 1906) over a rectangular volume. These integrals will be used to remove

the singularities from numerical integration in Chapter 3.

For an isotropic infinite solid, the displacements caused by a verticalfodave,

1906) are
Ug 0 2~ 2 (x —x0)/7
[uy] :8% ((1+72) 0 +(1—72)¥ {(Z/yo)/"ﬁ]) . (C1)
u, K P/r (z —20)/r

Similarly, the displacements caused by a point load intuirection are

Uy P/r P (x — o) /7
uy | = o () | 0 [+a-ATEZR G e ) o)
Uz T 0 " (Z—Zo)/T

and the displacements caused by a point load injttigection are

Ug 0 _ (z — o)/
] F ERCE L= D s i B I
us] 0 S RCEEY

To account for all types of singularities, the integration of functions of the type:,
(@ —20)?/7%, (y — 90)* /7%, (2 — 20)?/r°, (x — @) (y — y0)/1°, (¥ — w0)(2 — 20)/7°

and (y — yo)(z — 20)/r3, in whichr = \/(ac —20)2+ (y — y0)? + (2 — 20)2, will be

performed.
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Volume Integrals of singularities

Consider firstthe volume integral ©f r, designated, in Chapter 3. The more difficult

Sy = / / dxdydz , (C.4)
—aJ—a —a\/$—$0 y yO) +(Z_Z0)2

can be simplified using a change of variables:

form

X1 =—a—x ; Xo=a—1xg ;
Yi=—-a—-yo ; Yo=a—yo ;
Zy=—a—z ; Zo =a— 2 ;

Eq. (C.3) can then be expressed as

22 > dxdyd
si=[ Ve (C5)
7z Jvi Ixy A x? Fy? 4 22
a more manageable form. The analytical integral obtained by Mathematica generated 48

terms, but by defining the functions,

2
q1(d,6, ):_f_tan_l de s (06)
2 f d2+62—|—f2
fo/d* +e* + f3
d,e, f1, =del , Cc7
q2(d, e, f1, f2) € ng1 d2+€2+f12 ( )

Sy can be expressed as

2 2 2
= SN ST (Y, Z, Xo) + a1 (Xay 20, Y) + (X0, Y, Z)]

i=1 j=1k=1
2 2
+ ZZ H_] q2 XZ?Y%ZLZZ) +q2(Y:b7Zj’X1’X2) +q2<Xi’Zj’Y171/é)]

=1 j=1

(C.8)

Continuing as before, the integréll ., has a similar form:

S Y g
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and its solution can be expressed as

2 2 2
=D D (0T (Y, Zk, Xa) + (X, Z0, V) — (X6, Y5, Z)]

i=1 j=1k=1

2 2
ZZ Z+J Xza}/}azl7z2)
- (C.10)

Using transformation matrices, other integrals can be obtained by rearranging the

independent variables as

Sea(2,y,2) = S22(2,2,y) , (C.11)

Syy(z,y,2) = 5..(y, 2, ) ) (C.12)

The off-diagonal terms have a simpler form,

se= [ [ [ e et ey
—aJ—at=a [(x —20)? + (y — y0)? + (2 — 20)?]

with an algebraic solution of the form

i=1 j=1 k=1 ) (C.14)

Similarly,
5 - / / / (v = yo)(z — z0)dw dy d2 o (C.15)
—aJ—aJ=a [(z —20)® + (y — y0)? + (2 — 20)?]
5 / / / x—:co)(y Yo)dz dy dz o (C.16)
—aJ—aJ—a x—xo (y—yo) +(Z_ZO)}
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have solutions of the form,

and

1
acy:_§z

2 2
yzz_%zzz H—J-l—k( \/X2+Y2—|—22

i=1j=1k=1 , (C.17)
+ (Y7 + Z3) log(X; + \/X,? +Y?+ Z,%)

2 2 2
S (577 7

1 k=1 : (C.18)
+ (XZ +Y?)log(Zy, + \/XQ + Y7+ 22)

=17

J
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Appendix D

Wave Motion in a Semi-Infinite Medium

D.1 — Two-Dimensional Plane-Strain Problem

A general three-dimensional wave field can be represented by the superpostion of plane
waves, therefore, it is a useful exercise to prepare an expression for several fundamental

waves.

The displacements in elastic wave propagation can be expressed in terms of derivatives
of two potential functionsg andzﬁ. The compressional wave potential,is a scalar but
the shear wave potentiaf, is a vector. For the two-dimensional plane strain wave problem
under consideration, the-component of the vector)., is used and will be denoted as
the scalar symbol) herein. The in-plane horizontal displacement,and the vertical

displacementy, can be written as (Ewing et al, 1957),

dp Oy
s T 1
u= o + a9y , (D.1a)
and
09 O
respectively. Defining the LaPlacian operator in two dimensions as
0? 0?
2 _
Ve = 52 + 317 , (D.2)
the two-dimensional stresses are then
0%¢ 0%
e = AV2h + 2 2 D.
. AVZp + u8x2+ u(‘?xay (D.3a)
0% 0%
— 21)V2h — 21—~ + 2
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826 824

_ 2 _
Tyy = AV 0+ 21 952 2“83:83; (D.3b)
0%¢ 0%
= 20)V2p — 2u—"o — 2
and
0%¢ 0% 0%
Tey = Tyz = 2/1/8.’138!7; + :u’ayg - :uaxQ (D3C>

D.2 — Incident P-Wave Solution

Let ¢° be the incident P-wave potential functiasf, be the reflected P-wave potential
function andy"be the reflected SV-wave potential function. An additional shear wave
reflection, represented hy", is also necessary to satisfy both normal and shear stress

boundary conditions at the free surface as shown in Fig. D.1.

T
e e/

Figure D.1 — Incident and reflected P-wave.
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Define the potentials as

¢i _ Ae—ih(mcose—ysine) , (D4CL)
ng _ Befih(m cos e+ysine) 7 (D4b)
wr _ Ce—ik(:c cos f+ysin f) : (D4C>

with h = w/a andk = w/3 defined as the wave numbers. The second partial derivatives

of the potential functions can be written in the form

% — (—ihcose)?¢’ , (D.5a)
8;;; = (—ihcose)?p" ) (D.5b)
8;;#; = (—ikcos f)?y" , (D.5¢)
%ny = (ihsine)?¢’ (D.5d)
%2;527" = (—ihsine)?¢" , (D.5e)
2,7

= (ks (D))
g;g; = (—ihcose)(ihsine)o’ , (D.5g)
%" , - ,

920y = (—ihcose)(—ihsine)¢ , (D.5h)
O*y" , - , ,
920y = (—ik cos f)(—iksin f)y : (D.5i)

Now apply the boundary conditions,,|,—o = 0 andr,,|,—o = 0. The first boundary

condition yields,

Tyyly=0 = A(—h? cos? €)[A + Ble "¢ 4 (X 4 2u)(—h?sin? €)[A + Ble thecose

— 2u(—k?%sin f cos f)Ce~thecos S , (D.6)
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and for the second boundary conditiey), |,—o = 0, to be true over the entire rangeof

the following requirement,
—thx cose = —ikx cos f , (D.7)

is necessary. The above relationship defines the ajiglgased on the incident angle,

The first boundary condition yields the following expression for the unknown coefficients,

[(A + 2p)(—h?) + 2uuh? cos® e] A (D.8)

+ [(X + 2u) (—h?) + 2uh? cos® €] B + [2uk? sin f cos f]C = 0.
The second boundary condition yields the relationship,

Tyzly=0 = 2u(h? cosesine)[A — Ble 7 cose 1 (—k? sin? f)Cehwcost

— pu(—k? cos? f)Ce~tkucos ] ) (D.9)

and with the relationship;ihx cose = —ikx cos f, the second simultaneous equation for

the unknown coefficients is
p[2h? cos esin €] A — p[2h? cosesine] B + u[k?(cos® f —sin® f)]C =0.  (D.10)

The simultaneous equations for unknowsgA andC'/A can be written in matrix form as
(A + 2u)(—=h?) + 2uh? cos® e 2uk? sin f cos f B/A
211h? cosesine —pik?(cos? f — sin? f) C/A
_ { (A +2u)h? — 2uh? cos? e }

241h? cosesine

(D.11)

Define now the important material constant,

po i@t F <§)2 , (D.12)

K2 w232 a?
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which can be related to the Lame constant as

2
a AN+2u)/p  A+2u
With these new definitions, the matrix equation simplifies to
—v2 +2y%cos?e  2v?sin f cos f B/A v2 — 2v*cos?e
2 : 2 - 2 . . (D14)
2v“cosesine 1 —2cos” f C/A 2v“cosesine
The determinant of the matrix on the left side is
A = (—7* 4+ 2% cos? e)(1 — 2cos? f) — 4y*sin f cos f cosesine
(D.15)

= —~%(1 — 2y%cos? e)(1 — 2cos? f) — 4y* sin f cos f cosesine

More simplification can be accomplished by recognizing thais e = k cos f, using the
relationship,

h
cos f = 7 cose = ycose ) (D.16)

The determinant can be written in a better form:
A = —7%(1 — 292 cos? €)? — 4y* sin f cos f cosesine : (D.17)

Using Cramer’s Rule for the matrix equation, the solution for the unknown coefficients is

B 1 ‘72(1 — 272 cos?e)?  2y%sin fcos f
- ) : B :
A ? 2v* cosesine 1—2cos” f (D.18)
= A [72(1 — 272 cos? 6)2 — 4~y sin f cos f cos esin e]
and

c 1 ’ —72(1 — 292 cos? €)? v2(1 — 292 cos? e)?

Y T A 2 . 2 .

A ? 2v“ cosesine2y cosesine (D.19)

= A [—474(1 — 272 cos? e) cos e sin e}
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The above expressions are amenable to numerical computation, but a more symmetrical
expression can be obtained using the expressi®ry = ~vycose. Manipulation by

trigonometric identities yields,

sin?f=1—cos®f=1—~%cos’e , (D.20)
5 sin?f 1—~2cos’e sine+cos?e—~2cosle
tan” f = cos? f B ~v2 cos? e - ~v2 cos? e

) : (D.21)

— — tanZe + (1—7%)

= an” e o

and

sin f cos f = tan f cos® f = ~% tan f cos® e . (D.22)

With the anglee given as the input parameter, the first step is to determing’ using

Eg. (D.21) and then calculate the coefficieRtsA andC'/A using the expressions

B —(1—2v%cos?e)? + 4yt tan fsinecos® e

B _ , D.23
A (1 —2~2cos?e)? 4+ 4y4 tan fsinecos3 e ( )
and
C 4~2(1 — 272 cos? i
¢ _ 74 ( % cos e)coseéme (D.24)
A (1 —2v2cos?e)? + 4y*tan fsinecos3 e

The value ofA can be determined from the amplitude of the incident P-wakg, of a

compressional displacement pulse. The horizontal and vertical displacements of the incident

pulse are
i 09 i
u' = = (—thcose)p , (D.25a)
and
i 09 i
vt = 9y (thsine)p , (D.25b)

respectively. Now compute the magnitu¢ie|, from the displacements,

|P| = v/ (u?)? + (v')% = Vi2h2 cos? e A2 + i2h2sin% e A2 = ihA ,  (D.26)
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and in turn the coefficientl can be specified as

_ P

A=
ih

(D.27)

D.2.1 — Wavefields for Incident P-Waves

With the unknown coefficients determined, the horizontal displacement feraaid

fory > 0,is

u= % (89_15 = —ihcose (¢' + ¢") — iksin fy" . (D.28)

Using the relationships
w
-~ _h D.2
- , (D.29)
and

ksin f = ktan f cos f = tan f kycose = htan f cose , (D.30)

the horizontal displacement within the semi-infinite medium can be written as

u(z,y) = —ihcose [¢'(z,y) + ¢"(z,y) + tan fY" (z,y)] . (D.31)
and the horizontal displacement at the free surface is simply,

|u(z,0)] = Pcose (1 + % + %tan f) . (D.32)

The vertical displacement for allandy > 0 is,

v = g—j — Z_ﬁ = ihsine (gbz — gbr) — (—ikcos f)y" . (D.33)

Using the relationship between the angles,

k:cosf:k’ycose:%gcosezhcose : (D.34)
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then

v(z,y) = ihsine [gbi(:z:, y)— o' (z, y)] + thcose Y (x,y) ) (D.35)

The vertical displacement at the free surface of the semi-infinite medium is

v(z,0)| = P [sme (1 - g) + % cos e] . (D.36)

Since the above expressions are strongly influenced by the ratio of shear to compressional

wave speedsy, it is convenient to relateg to the Poisson’s Ratio, in this manner:

V2= —21(1__25 3 . (D.37)

Usingv = 1/3, 42 = 1/4, the normalized amplitudes for a unit, incident P-wave are

¢ ulf "y
30° 1.39 1.12
60° 0.96 1.74
90° 0.00 2.00

D.3 — Incident SV-Wave Problem

Let ¢’ be the incident SV-wave potential function with a yet to be defined amplitude
D, " be the reflected SV-wave potential function afidbe the reflected P-wave potential

function written in the form,

wi _ De—ikz(a:cos f—ysin f) 7 (DBSCL)
wT _ Ee—ik(m cos f+ysin f) 7 (D38b)

and
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Figure D.2 — Incident and reflected SV-wave.

str — Fe—ih(x cos e+ysine)

(D.38c¢)

inwhichh = w/a andk = w/g are the wave numbers. The unknown coefficiehtsind

I are to be determined later using the boundary conditions. Similar to the incident P-wave

problem,¢” is necessary to satisfy both boundary conditions at the free surface.

The second partial derivatives of the potential functions can be listed as

82 wz
D22
a2wr
0x?
82 gbr
ox?
82 ¢z
oy?
a2¢r
oy?

= (—ikcos f)*y’
= (—ikcos f)*"
— (—ihcose)?p"
= (iksin f)*y’

— (—iksin f)%¢"

(D.39a)
(D.39b)
(D.39¢)

(D.39d)

(D.39¢)
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a;—j; = (—ihsine)2¢r , (D.39f)

32W
0xdy
82 wr
0xdy
82 ¢r
0xdy

= (—ikcos f)(iksin f)' ) (D.39¢)

= (—ikcos f)(—iksin f)y" : (D.39h)

= (—ihcose)(—ihsine)p" . (D.391)

Now apply the boundary conditions,,|,—o = 0 andr,;|,—o = 0. The first boundary

condition yields,
Tyyly=0 = M(—h? cos® e) Fe e cose (X 4 24)(—h? sin? ) Fe e cose

— 2u(—k?sin f cos f D — k%sin f cos f E)e~thzcos/ , (D.40)

For the second boundary condition,|,—o = 0, to be true over the entire rangeafthe
following requirement,

—ihx cose = —ikx cos f , (D.41)

is necessary. The above relationship definémsed onf, the incident angle. The first

boundary condition also yields the following expression for the unknown coefficients,
—h2(\ + 2usin? e)F — [2uk?sin fcos f](D — E) =0 . (D.42)
The second boundary condition yields the relationship,

Tyz|y=0 = 2u(—h?sinecose) Fe 7 c0se 1 1(—k?sin? f)[D + E]e~h=cos/

— (=K% cos? f)[D + Ele=thwcost ) (D.43)

With the relationship;—ihx cose = —ikx cos f, the second simultaneous equation for the

unknown coefficients is

—2uh?sinecose F + pk?(cos® f —sin® f)[D + F] =0 . (D.44)
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The simultaneous equations for unknowngD and F'/ D can be written in matrix form as

211k? sin f cos f —h%(\ + 2psin? e)} {E/D}
k2 (sin? f — cos? 21h? sin e cos e F/D
pk?(sin” f f) 0 | / (D.45)
B 241k? sin f cos f
| pk?(cos? f —sin? f)
Now define the important material constant,
B2 wz/az /32 3 2
2 = "= = — = — D.4
v k2 w2/62 042 <Oé) ) ( 6)
which can be related to the Lame constant as
2
7226__ 1/ p 0 (D.A7)

az ()\+2,u)/p: A+ 240

With the new definitions, the matrix equation simplifies to

2sin fcos f  —14 2vy2cos?e E/D\ _ 2sin f cos f (D.48)
sin? f —cos? f  2v2sinecose F/D [~ ] (cos? f —sin® f) T

The determinant of the matrix on the left side of the equation is
A = (1—2v*cos?e)(1 — 2cos® f) + 4y*sin f cos fsinecos e . (D.49)

More simplification can be accomplished by recognizing thais e = k cos f, and using
the relationship,

h
cos f = 7 cose=rycose , (D.50)

the determinant can be written in a better form:
A = (1 —27%cos?e)? + 472 sin f cos fsinecose . (D.51)

Using Cramer’s Rule for the matrix equation, the solution for the unknown coefficients is,

E 1| 2sinfcosf —1+292cos?e
D~ A |(cos®f—sin®f) 2y%sinecose

(1 — 2% cos? €)% + 42 sin f cos fsinecose

(1 —2v2cos?e)? 4+ 492 sin f cos fsinecose

, (D.52)
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and

F 11 2sinfcosf 2sin f cos f
T A |sin® f —cos® f (cos? f —sin® f)

B —4sin f cos f(1 — 2y2% cos?e)
~ (1 —242cos2e)? + 442 sin f cos fsinecose

(D.53)

The value ofD can be determined from the amplitude of the incident SV-wa¥g,of a

shear displacement pulse. The horizontal and vertical displacements of the incident pulse

are

u' = a({;ij = (iksin f)1" , (D.54a)
and

Vi — %ﬁl — (ikcos )i | (D.54b)

respectively. Now compute the magnitu¢ig

, from the displacements,

S = V/(u')? + (v))* = \/ i2k?sin® f D? +i2k? cos? f D> =ikD ,  (D.55)
or
15
D="— . D .56
= (D.56)

D.3.1 — Wavefields for Incident SV-waves

With the unknown coefficients determined, the horizontal displacement feraaid

fory > 0,is
_ a¢ 81/} _ . T 7. ol T T
u= o + 3y (ihcose)g” + iksin f (" — ") : (D.57)
Using the relationship
wf  w

129



and

ksin f = ktan f cos f = tan f kycose = htan f cose : (D.59)
the horizontal displacement within the semi-infinite medium can be written as
u(z,y) = ik [(—ycose)d"(z,y) +sin f (Y (z,y) —¢"(x,9))] . (D.60)

and the horizontal displacement at the free surface is simply,

lu(z,0)] =S {(1 — %) sin f — %('y cose) . (D.61)
The vertical displacement for allandy > 0, is
v = g—j — g—;ﬁ = —(ihsine)¢” + (ikcos f) (V' + ") : (D.62)
Using the relationship
ky=h , (D.63)
then
v(a,y) = ik [(—ysine)¢” (z,y) + cos f (V' (z,y) +¢"(x,9))] . (D.64)

The vertical displacement at the free surface of the semi-infinite medium is

lv(z,0)] =S {(1 + %) cos f — %ysine : (D.65)

Usingr = 1/3 or+? = 1/4, the normalized amplitudes for a unit, incident SV-wave are

¢ ulf ol
60° 3.46 0.00
70° 1.93 0.63
75° 1.94 0.50
80° 1.97 0.34
90° 2.00 0.00
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D.4 — Incident SH-Wave Solution

Unlike the plane strain wave problems, the SH, or anti-plane wave solution does not
require potential functions, its solution satisfies the scalar wave equation and its harmonic

wave solution satisfies the scalar Helmholtz equation,
YVu, + k*u, =0 , (D.66)

in whichk = w/3 is the wave number for shear waves.

f Iy '

Figure D.3 — Incident and reflected SH-wave.

There is no mode conversion in this case, therefore, the compressional wave potential
is absent. The incident SH-wave problem can be written easily by defining the incident

wave,u’, and the reflected wave?, as
uzz — Se—ik(:r cos f—ysin f) : (D66(1)
and
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ul = Se~ihlreos [ysinf) (D.66b)

respectively.S is the amplitude of the incident wave pulse. It has been shown that a reflected
wave with the same amplitud8, would satisfy the shear stress boundary condition at the

free surface as

ou,
Tyz = W (9y

=0 (D.67)
y=0
in whichu, = u’ + u7 is the total displacement in the semi-infinite medium.

D.4.1 — Wavefields for Incident SH-Waves

The anti-plane displacement,, in the semi-infinite medium can be written as

uy(z,y) = Se=*c5 S cos(kysin f) . (D.68)

This is the summation of the incident and reflected waves as shown in Eq. (D.66). This shear
wave only solution is not dependent on Poisson’s Ratidl he displacement amplitude at
the free surface is a constant,

lu,(z,0)| =28 . (D.69)

D.5 — Rayleigh Wave Solution

Unlike the body waves described in the previous sections, a semi-infinite medium is
amenable to a surface wave and its larger amplitudes are confined near the free surface. If

a harmonic wave function has the form
¢ — Ae—if(wcose—ysine) 7 (D?O)

it has an apparent velocityon the free surfacey(= 0). Consider the factor:

Yrcose= —— =22 , (D.71)
a a/ cose c
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the apparent velocity is defined@as- «/ cos e for this particular case. § — 90°, ¢ — o
because all particles on the surface appears to move in the same direction, therefore, it

appears on the surface as if the wave is moving with an infinite speed.

Consider the case when< < « by defining the compressional potential and shear
potential as

2

qﬁ:Ae_i%(xi —ly) : (D.72a)

—i<(zt ;—3—174)

Y = Be ; (D.720b)

respectively. For the condition, < § < a: ,/5—:; — 1 is complex. The second partial

derivatives of the potential functions can be listed as

0%¢ W
92 = (—ZE)% ; (D.73a)
0% W
9 = (—z;)% : (D.73b)
2
0%¢ w |
0% w | c? ’
0%¢ W w |2
0% W w2
9y (‘T) (*’Z o 1) L (D-73f)
The first boundary condition yields,
0%¢ 0%
Tyyly=0 = (A + 20)V2¢p — 2#@ - 2M8y8x
w2 UJ2 C2 —iwzx/c

w? ,
+ Z'UJ_2A€—zwx/c . 2”
C
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Remove the harmonic time factor and divide the equatiorfdgie)? and (A + 2u), the
eqguation simplies to

02 5 9 c2
Similarly, the second boundary condition,

0% 0% 0%
Tyely=o = 0= 2u8y8x * M@yQ ~ Mgz

(D.76)

can be simplified to
c2 c?
2(+4/— —1 A+<——2)B:0 (D.77)

Using the relationship

21 c“ o c

PR RE

The first equation can be written as

c? c?
The simultaneous equations can be written as a matrix equation as
C2 62
(2 — @) +2 @ —1 A 0

? ¢? sl Vo
o 63)

The only nontrivial solution which exists is when the determinant of the above equation is

2
o) (V20 (5 0) o

A simpler transcendental equation can be obtained by defining a parageter/ s and

Zero, i.e.,

using the fact that? /a? = v2¢?, that

% —8¢* + (24 —167%)®> +16(r2 —1) =0
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Appendix E
Three-Dimensional Isoparametric Element

Using the concepts of an isoparametric element, the shape function defined in natural

coordinates, n and(¢, are

N ) = S0 +EOA (1460 (B.)

in which&;, n;, ¢; are the natural coordinates at the eight nodes defined in the order:

(&,m,G) =(-1,-1,-1) (E.2a)
(&2,m2,C2) = (+1,-1,-1) (E.2b)
(&3,m3,C3) = (+1,+1,-1) (E.2¢)
(€a,m4,Ga) = (=1, +1,-1) . (E.2d)
(&55m5,¢5) = (=1, —=1,+1) (E.2a)
(&,m6,C6) = (+1,—-1,+1) | (E.2b)
(&rm7,Cr) = (1, +1,+1) (E.2¢)
(&s,ms,Cs) = (—1,+1,+1) . (E.2d)

The physical coordinates,andy, within the element can be determined as

8
zgl
1;1
1=1
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Figure E.1 — Node Numbering Scheme for a Three-Dimensional Solid Element.

in which (z;, y;, z;) are the physical coordiantes of th¢h node, the limits of the natural

coordinatesare1 <¢(<1,-1<np<land-1<(<1.

To calculate strains and stresses, the derivatives of the shape functions are required. Use
the chain rule to relate the derivatives in the natural coordinates and the physical coordinates

as

[ aNz T i 8NZ ]

/3 ox

o | = [J] 5 , (E.6)
wa e
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in which [J] is the three-dimensional Jacobian matrix defined as

o 0¢ O
| oy o
[J] | onp on On (E7)
oz 0y 0z
Lo¢ 0¢C OcC
Inversely,
FON; 7 r ON; T
Ox 3
ON; - 1| ON;
Ay o [J} on (E-8)
L 0z A L I¢
The partial derivatives in the above expressions can be computed as
ON; 1
9 gfi(l +nim) (1 + GC) : (E.9a)
ON; 1
an gm(l + &€ (1 + GiC) , (£.9b)
ON; 1
gc = 5GLHEOU+nm) (E.9¢)
and
or 1<
e — 5 o uGAEnmA 460 (E-10a)
=1
or 1
ap = g e+ EOIHGO (E.10b)
=1
or 1<
a0 = 5 G EOU+nm) (E.10c)
=1
y 1
o gzyi£¢(1+nin)(1 +G¢) (£.10d)
=1
dy 1 i
gy = § 2o U+ EOU+GO) (E-10¢)
=1
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3y

Z yiG(L+ &L +nm) (E.10f)
Z z&(L+mn)(1+G¢) (E.109)
=1
0z 1< .
8_C = §ZZ¢C¢(1+€¢E)(1+77¢?7) . (£.104)

=1
To calculate the three-dimensional strains, define the strain vettord the derivative

matrix, [L], as

1
Q
]

92 0 0
0 g 0
[ Eaz ] oy
Eyy 0
o € U (2, Y, 2) 0 0 R ug(,y, 2)
=1 Z[L} uy(Ty.2) | = o uy(z,y,2) | . (E.11)
e u2<xvyaz) - - 0 uz(ac,y,z)
Tyz Jdy O
e o 02
0z 0Oy
0 0
15, Y 3.

Let the displacementsy,(z,y, z), u,(z,y, z) andu.(z,y, z), be represented as linear
combinations of the shape functioN;(z, y), and nodal displacements,;, u,; andwu.;,

respectively as

(r,y,2 ZN T, Y, 2) Ug; , (E.12a)
(r,y,2 ZN T, Y, Z) Uyi , (E.12b)
(z,y, 2 ZN T, Y, 2) Usg , (E.12¢)
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or in matrix form,

ug (2,9, 2)
uy(z,y,2) | = [N]

uZ("”? y7 Z)

in which

u o

V)= [[Vi] [N2] [Ns] [Na) [Ns] [Nl [NA]ING]]

[N;] =

Ni(x7yvz>
0

£
I

and

—

U; =

0 NZ<ZE,y,Z)

(E.13)

(E.14)

(E.15)

(E.16)

(B.17)

The constitutive properties applicable for stresses in relation to strains can be represented

by defining the material constant matrix,

E(1—-v)

D] = 1+v)(1—2v)

' =7 (1%@
i-v G-
(1-v) (1-v) !

0 0 0

0 0 0

0 0 0

(1—2v)

2(1—-v)

(E.18)
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in which E' is the Young’s modulus andis the Poisson’s Ratio.

The shear stress vector

Qi
Il
I
S
S
=]
S
I
S
S
£

(E.19)

L Trg A

in which [B] = [L][N] is 6 x 24 matrix.
The24 x 24 element stiffness matrix/’], can now be evaluated as
K= [ BrDIBa (B.20)
\4

using numerical integration in the natural coordinate system with the help of the Jacobian
transformation to convert,

drdydz = Jd¢dndC . (E.21)

The24 x 24 consistent mass matrix can also be evaluated with the shape functions as
)= [ INTpNav (2.2
1%

in which p is the mass density.
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