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ABSTRACT

The study presented in this dissertation aims at the ground motion assessment of
various two-dimensional hill models subjected to incident plane SH waves in an
elastic half-space. The exact, analytic solutions to the boundary-valued problem,
based on method of wave function expansion in elliptical coordinate are
presented. These require the technique of angular half-range expansion in
elliptical coordinate to deal with mixed-boundary condition arisen during
mathematical implementation of all hill models; the traction-free boundary
condition at the surface of the elliptical hill and the continuity of displacement and

stress at the semi-elliptical interface.

In the study we found out that the existence of a hill results in complex pattern of
surface displacement. Generally for nearly grazing angle, a hill shields the
propagating waves, resulting in a standing wave pattern in the coming direction
and the focusing of the amplitude at the far edge of the hill. In addition the
presence of full-elliptical tunnels resulted in more prominent standing waves, and
amplitudes of ground motion in the neighborhood of unity or less on the far end
may be monitored without the abrupt jump at that edge of the. We discovered
that the presence of a full-elliptical tunnel amplifies maximum displacement by
30%-70% from corresponding value of reference (inexistence of a tunnel) for the

horizontal incidence and de-amplifies maximum displacement in the range of 1%-



XVii

15% for the vertical incidence; note that these amplifying and de-amplifying
effects are dependent on the size of tunnels. The bigger the tunnel is, the

stronger the effects are.

We also found out that the effect of the semi-elliptical tunnels on ground surface
motion is dissimilar to the effect of the full-elliptical ones. Since horizontal
incidences are able to slip underneath semi-tunnels, the weaker standing waves
on the left side and weaker shadow zones associated with high jumps of the
displacement amplitude at the far edge of the hill are observed. However, when
the incident waves are nearly vertical, the stronger shielding effect due to semi-
elliptical tunnels than to full-elliptical ones are detected. It could be said that the
hinder efficiency of an elliptical tunnel depends on the direction of wave passage;
the tunnel becomes better obstruction when the incidence is propagating normal

to its major axis.



CHAPTER 1: INTRODUCTION

1.1 General Introduction

In boundless media, a wave maintains its path of travel with constant velocity if
there is no disturbance. However, when a wave encounters an obstacle, its
propagating path is altered due to the interference between the incident waves
and those which are emitted by the obstacle acting as a secondary source. The
emission of these secondary waves from an obstacle is called “scattering”. (Mow

and Pao, 1971)

In the seventeenth century, the study of scattering effects of obstacles upon the
wave passage started first in the field of optics and later in fields of
electromagnetic, seismology and earthquake engineering, respectively. During
this period, computational methods have been developed and implemented in
order to deal with mathematical difficulty and physical complication of the
problems. Researchers have developed two major schemes to examine this

phenomenon: numerical methods, and analytical methods.

Normally when dealing with sophisticated problems such as arbitrary shape of
obstacles, geometric irregularities and material nonlinearities, numerical
schemes such as finite difference, boundary element, or finite element methods

seem to be a better choice. However, numerically there is a major drawback for



resolving wave scattering problem. A full-scale analysis is a tedious process and
requires hardware with huge storage even though nowadays computer
technology is continuously upgrading and becomes more advanced. In addition,
numerical schemes are restrictive in only a finite domain. Hence, numerous
procedures such as absorbing boundary (Clayton and Engquist, 1977; Fuyuki
and Matsumoto, 1980; Emerman and Stephen, 1983), silent boundary (Cohen
and Jennings, 1983), nesting grids (Wolf and Song, 1996), and infinite element
using mapping functions (Zienkiewicz and Taylor, 2000) have been implemented
to account for the reduction of the problem’s scale. Yet, these procedures always

produce some errors in the solutions (Kawase, 1988; Fu and Bouchon, 2004).

In contrast to numerical schemes, analytical schemes such as the method of
integral equation, the integral transform, and the method of wave function
expansion provide more accurate results and offer relatively simple
implementation. However, the major limitation of the analytical schemes is that
only linearly-elastic or visco-elastic media with a simple geometric obstacle such
as circles or ellipses can be solved analytically. In spite of what has just been
mentioned, analytical solutions provide more physical insight into the problems
than the numerical schemes by investigating the significance of various physical
parameters in an economical way and a short time manner. Furthermore,
analytical solutions offer the best benchmarks to test and verify other

approximate solutions obtained by numerical schemes. It is noteworthy that both



numerical and analytical schemes can generate ‘numerical results’, and need

numerical processes.

The objective of this study is to investigate the scattering effect of a semi-elliptical
hill with/without a full-elliptical tunnel or a semi-elliptical tunnel in a two-
dimensional elastic half-space subjected to anti-plane (SH) waves. The exact
infinite series solutions by the method of wave function expansion are presented
in this study. The results obtained in the analysis are compared with available
existing results. Complicated analytical infinite series solutions via the method of
wave function expansion must be determined and solved numerically on a digital

computer.

1.2 Literature Reviews

Earthquakes have been severe and terrifying disasters since the early history of
mankind and the development of civilization. Usual locations of civilization, which
have been normally located along shores of bodies of water or in alluvial valleys,
are now known as risk regions susceptible to earthquakes (Milne, 1880). Various
field measurements have shown that intensity of ground motions are influenced
by variation of topography and subsurface configuration (Kanai and Suzuki,
1953; Kanai et al, 1955; Gutenberg, 1957; Kanai et al, 1958; Alcock, 1969;

Borcherdt, 1970; Hudson, 1972).



To be aware of the behavior of ground shaking under the influence of geologic
and topographic variation, numerous mathematical models and assumptions
were developed and implemented. The first model was horizontally stratified
surface layers overlying an elastic half-space which was the prime model for
various seismologists to study the pattern of wave propagation in the outer
regions of the Earth; a suitable earth-flattening transformation can provide a
useful quantitative result even though there is some distortion introduced by
flattening (Ewing et al, 1957; Biswas and Knopoff, 1970; Hill, 1972). By
considering the wave equation of shear wave analytically, Kanai (1950) and
Kanai et al (1953) discovered that soft subsoil was most likely to produce large
amplitude which was in agreement with the conclusion made by Tsai later in

1969.

Even though the amplification of ground motion may be explained by the model
of stratified surface layers of alluvium, other behaviors caused by the variation of
topography and geology such as focusing of seismic waves and standing waves
could be better recognized by two-dimensional models. Considering scattering
wave of SH waves around a semi-cylindrical alluvial valley, Trifunac (1971) was
able to explain these behaviors analytically; he successfully used the method of
wave function expansion by the utilization of Bessel functions in polar coordinate
and obtained a close-form solution. In 1973 Trifunac provided another exact

solution of scattering of SH waves by a semi-cylindrical canyon, and applied this



solution to the realistic case of Pacoima ground motion data in which he

suggested that the record was not affected by variation topography.

Later in 1974 Wong and Trifunac extended the valley and canyon models to the
elliptical coordinate. The influence of geometric aspect ratio of canyons and
valleys on the ground motion could be examined. Moeen-Vaziri and Trifunac
(1981) studied the vibration of a semi-circular canal with lining and found out that
a rigid liner is more efficient in transmitting the energy of incident wave to
medium behind the canal, and subjected to higher stress than a flexible liner. In
their following paper published in 1985, Moeen-Vaziri and Trifunac extended their
canal model to arbitrary shape by the utilization of mean square error; they
started by the utilization of wave expansion in the series of Bessel functions for
incident wave and assumed sets of linearly independent scattering waves. Later
in 1988 Moeen-Vaziri and Trifunac applied again the concept of mean square
error to obtain results for scattering and diffraction of plane P and SV waves by

two dimensional inhomogeneities.

Lee and Cao (1989) studied the scattering effect of plane SH waves by shallow
circular canyons. They replaced the horizontal ground surface of the half-space
by a circular-arc with very large radius and successfully obtained an approximate
analytical solution by the employment of Graf's addition formula. Later on, Lee

and many other researchers employed this approximation method to obtain a set



of analytic solutions for P, SV and Rayleigh incident waves to canyon and valley
models (Cao and Lee, 1989; Cao and Lee, 1990; Todorovska and Lee, 1990;
Todorovska and Lee, 1991a; Todorovska and Lee, 1991b; Jian-wen et al, 2001).
In 1994, Yuan and Liao presented an improved analytical solution to a shallow
circular-arc canyon problem without large arc approximation and later in 1995 to

a valley problem for incident plane SH waves.

The investigation of scattering effect due to topographic variations before 1990s
mostly focused on subsurface inhomogeneities even though it has been
mentioned that structures built on mountains or hills were rocked by the stronger
ground motions than structures situated on a plain (Milne, 1880; Griffiths and
Bollinger, 1979). Sanchez-Sesma et al (1982) and Sanchez-Sesma (1985)
applied Boundary method and Green’s functions respectively to wedge-like hill
model subjected to SH incident waves. Mostaghel and Nowroozi (1985) treated a
hill as a linearly elastic shear cantilever beam subjected to ground motion at its
fixed-support; they found very reasonable approximation for horizontal motion
having wavelengths somewhat greater than the width of the hill. Later Gilbert and
Knopoff (1960) successfully utilized perturbation scheme and treated the
scattered phenomenon as secondary waves generated by localized source or
body force which is now classified as Bulk (body) scattering (Mow and Pao,

1971) to get scattering motion from mountain.



In 1992 Yuan and Men purposed a closed-form solution to a semi-circular hill
sitting on a half-space by applying the Fourier expansion to stress/displacement
auxiliary functions. Later this solution was extended to arbitrary shallow hill case
in 1996 again by Yuan and Liao. Hayir et al (2001) and Todorovska et al (2001)
studied the anti plane response of a dike subjected to incident SH waves and
found that at the vertex of dike the surface amplitude was larger than at the top of
circular hill; however their analytical result does not agree with work done
numerically by Sanchez-Sesma et al (1982). Quiu and Liu (2005) revisited the
same problem as that of Hayir et al (2001), yet utilized conjunction technique to
obtain the standing wave equation in the hill region which satisfied both wave
equation and zero-stress condition on the wedges; they also mentioned that
equation of the standing wave purposed by Hayir et al (2001) can not satisfy
zero-stress condition on the wedges. Jian-wen et al (2004) extended the auxiliary
functions technique by Yuan and Men (1996) to get an analytical solution for a
circular arc hill with circular tunnel subjected to incident SH waves. However as
mentioned by Yuan and Men (1996) about the accuracies of solution near rims of
the circular hill, Lee et al (2006) revisited this model and adopted a cosine half-
range expansion to obtain a more accurate analytical solution without any

overshoot of amplitudes at the rims.



1.3 Organization

The semi-elliptical hill with/without a tunnel models studies in this work are within

the framework of linear elastodynamic theory in two-dimensional elastic half-

space. The presentation is organized into the following parts:

(1)

(2)

®3)

In the first part (Chapter Il), the wave equation in elliptical coordinate
and its solution are presented. In addition the derivation of anti-plane
(SH) waves in elliptical coordinate is demonstrated. Next the series
expansions of Mathieu functions in an angular half-range domain are
elaborated herein.

The second part (Chapter Ill) deals with the exact solution to
scattering of plane SH waves by a shallow semi-elliptical hill. The
interference due to the presence of the hill is investigated. To test
accuracy of solutions, some numerical results when semi-elliptical
tends to semi-circular were compared with the existing results
presented by Lee et al (2006).

In the third part (Chapter V), the exact solution to scattering of plane
SH waves by a deep semi-elliptical hill is presented. Again numerical
results when semi-elliptical tends to semi-circular were compared with
the existing results presented by Lee et al (2006) and results
presented in Chapter Ill. The effects of frequency of the incident
waves, incident angle, and the aspect ratio of elliptical hills on ground

motion are demonstrated and discussed.



(4)

()

(6)

(7)

(8)

The fourth part (Chapter V) deals with the exact solution to scattering
of plane SH waves by a shallow semi-elliptical hill with an elliptical
concentric tunnel. The interference due to the presence of the elliptical
concentric tunnel is investigated and compared to the results from
Chapter IV.

In the fifth part (Chapter VI), the exact solution to scattering of plane
SH waves by a deep semi-elliptical hill with an elliptical concentric
tunnel is presented. The effects of frequency of the incident waves,
incident angle, and the aspect ratios of both elliptical hill and tunnel on
ground motion are investigated.

The sixth part (Chapter VII) deals with the exact solution to scattering
of plane SH waves by a shallow semi-elliptical hill with a semi-elliptical
tunnel. The scattering due to the presence of the semi-elliptical tunnel
Is studied and compared to the results from Chapter IV and V.

In the seventh part (Chapter VIII), the exact solution to scattering of
plane SH waves by a deep semi-elliptical hill with a semi-elliptical
tunnel is presented. The effect of frequency of the incident waves,
incident angle, and the presence of the semi-elliptical tunnel on
ground motion are illustrated and discussed.

The last part (Chapter 1X) gives a summary of the above studies of the
scattering of anti-plane (SH) waves. Some comparisons among above

models are discussed and summarized.
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CHAPTER 2: WAVE EQUATION

2.1 The Wave Equation in Elliptical Coordinate

To facilitate the geometries presented in this study, it is more convenient to
describe quantities of interest in the elliptical coordinate (p, 9, z) system, which is
shown in Figure 2.1; a is a focal length, and x, y axes in the corresponding
Cartesian coordinate system are along ¥ = 0 and /2 respectively. Furthermore
z-axe in both coordinate systems is normal to the paper face. Normally we call p
the radial coordinate, and 9 the angular coordinate. The relationship between
(x,y) in Cartesian and (p,¥) in elliptical coordinate systems are x = a cosh p cos¥

and y = asinhpsind.

Given a displacement function (7, t) of space and time and c is a wave velocity,
the wave equation can be expressed in elliptical coordinate as
c?V2i — 0% /ot? = 0 (2.2)

In addition the gradient V and Jacobian J are defined by

_ (000 L0005, 000,
v( )= a]( 3 €, + 79 619) + P € (2.2)
J? = %(costh — cos?9) = %(COShZP — cos29) 23)

where &,, &y, &, are unit vectors in elliptical coordinate. Since a vector may be

represented by a summation of an irrotational vector field “¢” and rotational
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. ~ T .
vector field “ip = (1, Ps,9,) ", then we set the displacement vector

G=Vp+V-P (2.4)

Since the problem of interest is two-dimensional anti-plane, any derivatives
respect to the z-axis or out-of-plane direction become zero. Hence the

displacement vector becomes

~ 0¢ | 0Pz 0¢p 0y 0 d T
u= (u, v, W)T = ai](a + E'% — ﬁ'ai] [5 (a]t/)ﬁ) + £ (a]lpp)]) (25)

Figure 2.1: Family of Con-focal Ellipses and Hyperbolas

19_71:
= 5 i
27 9==
Y =— y -
3 3
1L9_5}?
6
a
v=m
p:
7
9 =— _11?1'
6 gt 7
A1 5t
9 =— D =—
3 g-gﬂ: 3
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The displacement components in radial and angular coordinates of Equation
(2.5) are coupling since they are function of y,, whereas the anti-plane

displacements “w” are independent to previous two components, and of

function of p and 9.

Hence all models in this study subjected to incident plane SH waves are
governed by the scalar wave equation

c?V2w — 0%w/0t? = 0 (2.6)
Since an arbitrary time variation can be represented by Fourier analysis in terms
of harmonic components, it is possible to consider only the harmonic equation of
the form

w(p,9,t) = w(p,9)e'wt (2.7)
where i = V-1, w is the harmonic frequency.

In addition w(p, 9) satisfies the following Helmholtz equation

Viw + k*w =0 (2.8)
where k = w/c is a wave number.

The solution to Equation (2.8) can be solved by the method of separation of
variables. So the displacement w(p,9) may be expressed in the form

w(p,9) = Xii=o Hn(p) - Z,(9) (2.9)
Later the partial differential equations, Equation (2.8) can be separated into two

ordinary differential equations as shown in the following page
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d?Hy, _
P I (b — 2qcos2p)H,, =0
2, , (2.10)
2 (b — qcos*p)H, =0
%z, _
—2 T (b —2qcosh29)Z, =0 2.11)
(i;zzn + (b — qcosh?9)Z, = 0
where
_a’k? _ a*w?
a="=" (212)

and b is separation constant or characteristic number. The solutions to Equation
(2.11) is called the Mathieu functions while the solution to Equation (2.10) is
called Modified Mathieu functions; Equation (2.10) can be transformed to the

latter by writing i9 for p.

Generally for the study of wave scattering, the solutions to angular differential
equation, Equation (2.11), must be periodic with period either = or 2m. Later Z,

could be written as

cern(®,q) = 220 A2 (q) cos2s9,b = be,,
7 = ] ® @) = B0 A7 (@) cos(2s + 19, b = begnys
n= w .
SeZn+1(19' q) = Zs=0 Bz(.z-rl-l-li-l) (Q) sm(Zs + 1)19 ) b= b02n+1

Seyni2(9,q) = Yo Bz(gf:;z) (q) sin(2s + 2)9,b = boyy4s

(2.13)

The first two are known as even Mathieu functions (even angular Mathieu
functions or elliptical cosine functions) with period m correspondent to the
characteristic number be,,, and be,, ., respectively, whereas the latter are odd

Mathieu functions (odd angular Mathieu functions or elliptical sine functions) with
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period 2m correspondent to the characteristic number bo,,,, and bo,,,q

respectively.

There are many possibilities to find the characteristic number b. However the
procedure in this study is started by substitution Equation (2.13) into (2.11),

which leads to a homogeneous linear system of equations for the Fourier

(2n+1) p(2n+1) (2n+2) .
a1 s Bysii 7y and B,515“. The characteristic number may be

coefficients AZ™, A
evaluated by the truncation of the matrix and solving for the Eigen value. More

details of other methods are available in textbooks by McLachlan (1947),

(2n)

Abramowitz and Stegun (1972). In addition the values of AZ™, A@"+D) pZn+y)

2s+1 2s+1

and Bz(ﬁﬂz) depend on the rule of normalization; in this study we set

2 2
Jy " cek (@, q)dn = [ sei (¥, )dn = m (2.14)
Hence we obtain

w 2[,2m]? _we [12n+D] oo [p@nD]? oo [pCnr+2)]?
Zs=05_s [AZS - Zs:O[A25+1 - Zs=0[325+1 - Zs=0[325+2 ] =1 (2'15)
where

1; s=0
b330 e

The solutions to radial differential equation, Equation (2.10), have several forms
(McLachlan, 1947; Abramowitz and Stegun, 1972; Mechel, 1997). However
because of their asymptotic behaviors and rates of convergence, the preferable

forms are in forms of the series of the products of Bessel functions
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. L
(Mcfi(p,@) = i g (D™ 45 (@)

2s

ems WD ZR W) + Jeas w2 (W)
. ) .
Mcglrz+1(p' q) = 4@n+1) Zt=0(_1)n+tAthT-|l--l1-1) (Q) :
2s+1
: _]t—s(W1)Zt(:-)s+1(W2) +]t+s+1(W1)Zt(l_)s(W2)]

MsD, (p,q) = W&:o(—l)"“Bz(fﬂl)(Q) .

2s+1
. _]t—s(Wl)Zt(:-)s+1(W2) _]t+s+1(W1)Zt(L_)S(W2)]
. 1 .
Ms, ., (p,q) = W&:o(—l)"“Bz(fﬂz)(Q) :

25+2

\ . []t—s(W1)Zt(?s+2 (wy) _]t+s+2(W1)Zt(i_)s(W2)]

where &, is defined earlier, w, = \Jge™, w, = /qer, Z{" = J,, 2P =, 2 =
HY and 2 = H®. The first two are known as even Modified Mathieu functions
(even Radial Mathieu functions) of the “ith” kind, whereas the latter are odd

Modified Mathieu functions (odd Radial functions) of the “ith” kind. Furthermore

the asymptotical behavior of “ith” Radial Mathieu functions is similar to function

Z,(f) in their series expression.

In order to have a meaningful solution to Helmholtz equation, characteristic
number b of H,(p) must be identical to Z,,(9,q). Then ce,,(9,q), ce,n+1(I,q),
sens1(9,q), and se;ny2(9,q) must pair with Mcia(p,q),  Mci, (p,q),

Ms® (p,q) and Msz(fq) +2(p, q) respectively.

2n+1
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2.2 Plane Wave Function in Elliptical Coordinate

The expansion the plane wave function in a series of product of Mathieu
functions and Mathieu Modified functions may be carried out by consideration of
line source as if it is located at large distance from origin. The line source

function in elliptical cylindrical coordinate can be specified as follows

McSP (o, M (0", )5 p < p’

McP (o', DM’ (p,q); p' < p
Ms{P(p, OMs (p',q) ;s p < p’}

Ms{P (o', OMsS (p,q); p' < p

H{V (kR) = 2 {Z?{Lo cen (9", @)cen (¥, q) {
(2.18)

+ Z?lo=1 Sen(ﬁ” Q)Sen(n' CI) {
It is noteworthy that Equation (2.18) represents the cylindrical line source located
at (p',9") in elliptical coordinate system; see Appendix A for more detail. Next if
we set the source point at very large distance from origin in a direction y +  to
the positive x axis, the radial domain of interest is p < p" Then Equation (2.18)

may be reduced to

HED (kR) = 2{ X550 cen(9', q)cen(®, @)Mey” (p, )Mey (o', q)

0 ' (1) B3, (2.19)

+ Xn=15en (', @)sen(n, OMsy ~ (p, OMsy ™ (p ,q)}
In addition the amplitude of R in Figure A.1 turns out to be r' + rcos(y — 8) as
r' > r. In addition 9' becomes y+m and kr' may asymptotically equal to

a cosh p’. Since we have

Hél) (kR) — \?ei(lﬂ“#kr c05(y_9)_%)
ma cosh p
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2 . , T N
(G l(a coshp ————)
M ,q) = ’— e )
e (P 0) na cosh p’
’ 2 . , T N
B, n l(a coshp ——+—)
M , -1 S 2772
Sn (,0 q) - ( ) a cosh ,0’

together with ce,(y +m,q) = (—1)"ce,(v,q) and se,(y+m,q) = (-1)"se,(y,q)
(McLachlan, 1947), Equation (2.19) can be transformed to

elkreosr=6) = 2{31% | ince, (v, q)cen (9, IMcS (p, @)

o (2.20)
+ Xn=1i"sen (v, @)sen(n, Ms,  (p, q)}

Figure 2.2: Anti-Plane (SH) Waves in Elastic Full-Space
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The previous equation represents the excitation w, consisting of an infinite train
of plane SH waves with incident angle y as shown in Figure 2.2, since

w = eik(xcosy+ysiny) — eikrcos(y—@) (2_21)

2.3 Half-Range Expansion of Angular Mathieu Functions

Generalized Fourier series:

If a set of real-valued functions {g,(¢),g,(é),...,g.(&)}, when n = 1,2,3,... , is
defined on an interval a < ¢ < b and is such that the following integral product of
any pair g,,(é€), g,(é) in the set do exist. The prescribed set of functions is said to

be orthogonal if the product of

(9,,8,9,) = I 9, g,©)dé (2.22)
for any distinct functions g,,(¢) and g,(¢) over interval a < ¢ < b is always zero.

(Kreyszig, 1983); the nonzero product of the integral occurs only when m = n.

This orthogonal property is very important because any real-valued function f(§)
over the prescribed interval may be expressed in terms of g,,(¢)'s
@) =251 f,9n(8) = £,91(8) + f,92(8) + - (2.23)

Employing the orthogonality together with the concept of L2-norm

lg.ll = J (9,8).9,®) = Jfb 9,(69,(O)d¢ (2.24)

the constants f, can be determined easily. Multiplying Equation (2.23) with g,,(¢)

and integrating the product over an interval a < ¢ < b yield
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OnB) g, (2.25)

fa =

The series in Equation (2.23) is called a generalized Fourier series while the

constants f,,, Equation (2.25), are called the Fourier constants.

Series expansion of Mathieu function in the ranges [0,7] and [-m, 0] :

In the angular half-range [0,7] or [-m, 0], either the set of elliptical cosine
functions {ce,(¥,q); n=10,1,2..} or the set of elliptical sine functions
{se,(¥,q); n=1,23..} forms a complete orthogonal set. However in this study
we select the set of elliptical cosine functions as the orthogonal set over the
prescribed ranges. Utilizing the concept of the generalized Fourier series
demonstrated previously together with the rule of normalization Equation (2.14),

any function f(9) over the range [0,7] can have an elliptical cosine series

expansion
f@) = Y=o facen(®,q) (2.26)
where
V),cen (9, T
£, = (r¢ |ch; ”(2 D) _ % Jy f(9)ce,(9,q) dI (2.27)

Utilizing Equations (2.26) and (2.27) together with Equation (2.13), se,, (9, q) can
be expanded over the range [0, ] as follows

Sém @, Q) = Z::o Comn Cen(ﬁr Q); (2-28)

where
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Cn = 7 Zrzs=0 (12553) ASVBI™; 0 9 < (2.29)

r+sodd

Similarly, over the range [— T, 0] Equation (2.28) is still valid except

r

Con = == Xi1.5m0 (707 ALV B —m <9 <0 (2.30)

r+sodd

Series expansion of Mathieu function in the ranges [—gg] and E—g]

In the angular half-range [-w/2,m/2] or [n/2,—1/2], we select the set of
elliptical cosine functions of even order and elliptical sine functions of odd order
{cesn(9,q),se3n+1(9,9); n=0,1,2,...} to form an complete orthogonal set; the
set of elliptical cosine functions of odd order and elliptical sine functions of even
order {ceyn41(9,q),5€2m42(9,9); n=0,1,2,...} is also an orthogonal set. Again
employing the concept of the generalized Fourier series demonstrated previously
together with the rule of normalization for ce,, andse,,,;, Equation (2.14), any

function f(9) over the range [—/2,m/2] can be expanded into the series form

of
f) = Xazolfancern(®, @) + fon+15€2n+1 (0, q)] (2.31)
where

f(9),cexn(9,q9) 2 (m/2
fon = % = ;f_nﬂ/z f(ﬁ)ceZn(ﬁ' q) dd (2'32)
Foraq =< ||sse22n++11||2 D) _ =, f®)sezni1(8, q) dO (2.33)

Employing Equations (2.31), (2.32) and (2.33) together with Equation (2.13) an
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the orthogonal property between any elliptical cosine and elliptical sine,
ce,me1(9,q) for m=0,1,2,... can be expressed over the range [—-n/2,1m/2] as
follows

CeZm+1(79: Q) = Z?flo S]ﬁmn CeZn(ﬁ; q) (2-34)

where

2 woo o —1)T-s —1)T+s
8j’tmn = ;Zr=0 Zszo [( ) + o~ ]Agerfl)Agzsn); - 7'[/2 =9= 7'[/2 (235)

2r—2s+1 2r+2s+1

Similarly, over the range [7/2,—m/2] Equation (2.34) is still valid except

_4\T-5S _4\T+s
Mo = =2 5720 550 |5 peey + prager) Asrin A5 m/2< 9 < —m/2 (2:36)

2r-2s+1  2r+2s+1]° 2T+l
Same orthogonal set of functions developed earlier are applicable to se;,;,., (9, q)
in the prescribed half-ranges; se,,,+. (19, g) can be written in the following form as

SeZm+2(79' Q) = Z?:O Enmn S€n+1 (19' q) (2-37)

where

2v0 voeo [(DTTS (DT 2m+2) p(2n+1
Rnn = ;Zr=o Lszo ar—2sr1 + 2r+25+3] Bz(rT2+ )Bz(sZI ) - n/2<9<m/2 (2.38)

and

_ _ 2vm vo [EDTF D™ Lm2) p(2n+1) |
Tonn = —;Zrzo sz [2r—25+1 + 2r+25+3] Byriz By i m/2<9<-m/2 (2.39)

It is noteworthy that elliptical sine functions are always orthogonal to elliptical
cosine functions over the half ranges [-n/2,7/2] and [n/2,— /2], yet [—m, 7]
and [r, —m]. In addition proof of all series expansions of Mathieu functions and

orthogonal sets are shown in Appendix B and C.
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CHAPTER 3: SCATTERING OF PLANE (SH) WAVES
BY A SHALLOW SEMI-ELLIPTICAL HILL

In this Chapter, an exact, analytic solution to the boundary-valued problem of the
two-dimensional scattering of anti-plane (SH) waves by a shallow semi-elliptical
hill is presented. It is based on method of wave function expansion in elliptical
coordinate and elliptical cosine half-range expansion. In addition the comparison
between our results when semi-elliptical tends to semi-circular and the existing
solutions of circular hill offered by Lee et al (2006) are demonstrated. Scattering
effects due to the existence of elliptical hill and angles of wave incidence on

ground motion are investigated.

3.1 The Shallow Semi-Elliptical Hill Model

The cross-section of two-dimensional model is shown in Figure 3.1; it represents
an elastic, isotropic, and homogeneous half-space with a semi-elliptical hill. The
material properties are given by the rigidity 4 and the velocity of shear wave .
The elliptical coordinate (p,9) system is as defined in the figure whereas x and y
axes in the corresponding Cartesian coordinate system are along ¥ = 0 and 7 /2
respectively. To facilitate the analysis of a shallow hill, we defined the half-space

by y > 0.
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Figure 3.1: Shallow Semi-Elliptical Hill Model

The model consists of the regions 2 and D. The interior regions 2 is the full
elliptical region which has the boundary L along surface of the semi-elliptical hill,
p = p, and — < 9 < 0, and the boundary L between the regions 2 and D, p = p,
and 0 <9 <m. The exterior region D consists of the half-space bounded by L
along interface p = p, and the flat surface of the half-space beyond the hill
denoted by 7" alongd¥ = 0 and . The half-width and height of the semi-elliptical

hill are denoted by A and B. In addition a is the focal length.
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3.2 Series Expansion of Wave Functions

Incident and Reflected Waves:

The excitation w! consists of infinite trains of plane SH waves, (anti-plane)
particle moving in z direction only, with frequency « and incident angle y with
respect to the positive x axis. It satisfies wave equation, Equation (2.6), and can

be represented in the Cartesian coordinate system by

Wi — Woeik(xcosy—ysiny)—ia)t (31)
where w, = amplitude of the incident wave, and k = k; = w/f = shear wave

number. However since the time factor et representing the steady-state
harmonic motions exists in the incident and all resulting waves, it will be omitted

on all subsequent wave expressions from here on.

In the absence of the hill, the incident waves would reflect at the flat surface I

Later the reflected plane waves w” can be expressed as

w' = Woeik(x cosy+ ysiny) (3.2)
Far from the hill, the interference of the incident and reflected waves yields the
free field waves, w// = w! + w™; applying Equation (2.20), w// can be expressed

in elliptical coordinate, to facilitate the geography shown in Figure 3.1, as follows

Wil = wi+w" = 4wy S| i"Mci (p, @)cen (9, q)cen (v, @) (3.3)
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where q, Mc,(f)(-), and ce,, () are Mathieu parameter defined by Equation (2.12),
Modified Mathieu function of the first kind and Mathieu function respectively; the

expression of both function are given by Equations (2.13) and (2.17).

Scattered and Transmitted Waves:

After the incident plane waves hit the interface between regions 2 and D, two
more plane waves are generated. The first waves are the scattered and
diffracted outgoing waves w* in the exterior region D, whereas the second ones
are the standing transmitted waves w! inside the elliptical region 2. Both
scattered and transmitted waves can be written as an elliptical wave function

series which takes the form

WS = Broo|4nMeY (0, )cen(®, @) p = po (3.4)

wt = S0 BaMef (o, 0)cen(, )] + Zica|CuMs(” (0, )sea®,0)]; p < po (35)

where A4,, B, and C, are the unknown coefficients of the new waves to be
determined. Moreover Mc,(f)(-), Ms,gl)(-) and se, (:) are even Modified Mathieu
function of the third kind, odd Modified Mathieu function of the first kind and odd
Mathieu function, respectively, while Mc,gl)(-) and ce, (-) are defined previously.
The scattered waves in the region D (p = py, 0 <9 < 1) have Mc,(f)(') as radial

wave functions since the asymptotic behavior of this function is of Hankel

function of the first kind which automatically satisfies Sommerfeld’s far field
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condition. Furthermore only ce,(-) are used to form angular wave functions
because they form a complete orthogonal set of functions in the angular domain

0 <9 < m; see Appendix C for more information.

Since the radial wave functions of transmitted waves in the interior region 2 must

be finite everywhere in the full elliptical region 2, Mc,(ll)(-) and Ms,(ll)(-), which
have asymptotic behavior of Bessel function of the first kind, are used. (Pao and
Mow, 1973) In addition we utilize both ce,(-) and se,(:) to form a complete

orthogonal set of functions in the full angular domain of the region .

Solution of the Problem using Angular Half-range Expansion

The wave functions of the total displacement, w = w// + w*, in the exterior
region D and of the transmitted wave, wt, in the elliptical region 2 must satisfy

the Helmholtz equation, Equation (2.8), and the following boundary conditions:

1. The traction-free boundary condition at the surface of the flat half-space 7~

(p = po,¥ =0,m)

_ _ powlws)
7'—yzly=0 - T192|19=0,n' - a_]T =0 (36)
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2. The traction-free boundary condition at the surface of the elliptical hill L

(ppo'_T[SﬂSO)

u owt
T =t 2 =0 3.7
leppo aj ap P=pPo ( )

3. The continuity of displacement and radial stress at the interface L
(p=p0'0S19S7T)

— t
W/’ + Ws)|p=p0 = wp=p,

_ nawTrw?) (3.8)

p=po aJ dp

_uowt

szl _a] ap

P=po p=po
Since w// and w* in Equations (3.3) and (3.4) content elliptical cosine functions,
they automatically satisfy the traction-free boundary condition at the surface of
the flat half-space 7, Equation (3.6). Hence to determine the unknown
coefficients of the scattered and transmitted waves, Equations (3.4) and (3.5),

boundary conditions of Equations (3.7) and (3.8) are employed.

Here the mathematical difficulty arises since along the circumference of the full
elliptical region the transmitted waves expressing the displacement motion in the
full elliptical region must satisfy two disjoint sets of boundary conditions, one set

for traction-free boundary condition at the surface of the elliptical hill L, —7 <9 <

0 and another set for the continuity of displacement and stress at the interface L,

0 <9 < m. In addition as the transmitted waves compose of both elliptical cosine
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and sine, those boundary conditions could not be separately imposed without
any modification. Later utilizing the orthogonality of angular Mathieu functions in
the half-range [0,7] (and similarly in [-7,0]), se,,(9,q) for m =1,2,3 ... can be
expanded as a series of elliptical cosine. Recalling Equation (2.28), the

transmitted waves wt and the corresponding radial stress becomes

wt =352 o[BaMc (0, @) F Zines Coun Mty (0, @) |cen (8, ) (3.9)
Thy = £ 2o BaMel” (0, @) F Zines ConnCrM sty (0,00 |cen (9, @) (3.10)

where —ve above and +ve below are assigned for -t <9 <0 and 0<9<m

respectively; €,,, is given by Equation (2.29). Moreover designates the
derivative of a function with respect to p from here on. Since all correspondent
displacement and stress functions are in the form of elliptical cosine series,

boundary conditions are convenient to apply.

Applying Equation (3.7), the traction-free along surface L, yields

1 0 1
By — it CnnMs”' (00, )Con (311)

B McV' (p

Then applying the continuity of displacement and stress at the interface L yields

aw,i"Mct (0o, @ cen (v, q) + McSP (po, 9)An

(3.12)
= McP (0o, Q) B + 2t Conn M (00, ) Crn

4woi"Mc Y (po, @) cen (v, @) + McS (po, 4)An

, ) , (3.13)
= Mc" (06, @)Bn + Tisnet Cren M (00, @) C



29

There are many schemes to solve for the unknowns. One of them is first to plug

in Equation (3.11) into Equations (3.12) and (3.13), and later to eliminate A,, by

setting
(1)
= _ ! Jyow Mcy (po:(I)) (1) €)) ]
An Mc® (po.a) {Zm=1 G [(Mcﬁl)'(Po,q) Msy” (po, @) + Msp" (o, @) | Cm

(3.14)
— 4wyi"Mc P (po, @) cen (v, q)}

The linear equation of infinite order is formulated and takes the form

0 . I; M 1(13)’ )
Ziies CnnCm = 4woi™ | M (0o, @) = (L2 222) Mc (oo, )| centr, @) (3.15)
n 0

where

' M (3)'( Q) M (1)( ) '
Coin =C, {ZMSr(r}) (po,q) — (MZ%)(::Z Z)) [(MZ’&),(ZZ Z)) Msr(r}) (po,q) + MST(:) (po, Q)]}

Here C,,’s may be solved by truncation of infinite matrix as shown in Equation
(3.15). Later A,’s and B,,’'s can be solved by inserting C,,’s back into Equations

(3.11) and (3.14).

3.3 Results and Analysis

To study scattering effects due to locally topographic irregularities, amplitudes of
ground motions at various points are of importance. Since we may assume the
infinite train of SH incident wave with unity amplitude, hence in the absence of a

hill the amplitude of the ground motion is equal to 2. Due to the presence of the
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hill, the scattered waves interfere with the incident and reflected waves in the
exterior region D beyond the hill, and the transmitted waves in the interior
region 2; the amplitude of the ground motion different from 2 is expected. Similar
to previous works by Wong and Trifunac in 1974, we display the results in term of

the dimensionless parameter n defined as

n=2=2=q2(2) (3.16)

np nTa
where 1 is the wave length and a is the focal length expressed in term of A and

B, the half-width and height of the hill correspondingly, as follows

A
a= cosh(tanh=1(B/A)) (3.17)

In addition in order to study the shape effect of a semi-elliptical hill, the aspect

ratio R is defined

B
R=- (3.18)
It is noteworthy that the maximum aspect ratio R of a semi-elliptical hill is limited

to that of semi-circular one.

Comparison with the Previous Work:

The numerical results when semi-elliptical tends to semi-circular (R = 0.9999) at
n =5 and 10 are compared with the existing results of semi-circular hill (Lee et
al, 2006). In the general trend, the comparisons between Figures 3.2a and 3.2b
and Figures 3.3a and 3.3b show that our results agree with results presented by

Lee et al (2006). Only slight differences, less than 1%, between those do exist as
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shown by the discrepancy of maximum values of the displacements. The above
difference may come from the different functions used in each problem, Bessel
and Hankel functions for the semi-circular hill and Mathieu elliptical sine and

cosine functions for the semi-elliptical hill.

Figure 3.2: Displacement Amplitudes of Ground Motion atn =5

Present work for "Circular” Elliptical Hill
R=10.9999,n =5.0

Antiplane(SH) Displacmeent Around Semi-Circular Hill
n = wa/mey = 5.00

Displacement Amplitude, |w)|

"R RN rYE Y TFY Y
Displacement Amplitudes. [w|

(@) “Almost-Circular” Elliptical Hill (b) Semi-Circular Hill

(R = 0.9999) (Courtesy of Lee et al, 2006)
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Figure 3.3: Displacement Amplitudes of Ground Motion at n = 10

Present work for "Circular” Elliptical Hill Antiplane(SH) Displacmeent Around Semi-Circular Hill
R =10.9999,n =10.0 n= (l)ﬂ.'r]TCn = 10.00

Displacement Amplitude, |w]|
Displacement Amplitudes, |[w|

0
xfa

(@) “Almost-Circular” Elliptical Hill (b) Semi-Circular Hill

(R = 0.9999) (Courtesy of Lee et al, 2006)

Effects of Height-to-Width Ratio of Elliptical Hills, and of Incident Angle:

Figures 3.4 to 3.23 illustrate amplitudes of surface displacements for R = 0.1,
0.3, 0.5, 0.7 and 0.9 which are equivalent to the height-to-width ratios of 0.05,
0.15, 0.25, 0.35 and 0.45 respectively. Each figure shows three-dimensional
plots of displacement amplitudes at one of four different incident angles of y = 0°,

30°, 60° and 90° versus the distance x/A on and around the hill and the
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dimensionless frequency 7 in the range of 0.5 to 10. In addition the amplitudes in

the range of x/A in [—1,1] are those on the elliptical surface of the hill.

Figures 3.4 through 3.7 show the displacement amplitudes for R = 0.1 which are
slightly different from the uniform half-space amplitudes. In particular when 7 is
small, an incident angle is of irrelevance on the displacement amplitudes. This
confirms the fact that the long waves do not feel any undersized topographic
irregularity and only minor changes into the uniform half-space amplitudes may
be introduced. In addition as shown in following Figures 3.8 through 3.23, the
pattern of surface displacement becomes progressively more complicated when
an elliptical hill gets steeper. Moreover for nearly grazing angle (y = 0° and 30°)
the hill acts like a barrier shielding the propagating waves coming from the left,
resulting in a standing wave pattern in the front of the hill. Besides that, with n
larger than 3 we also observed more prominent and more abrupt jumps of the
displacement amplitudes at the right edge of the hill (x/A = 1). This may be due
to the fact that the right rim reflects the incoming waves back into the elliptical
hill. Shortly these reflected waves would bounce at the surface of hills, resulting
in the superimposition of the overall wave propagation and the localized
concentration at the right rim. It is also notable that for nearly vertical incidences
(60° and 90°) the similar pattern to the case of semi-circular hill has been
observed here. Lee et al (2006) mentioned that displacement is large and

oscillates on the hill surface.



Figure 3.4:

Displacement Amplitude for R = 0.1 when y = 0°

Figure 3.5:

Displacement Amplitude for R = 0.1 when y = 30°

R=0.1
=30°
.1 =
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Figure 3.6: Displacement Amplitude for R = 0.1 when y = 60°

R=0.1
¥ =60°
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Figure 3.7: Displacement Amplitude for R = 0.1 when y = 90°

R=0.1
y=90°
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Figure 3.8:

Displacement Amplitude for R = 0.3 when y = 0°

Figure 3.9:

Displacement Amplitude for R = 0.3 when y = 30°
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Figure 3.10: Displacement Amplitude for R = 0.3 when y = 60°
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Figure 3.12: Displacement Amplitude for R = 0.5 when y = 0°

R=05
% y=0° =,

Figure 3.13: Displacement Amplitude for R = 0.5 when y = 30°
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Figure 3.14:

Displacement Amplitude for R = 0.5 when y = 60°
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Y=60°
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Figure 3.16: Displacement Amplitude for R = 0.7 when y = 0°
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Figure 3.17: Displacement Amplitude for R = 0.7 when y = 30°

R=0.7
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Figure 3.18:

Displacement Amplitude for R = 0.7 when y = 60°

Figure 3.19:

Displacement Amplitude for R = 0.7 when y = 90°
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Figure 3.20: Displacement Amplitude for
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Figure 3.21: Displacement Amplitude for
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Figure 3.22:

Displacement Amplitude for R = 0.9 when y = 60°
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CHAPTER 4: SCATTERING OF PLANE (SH) WAVES
BY A DEEP SEMI-ELLIPTICAL HILL

In this Chapter, the ground motion and wave propagation resulted from the
scattering of anti-plane (SH) waves by a deep semi-elliptical hill on an elastic
half-space is studied and explained by the closed-form solution, based on
method of wave function expansion, and the expansion of elliptical sine and
cosine over the half-range [—m/2,m/2]. Similar to Chaper 3 shallow semi-
elliptical hill, numerical results when semi-elliptical tends to semi-circular are
compared with the work by Lee et al (2006). The analysis shows the interference
on ground motion depends on several factors such as frequency of the incident

waves, incident angle, and the aspect ratio of elliptical hills

4.1 The Deep Semi-Elliptical Hill Model

The cross-section of two-dimensional model studied in this paper is shown in
Figure 4.1; it represents an elastic, isotropic, and homogeneous half-space with a
semi-elliptical hill. Its material properties are given by the rigidity ¢ and the
velocity of shear wave . Similar coordinate systems to Chapter 3 are utilized,
except the half-space which is defined by x > 0 in order to facilitate the analysis
of the deep semi-elliptical hill. In addition the lower bound to which our solution

applies is limited to that of semi-circular hill.
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Figure 4.1: Deep Semi-Elliptical Hill Model

R

e

The model consists of the regions 2 and D. The interior regions 2 is the full
elliptical region which has the boundary L along surface of the semi-elliptical hill,
p=p,and n/2 <9 < —m/2, and the boundary L between the regions 2 and D,
p=po and —m/2 <9 <m/2. The exterior region D consists of the half-space
bounded by L along interface p = p, and the flat surface of the half-space
beyond the hill denoted by 7" along¥ = —n/2 and n/2. Again the half-width and

height of the semi-elliptical hill are denoted by A and B, and a is the focal length.
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4.2 Series Expansion of Wave Functions

Incident and Reflected Waves:

In the absence of the hill, the plane incident SH waves w' travelling in the
direction m —y would reflect at the flat surface 7~ and therefore generate the
reflected plane waves, w”, moving with angle y. Later the incident plane waves
interfere with the reflected plane waves, and yield the free field waves w// which
can be expressed by the series of Mathieu functions after applying Equation

(2.20).

Wil = dwy B[ (~ 1M (p, q)cezn(d, q)cern (v, )|

_ . R (4.1)
+ 4iwg Bizo| (—1)" M3, 1 (0, @)5€zm i1 (8, DSeznin (7, 0))

where w, = amplitude of the incident wave.

In addition g, Mc{2 (), Ms{2, (), ceumn(-) and sepn,q1(-) are Mathieu parameter,
even and odd Modified Mathieu function of the first kind, and even and odd
Mathieu function respectively; the expression of these functions are given by
Equations (2.13) and (2.17). It is worth mentioning that shown in Equation (4.1)
only even order of Mathieu functions appears in the first series whereas the odd

order solely does in the second series since
cen(m—v,q) = (=1)"cen(y,q)

sen(m—v,q) = (=1)""'se, (v, q)
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Scattered and Transmitted Waves:

Two more plane SH waves are generated as the incident plane waves strike the
crossing point between regions 2 and D. The first waves are the scattered and
diffracted outgoing waves w* in the exterior region D, whereas the second ones
are the standing transmitted waves w! inside the elliptical region £2; they can be

expressed in the forms of elliptical wave functions

w = Z?f:o[AZnMCé;? (p, q)cexn (9, q) + A2n+1M52(i)+1(P: q)sexn+1 (@, CI)]; p = po(4.2)

wt = S| BaMc (p, @)cen(®, )| + Ziioa | CuMsY (0, )sen(, )| ;0 < py  (4.3)
where A, B,, and C,, are the unknown coefficients of the new plane waves to be

determined. Moreover MCSB(-) and Msz(fl)ﬂ(-) are even and odd modified
Mathieu function of the third kind respectively, while others are defined

previously. The scattered waves in the region D (p = p,, —7/2 <9 < m/2) have

Mcgfl)(-) and Msz(fl)-l-l(') as radial wave functions since they have asymptotic
behavior of Hankel function of the first kind which satisfies Sommerfeld’s far field
condition. Furthermore ce,,(-) and se,,,;(-) are used to form angular wave
functions because they form a complete orthogonal set of functions in the

angular domain —n/2 <9 < /2. The transmitted waves in the interior region 2
(p < po, 0 <9 < 2m) have MctP(-) and Ms{P(-) as radial wave functions since
they have asymptotic behavior of Bessel function of the first kind which are finite

everywhere in the full elliptical region 2 (Pao and Mow, 1973). In addition in the
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full angular domain of the region 12, ce, (-) and se, (-) form a complete orthogonal

set of functions.

Solution of the Problem using Angular Half-range Expansion

The wave functions of the total displacement, w = w// + w*, in the exterior
region D and of the transmitted wave, wt, in the elliptical region 2 must satisfy

the Helmholtz equation, Equation (2.8), and the following boundary conditions:

1. The traction-free boundary condition at the flat half-space 7~
(p = po,9 =-m/2,m/2)

wo(wfl+ws) 0

Tyz|y=0 = Tyzlo=—n/2m/2 = o 9 (4.4)

2. The traction-free boundary condition at the surface of the elliptical hill L
(p=pom/2<9<-m/2)

u owt
e L (4.5)

3. The continuity of displacement and radial stress at the interface L
(p=po,—m/2<9 <m/2)

(Wff + WS)|p=p0 = Wt|P=P0

t

_uo(w/T+wd) u ow
p=po aJ ap p=po M 9P lp=p,

(4.6)

Tpz |

Each term of w// and w*s, Equations (4.1) and (4.2), contents an elliptical cosine

function of even order and an elliptical sine function of odd order; hence they



49

automatically satisfy the traction-free boundary condition at the surface of the flat

half-space 7, Equation (4.4).

Boundary conditions of Equations (4.5) and (4.6) are applied to determine the
unknown coefficients of both scattered and transmitted waves. Similar to the
case of shallow elliptical hill, the transmitted waves wt in the full elliptical region
must satisfy two disjoint sets of boundary conditions, one set for traction-free
boundary condition at the free surface of the elliptical hill L, and another set for
the continuity of displacement and stress at the interface L. In addition as the
transmitted waves w! contain elliptical cosine and sine of both even and odd
orders, those boundary conditions could not be separately imposed directly.
Later utilizing the complete orthogonal set {ce,,,(9,q),sesn+1(9,q9); n=0,1,2 ...}
in the half-range [-w/2,n/2] (and similarly in [z/2,—m/2]), the transmitted

waves wt and the corresponding radial stress becomes

Wt =370 [BanMcS) (0,9) F o MnnBam1Mc5iy 41 (0, ) | cean(d, )

_ 4.7)
+ Zi0 | Cont1Ms5)1 (0, D F Zieo RmnCams2aMs5n 120, @] 5€2n141 (8, )

sz = %Z?{’:o [BZnMCgln),(pr Cl) 'T‘ Z;.:lzo 8:RmnBZm—k11\46%,)1,4.1 (P, CI)] CeZn(n: Q)

’ _ , (4.8)

+ C%Z?f’:o [CZn+1MS§1n)+1(p' q) + Zfﬁ:o mmnCZm—i-ZMsglyzl.;.z(p; q)] SeZn+1(7~9' Q)
where —ve above and +ve below are assigned for /2 <9 <-n/2 and —n/2 <
9<mn/2; M,, and N, are given by Equations (2.35) and (2.38). As all

displacement and stress functions of far-field, scattered and transmitted waves
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are in the forms of elliptical cosine series with order 2n and of elliptical sine
series with order 2n+1, boundary conditions are convenient to apply. Similar
procedure to the case of the shallow semi-elliptical hill is performed, yet two

linear equations of infinite order are formulated

Zm 0 ]DmnBZm+1 - 4‘W0( 1)n [Mc(l),(po' q)

M (po,@) 5y .(1) (4.9)
(MC(3)(po q)) Con (po, CI)] CeZn(V: q)
270‘?1:0 IE:mnC2m+2 = 4W0i(_1)n [MSZ(:L)-£1(pOJ Q)
(4.10)

Msy; 4 1(P0.9)
(M) M52(111)+1(POJ CI)] seans1(, q)

MS%?H(PO Q)

where

Dy = My {ZMCSr)Hl(pO' q)

M) (po, q)) [(Mcél) (Po q)) )’ ]}
. M
<Mcgn)(PO’CI) MC%B (P0,2) Cam+1(Po, @) + CZm+1(p0; q)

Emn = N {ZMSZ(;)HZ (Po, )

(3)’
M52n+1(p0rQ)> [(M52n+1(P0 ‘D) Ms (1) ]}
,q) + Ms ,
(MS§,3+1(po,q) Ms$E. (00,@) m+2(Po, 4) 2m+2(Po q)

Here B,,,+1’S and C,,,,1’S could be calculated first by truncation of the above

infinite matrices. Later other coefficients are determined through the equations

Mcy,, (po.q)
Ayp = {Zm 0 [(%)M (1)+1(PO:Q) + MC2m+1(P0' Q)] Bym+1

MC(3)(PO Q) (Po.9)

— 4wo(—1)"Mc}) (po, Q)cesn(y , )}
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Msy11(P0.q) (1)
A —{ [(—)M Jq) + Ms , ]c
2+l = (n+1(Po D Zm=o N " %)H(Po D +2(P0 q) 2m+2(/30 q)| Cam+2
—4iW0(—1)"M52(711)+1(p0,q)seZn+1(y,q)}
(v
Byn = Mc(l) (00.2) Zm o Mo MC2m+1(Po:Q)Bzm+1
1 1)/
CZn+1 Zm OmmnM52m+2(pOr )CZm+2

Msgil)il(Po:Q)

4.3 Results and Analysis

Amplitudes of ground motions at various points are analyzed. Similar to Chapter
3 we assume the excitation consists of an infinite train of SH wave with amplitude
1, and present the results in term of the dimensionless parameter n which is
defined as Equation (3.16), except the focal length which is expressed in term of

A and B, the half-width and height of the hill respectively, as follows

A
€= sinh(tanh=1(4/B)) (4.11)

Moreover the aspect ratio R, Equation (3.18), is employed to study the shape
effect of a semi-elliptical hill; the minimum aspect ratio R of a deep semi-elliptical

hill is limited to that of semi-circular one.

As noted by Wong and Trifunac (1974b), the required number of terms in series
representation of Mathieu functions increases with increasing |y| and gq; for
example, increasing R and n. The utilization of the half-range expansion in the

elliptical hill model even requires more number of terms than semi-elliptical
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canyon/alluvial model, and cause a numerical problem; asymptotic approximation
for modified Mathieu functions may be needed. In addition the applicable range
of proposed solution also depends on the availability of program package
(Mechel, 1997). Hence we restrict and calculate the amplitude of displacement
only in the range |y/A| < 2.0 for all R, even though amplitude of displacement
may be evaluated while |y/A| in the range up to 4.0 without any numerical

problem for smaller R with the dimensionless parameter n up to 10.

Comparison with the Previous Work:

The proposed solution are implemented and tested by modeling a semi-elliptical
hill for the “Almost-Circular”, R =1.0001. Previously published result for a semi-
circular hill (Lee et al; 2006) are used for comparison purpose. The

dimensionless frequency n = 5 and 10 are selected for the evaluation.

The Figures 4.2 and 4.3 illustrated the comparison of displacement amplitude of
ground surface at 4 angles of incidence y for the “almost-circular” elliptical hill
and Circular hill; however note that we define angle of incidence for both cases
differently, an angle of incidence measures from the vertical axis for elliptical hill
while from the horizontal axis for circular hill. A remarkable agreement between
these results has been observed. Particularly around two sharp edges of hill at
y = 1A for elliptical hill and at x = +a for circular one, the displacements

demonstrate identical patterns. However some minor departures are observed
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such as the discrepancies of the displacement at the right rim for the incident
wave travelling parallel to flat surface, and of maximum values of the
displacements. These variations possible are explained by the utilization of
different wave functions in each problem, Angular and Radial Mathieu functions
for the semi-elliptical hill and Bessel, Hankel, Sine and Cosine functions for the

semi-circular hill.

Figure 4.2: Displacement Amplitudes of Ground Motion atn =5
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Beside the above comparison with the existing work by Lee et al, 2006, our

proposed solutions for both shallow and deep semi-elliptical hills demonstrate

very consistent numerical results as we evaluate Figure 3.2a against 4.2a and

3.3a against 4.3a; this may confirm the reliability of the angular half-range

expansions.
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Effects of Height-to-Width Ratio of Elliptical Hills, and of Incident Angle:

Amplitudes of surface displacements for R = 1.1, 1.3, 1.5, 1.7 and 1.9, equivalent
to height-to-width ratio of 0.55, 0.65, 0.75, 0.85 and 0.95 respectively, are shown
in Figures 4.4 through 4.23. They are the three-dimensional plots of
displacement amplitudes at one of four incident angles of y = 0°, 30°, 60° and
90° versus the distance y/A on and around the hill and the dimensionless
frequency n in the range of 0.5 to 10. In addition the amplitudes in the range of
y/A in [-1,1] are those on the elliptical surface of the hill. However it is noted that

an angle of incidence measures from the vertical axis.

As the aspect ratio R becomes bigger, the surface displacement demonstrates
more complex pattern, which also depends on the angle of incidence. For nearly
horizontal angles of incidence (y = 60° and 90°), the ground surface in a
neighborhood of the zenith experiences smaller disturbance. As aspect ratio R
and the frequency of incidence become larger, the displacement amplitudes in
the vicinity of unity may possibly occur (for example; R = 1.9 and n = 3). Similar
to semi-circular and shallow semi-elliptical hills, the shielding effect of the
incoming waves from the left is noticeable, resulting in a standing wave pattern in
the front of the hill and minor deviation of the displacement amplitude from the
uniform half-space amplitude (lw| = 2) in the back of the hill. The sudden jump of
the displacement amplitude, which normally is the maximum value, at the right

edge of the hill (y/A = 1) is also observed for the glazing angles since the right
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rim causes the reflection and diffraction of the incoming waves in the elliptical hill,
and the hill becomes a wave trap resulting in the destructive/constructive
interferences between the incident, reflected and diffracted waves and the
focusing of the amplitude at this edge. While possibly maximum amplitudes of
surface displacement for the horizontal angles of incidence are about 4, the

maximum amplitudes of 5 or larger are perhaps monitored for vertical incidence.

Figure 4.4: Displacement Amplitude for R = 0.11 when y = 0°

.




Figure 4.5: Displacement Amplitude for R = 1.1 when y = 30°
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Figure 4.6: Displacement Amplitude for R = 1.1 when y = 60°
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Figure 4.7: Displacement Amplitude for R = 1.1 when y = 90°
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Figure 4.8: Displacement Amplitude for R = 1.3 when y = 0°
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Figure 4.9: Displacement Amplitude for R = 1.3 when y = 30°
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Figure 4.11: Displacement Amplitude for R = 1.3 when y = 90°
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Figure 4.12: Displacement Amplitude for R = 1.5 when y = 0°
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Figure 4.13: Displacement Amplitude for R = 1.5 when y = 30°

Figure 4.14: Displacement Amplitude for R = 1.5 when y = 60°
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Figure 4.15:

Displacement Amplitude for R = 1.5 when y = 90°
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Figure 4.17: Displacement Amplitude for R = 1.7 when y = 30°
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Figure 4.18: Displacement Amplitude for R = 1.7 when y = 60°
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Figure 4.19: Displacement Amplitude for R = 1.7 when y = 90°

R=1.7 F
¥y =90°
[

Figure 4.20: Displacement Amplitude for R = 1.9 when y = 0°
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Figure 4.21: Displacement Amplitude for R = 1.9 when y = 30°
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Figure 4.23: Displacement Amplitude for R = 1.9 when y = 90°
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CHAPTER 5: SCATTERING OF PLANE (SH) WAVES BY
A SHALLOW SEMI-ELLIPTICAL HILL
WITH AN ELLIPTICAL TUNNEL

As a matter of fact, the presence of a tunnel, cave or cavern is very common in
mountain area. It is necessary to consider their influence to a site in seismic
regions. In this chapter, an analytic solution to the boundary-valued problem of
the two-dimensional scattering of anti-plane (SH) waves by a shallow semi-
elliptical hill with a concentric tunnel is presented. Scattering effects due to the
existence of elliptical tunnel in the hill are studied and compared with the results

of Chapter 3, the scattering effects due to the shallow semi-elliptical hill.

5.1 The Shallow Semi-Elliptical Hill
with an Elliptical Tunnel Model

The cross-section of two-dimensional model is shown in Figure 5.1. Similar
configuration, material properties, and coordinate systems to what we have in
Chapter 3 are employed here, but with the presence of a concentric tunnel; A, B
and a are expressed as in Chapter 3, while T is the half-width of the tunnel. The
model consists of the two regions. The exterior region D consists of and extends
over the same domain and boundaries as shown in section 3.1, while the
regions (2 is the full-elliptical ring which has the outer boundaries L and L and the

inner boundary M, p = p;.
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Figure 5.1: Shallow Semi-Elliptical Hill with an Elliptical Tunnel Model

5.2 Series Expansion of Wave Functions

Incident and Reflected Waves:

The same excitation w!, consisting of infinite trains of plane SH waves and
travelling in the direction y to positive x axis, as shown in Chapter 3 is applied.
Moreover in the free field, no existence of the hill and tunnel, the incident waves
strike the flat surface 7 and create the reflected plane waves w’; their summation
yields the free field waves which can be expressed in elliptical coordinate as

Equation (3.3).
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Scattered and Transmitted Waves:

The expression of the scattered and diffracted outgoing waves w* in the exterior
region D, Equation (3.4), once more is applicable here, but we need the different
expression of transmitted waves to Equation (3.5); therefore the transmitted

waves may take the form

wt = i o[ BaMc (0, ) + DaMey? (p, @) |cen (9, @)

o 3 (4) (5.1)
+ 25| M3 (0, @) + EnMsy? (0, ) [sen (8,003 o1 < p < po
where B,, C,, D,, and E,, beside A, in Equation (3.4), are additional unknown

coefficients to be calculated. The transmitted waves in the interior region 2

(po < p < po,0 <0 < 2m) have McP (), MsP (), Mc® () and Ms¥ () as radial
wave functions since their asymptotic behaviors are Hankel functions of the first
kind and of second kind, representing outgoing and incoming waves in the full
elliptical region 2 (Pao and Mow, 1973). Furthermore both ce, (-) and se, (-) are
employed since they form a complete orthogonal set of angular domain in the

region 2, 0 <Y < 2m.

Solution of the Problem using Angular Half-range Expansion

The wave functions of the total displacement, w = w// + w*, in the exterior
region D and the transmitted wave, wt, in the elliptical region 2 must satisfy the

Helmholtz equation, Equation (2.8), and the additional boundary condition,
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beside those in Chapter 3; the traction-free boundary condition at the surface of

the elliptical tunnel (p = p;,0 <9 < 2m)

_powt =0 (5.2)

| =
IpZ
P=pP] aj dp p=p1

Applying the above condition and utilizing orthogonality of elliptical sine and

cosine functions, therefore we obtain Bn=—[Mc,(f)'(p,,q)/Mc,(f)'(p,,q)]Dn

and C, = —[Msf)'(p,, q)/Ms,(f)'(p,,q)]En. Hence unknowns D, and E, could be

eliminated and previous Equation (5.1) can be rewritten as

wh=3r, [Mcff’)(p, ) — —MC’(:),(’) LD el (p, q)]B cen(9,q)

# 5 M550, ) = B0 M (5, )| Cusen 0,005 1 < < o

Later to determine other unknowns of the wave functions, boundary conditions,
Equations (3.6) through (3.8), along the interface p = p, are applied. Again the
transmitted waves wt consisting of both elliptical cosine and sine must satisfy
two disjoint sets of boundary conditions, the continuity of displacement and radial
stress along the interface L, Equations (3.8). Similar treatment we developed in
the previous Hill model must be utilized; se,,(9,q) can be expanded as the
elliptical cosine series in the half-ranges. As a result the transmitted waves w!

and the corresponding radial stress become

oo Mcy
wt =32, [MCS)(P, ) — W%Mcm(p, q)]B ce,(9,q)

(5.4)

T 50 Zites G [M352 6, ) = 25520 5100, 0)] Crcen9, )



71

oo Y Mcy !
b = 580 [Me” (6. 0) M D Ml )| Bucea 0,)
cJ Mcy ™ (pr.q) (5.5)

F Lo i1 O [Ms,i'f) (0, 0) = S0 (0, )] Cocen(s, )

where —ve above and +ve below are assigned for -t <9 <0 and 0<9<m

respectively; C,,, is given by Equation (2.29). Then displacement and stress
functions of far-field, scattered and transmitted waves are in the form of elliptical
cosine series, boundary conditions are convenient to apply. These wave
functions routinely satisfy the traction-free boundary, Equation (3.6). Applying
the traction-free at the surface of the elliptical hill, Equation (3.7), yields
Z%:lenCm<MS,(;f)'(po.q)—%Mﬁ(ﬁ)'(pom)

o1.49)
B, = (5.6)
@3)
3y Mcy " (p1.a),, (4)!
Mcy” (po,q)— Mc,” (po,q)
n Mcglzl.)/(pl'q) n

Then applying the continuity of displacement and stress at the interface L yields

o Msy” (p1.4)
St G [MsD (00, ) 250 w150, )

{4Woi"MC7§1)(po,q)cen(% q)} _ ms$Y (pr.a) (5.7)
@) = u .
+ Mew(po, DA + [MC7(13)(p0:CI) —MCE),EP’Z)MC“)(po,q)] B,
3)
. , © . C [Ms(3)' ,q) — Lon_(o1) pp @y ]C
{4Wol”MCfll) (po, e (v, q)} _ Ziia G [Msn™ (0o @) = ey o Mm”™ (Por D] G (5.8)
+ Mcr(lg)’(pO'Q)An

mMer? (o)
+ M o, @) = ST M (oo, )| By
Mcy ™ (pr.a)

Equations (5.6), (5.7) and (5.8) establish three sets of infinite equations for the
three sets of unknowns 4,, B, and C,,. To solve this numerically can be done by
first plugging B,,, which is in term of C,, from Equation (5.6) into Equations (5.7)

and (5.8). Next A,, can be eliminated by setting in term of C,, and afterward the
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infinite linear equation in C, would be formulated. By matrix truncation, we can
solve for some first terms of C,. Lastly 4,, and B,, could be determined by back

substitution of C, into their relationships.

5.3 Results and Analysis

Amplitudes of ground motions are analyzed. Similar to Chapters 3 and 4 we
assume the excitation with amplitude 1, and present the results in term of the
dimensionless parameters n and R which are defined by Equations (3.16) and
(3.18); the focal length is also given by Equation (3.17). Furthermore to
investigate the scattering effect due to the presence of an elliptical tunnel,

dimensionless parameter n; is introduced and expressed as

2T T

=2 =1y (5.9)
where T is the half-width of the tunnel. For each aspect ratio R, its minimum

value of T is equal to the focal length;

A
" cosh(tanh=1(B/A))

(3.17)

Due to numerical constraint, we limit T to 0.84. As a result, 0.6 is the minimum
aspect ratio R in this chapter. Table 3.1 shows the minimum ratio T/A for the
corresponding the aspect ratio R; noted that R less than 0.6 would yield the ratio

T /A greater than 0.8.
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Table 5.1:  The Minimum Ratio T /A of the Aspect Ratio R

R Minimum T /A
0.6 0.8
0.8 0.6
0.9999 0.0006

Comparison with the Solutions of “Circular” Semi-Elliptical Hill:
When a concentric tunnel is really tiny in comparison to the hill, wave functions
derived previously must be in agreement with those of semi-elliptical hill without

tunnel. Theoretically this can be verified by the consideration of asymptotic

@) @)
M , M , .

values of C’&).(p’ L 5?4),(”’ 9 \when p, approaches zero; however this is only
Mcy,” (pr.a) Msy” (pr.q)

applicable to R = 0.9999 since the tunnel may be assigned to be so small without
becoming a slit-like. Since we know that Mc{"'(0,q) = MsV'(0,q) = 0 (Mechel,

M (ora)] _ [Msr(f’)(pz,q) _

1997), we obtain lim, _, [— = ;
) PO me® o] pi-0 LMs$ (o1,9)

Therefore

. Mc (o)
tm 0.0 - 1250 = 0.0

] @y
. 3)’' Mc,” (p1.q) 4)' 1)’
g}f}o M (p,q) - mMcﬁ)(P,q)] =Mci(p,q)

] )’
. 3 Ms,” (p1.q) 4 1
g}lj}o _Msr(n)(P: q) — _Msr(f’)'(pj,q) Msr(n)(p; CI)] = MST(l )(P, q)
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. , M (3)'( ) ' '
Jm, Ms; (p,q)—%m}:) (0. )| = Ms” (p, @)

n

After inserting the above asymptotic values back to Equations (5.3) through (5.8),
we obtain the identical equations to those of the semi-elliptical hill model without

tunnel.

Figure 5.2: Displacement Amplitudes of Ground Motion atn = 1
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The previous Figure (5.2) illustrates the similarity for both semi-elliptical hills with
and without a concentric tunnel when semi-elliptical tends to semi-circular
(R =0.9999) at n = 1; ny = 0.1 is assigned for the case of tunnel. As expected
their trends are in agreement with 2% difference at large for the maximum
values; this validates the fact that the long waves do not feel any undersized

topographic irregularity.

Figure 5.3: Displacement Amplitude for R = 0.6 atn =5
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Effects of Tunnel, and Incident Angle to Semi-Elliptical Hill:

To study the effect of the existence of an elliptical tunnel, we consider only three
aspect ratios R; 0.6, 0.8 and 0.9999. In addition per limitation shown in Table 3.1,
we investigate the effect of the tunnel by assuming T = 0.84 only for R = 0.6 and
0.8, and T = 0.24, 0.54 and 0.84 for R = 0.9999 “circular” elliptical tunnel. Once
more we consider the effect of incident angle by assuming four different incident

angles of y = 0°, 30°, 60° and 90° for each case of study.

Figure 5.4: Displacement Amplitude for R = 0.6 atn = 10
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Figures 5.3 to 5.4 illustrate amplitudes of surface displacements at four
prescribed incidences versus the distance x/A on and around the hill with the
dimensionless frequency n = 5 and 10 for the semi-elliptical hill R = 0.6 with an
elliptical tunnel T = 0.84; their corresponding plots of surface displacement for

the semi-elliptical hill without a tunnel are shown on their right-hand side.

Figure 5.5: Displacement Amplitude for R =0.8atn =5

Semi-Elliptical Hill with Elliptical Tunnel Semi-Elliptical Hill
R=08,1=50,1,=40 R=08,n=5.0

— R

—_— s
=256

[

*
» ||

Displacement Amplitude, |w]
Displacement Amplitude, |w|

D = M W Bk O = MW Bk m O = N W bk om0 = M W s,

(@) with Tunnel; T = 0.84 (b) without Tunnel



78

We found that the existence of the tunnels has significant effect on the amplitude
of ground motion. In general the presence of the tunnels makes maximum values
of the displacement lower; except at y = 0° for n = 5. Their corresponding
locations are shifted for y = 30° and 60°. The shielding effect of tunnel becomes
stronger for the surface in its vicinity. An incident angle seems rather irrelevant
on the displacement amplitudes of points vertically above tunnel; these amplitude

values are about to or less than 2.

Figure 5.6: Displacement Amplitude for R = 0.8 atn = 10
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Next let consider the semi-elliptical hill R = 0.8 with the same tunnel-size ratio as
previous case T = 0.84. Figures 5.5 and 5.6 illustrate amplitudes of surface
displacements at four prescribed incident angles with the dimensionless
frequency n = 5 and 10; again their corresponding plots for the semi-elliptical hill
without a tunnel are also shown on their right-hand side. Similar tendency to
previous case of R = 0.6 is spotted. The surface displacements on the hill are

obviously lower with the existence of the tunnel.

Figure 5.7: Displacement Amplitude for R = 0.9999 with Tunnel T = 0.84
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There are two major differences in wave patterns for the slit-like tunnel in
comparison to elliptical tunnel; it may be considered as the shape effect. First,
stronger pattern of standing waves is observed for the case of the elliptical tunnel
with, especially, nearly grazing incidence. Second the slit-like tunnel is more
effective in shielding the incoming waves in nearly vertical direction; their surface

displacements are less than ones of the elliptical tunnel.

Figure 5.8: Displacement Amplitude for R = 0.9999 with Tunnel T = 0.24
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To further elaborate the shape effect of tunnel, we may compare Figure 5.7, the
surface displacements due to “circular” elliptical tunnel with the same tunnel-size
ratio T = 0.84, with Figures 5.3 through 5.6. For y = 0°, the circular-like tunnel
creates stronger shadow zone on the right-side of the hill; their amplitudes are in
the neighborhood of unity or less. Still this tunnel is less efficient in shielding the
vertical waves than other tunnels as expected; their maximum surface

displacements are higher than other cases.

Figure 5.9: Displacement Amplitude for R = 0.9999 with Tunnel T = 0.54
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To study the influence of tunnel-size, we consider only “circular” semi-elliptical hill
with a “circular” elliptical tunnel due to the limitation of the formulation previously
mentioned. After evaluating Figures 5.8 and 5.9 of “circular” tunnels T = 0.24
and 0.54 against the above figure, it may be said that for nearly horizontal angle
the standing waves on the left-side become more prominent as the tunnel is
getting larger. In addition for vertical angle, the maximum value of surface
displacement is noticeably less when the elliptical obstacle gets bigger. Besides
that, the surface displacements on both sides of the hill become progressively

more fluctuated as the obstacle become larger apparently for all angles.

Figures 5.10 through 5.29 show three-dimensional plots of surface
displacements for R = 0.6, 0.8, and 0.9999, equivalent to the height-to-width
ratios of 0.3, 0.4, and 0.4999 respectively; the values of T for particular R are as
at the beginning of this section. Each figure illustrates the plots at four incident
angles, y = 0°, 30°, 60° and 90°, versus the distance x/A on and around the hill
and the dimensionless frequency 7 in the range of 0.5 to 10; the amplitudes in

the range of x/A in [—1,1] are those on the elliptical surface of the hill.

Figures 5.10 through 5.17 show that the presence of a tunnel and direction of
incident waves have great effect on surface displacement. For nearly horizontal
angles, the local jump of surface displacement in the neighborhood of the right

edge of the hill (x/A =1) common for all cases of semi-elliptical hill is not



Figure 5.10: Displacement Amplitude for R = 0.6, T = 0.84 when y = 0°
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detected due to shadow zone formed by a tunnel; surface displacement on a hill
is typically in vicinity of 2 or less with the exception of some particular values of 7.
This phenomenon may be explained by the fact that a tunnel easily reflects some
input waves back and forth with the hill surface. For nearly vertical angles of

incidence, in general surface displacement is greatly hindered by a tunnel.

Clearly, Figures 5.18 through 5.29 also validate what we have mentioned earlier
about the shape and size effects of tunnels; moreover pattern of all surface
displacement turn out to be increasingly more complicated when the incident

waves become shorter.

Figure 5.12: Displacement Amplitude for R = 0.6, T = 0.84 when y = 60°
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Figure 5.13: Displacement Amplitude for R = 0.6, T = 0.84 when y = 90°
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Figure 5.15: Displacement Amplitude for R = 0.8, T = 0.84 when y = 30°
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Figure 5.17: Displacement Amplitude for R = 0.8, T = 0.84 when y = 90°
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Figure 5.18: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 0°
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Figure 5.19: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 30°
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Figure 5.20: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 60°
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Figure 5.21: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 90°
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Figure 5.22: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 0°
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Figure 5.23: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 30°
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Figure 5.24: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 60°
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Figure 5.25: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 90°

R=09999, T=054 /[ )\
y=90° L
/| K.

Figure 5.26: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 0°
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Figure 5.27: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 30°
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Figure 5.28: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 60°

. R=09999,T=08A JO_
s )

92



Figure 5.29: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 90°
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CHAPTER 6: SCATTERING OF PLANE (SH) WAVES BY
A DEEP SEMI-ELLIPTICAL HILL WITH
AN ELLIPTICAL TUNNEL

In this chapter, an analytic solution to the boundary-valued problem of the two-
dimensional scattering of anti-plane (SH) waves by a deep semi-elliptical hill with
a concentric tunnel is presented. Scattering effects due to the existence of
elliptical tunnel in the hill are studied and compared with the results of Chapter 4,

the scattering effects due to the presence of deep semi-elliptical hill.

6.1 The Deep Semi-Elliptical Hill
with an Elliptical Tunnel Model

The cross-section of two-dimensional model is shown in Figure 6.1; identical
configuration, material properties, and coordinate systems to what we have in
Chapter 4 are employed here, but with the presence of a concentric tunnel; A, B
and a are expressed as in Chapter 4, while T is the half-width of the tunnel. The
model consists of the two regions. The exterior region D expands over the similar

domain and boundaries to section 4.1, while the regions 2 is the complete
elliptical ring which has the outer boundaries L and L and the inner boundary M,

P = Pr-
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Figure 6.1: Deep Semi-Elliptical Hill with an Elliptical Tunnel Model

6.2 Series Expansion of Wave Functions

Incident and Reflected Waves:

The same excitation w' and reflected waves, infinite trains of plane SH waves
travelling in the directions = —y and y to positive x axis, as shown in Chapter 4
are applied. Moreover in the free field, no existence of the hill and tunnel, their
summation yields the free field waves which can be expressed as Equation (4.1)

in elliptical coordinate system.
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Scattered and Transmitted Waves:

The expression of the scattered and diffracted outgoing waves w* in the exterior
region D, Equation (4.2), is valid here. Even though we utilize different model to
one of Chapter 5, identical expression of transmitted waves to Equation (5.1) is
applicable too since we require asymptotic behaviors of Hankel functions of the
first kind and of second kind, representing outgoing and incoming waves in the
full elliptical region 2. In addition to form the complete orthogonal set of angular
domain in the region 2, both elliptical cosine and sine functions must be

employed.

Solution of the Problem using Angular Half-range Expansion

The total displacement w = w// 4+ w* in the exterior region D and the transmitted
displacement wt in the ring region 2 must satisfy the Helmholtz equation,
Equation (2.8), and the extra boundary condition, the traction-free boundary
condition at the inner surface of the elliptical tunnel, Equation (4.2), in addition to
Equations (4.4) through (4.6) in Chapter 4. After applying this traction-free
boundary condition at the inner surface and orthogonality of elliptical sine and
cosine functions, unknowns D,, and E,, could be eliminated and same expression

of the transmitted wave function as Equation (5.3) has been reached.
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Other unknowns of the wave functions can be obtained after applying boundary
conditions along the interface p = p,, Equations (4.4) through (4.6). Again the
transmitted waves wt consisting of both elliptical cosine and sine must satisfy

two disjoint sets of boundary conditions, the continuity of displacement and radial
stress along the interface L, Equations (4.6). The expansion technique we
developed in the Hill model must be utilized; ce,,,+1(,q) and se,.,(9,q) must
be expanded as the series of elliptical cosine functions of odd order and elliptical
sine functions of even order {ce,,+1(9,q),sezn+2(9,q); n=10,1,2,...} in the half-
range [—-m/2,m/2] (and similarly in [z/2,—m/2]). As a result the transmitted
waves wt and the corresponding radial stress become

mcS (p1,a)
M cg‘l)'(pz,q)

wh = T [Me§) 0. ) - ML) (0, )] Boncean(, )

©L
— o 3 Mcy41(P1q) 4
+ Zm,n:O EUtmn [Mcgn)l+1 (p’ q) - %4)7.1 . MCZ(")H_l(,D, CI)] BZm+1ceZn (19: CI)
MC2m+1(pI:q)

3)

00 3 Msy . 11(p1q) 4
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(3)
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where —ve above and +ve below are assigned for /2 <9 <-n/2 and —n/2 <

9<mn/2; M,, and N, are given by Equations (2.35) and (2.38). As all
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displacement and stress functions of far-field, scattered and transmitted waves
are the series of elliptical cosine series with order 2n and of elliptical sine series
with order 2n+1, these wave functions customarily satisfy the traction-free
boundary, Equation (4.4), and other conditions can be applied by utilization of
orthogonality of elliptical cosine and sine functions. Applying the traction-free
condition at the surface of the elliptical hill, Equation (4.5), yields
Tm=o m?mnBzmH(MCS,)lﬁ,l(po,q) - WM%MO,@)
m+1(P14)

Bon = (6.3)
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Con+1 = @ D (o, 2, (6.4)
3 4
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Then applying the continuity of displacement and stress at the interface L yields
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Equations (6.3), (6.5) and (6.6) establish three sets of infinite equations for the
three sets of unknowns A,,, B,, and B,,.;, Where Equations (6.4), (6.7) and
(6.8) found other three sets for 4,,,.4, C,, and C,,.,; on each set we have three
groups of unknown, we can solve them by doing matrix truncation. Similar

procedure to Chapter 5 can apply here.

6.3 Results and Analysis

Assuming the excitation with unity amplitude, the influence of tunnel and incident
angle on ground surface are investigated and the results are presented in term of
the dimensionless parameters n, ny, and R prescribed by Equations (3.16),
(3.18) and (5.9) respectively. We restrict values of R to 1.00002, 1.2, 1.4, and
1.6, which are equivalent the height-to-width ratios of 0.50001, 0.6, 0.7, and 0.8
respectively. We also restrict values of T, width of tunnel, to 0.24, 0.54 and 0.84;

these apply to every value of R.

Comparison with the Solutions of “Circular” Elliptical Case:

If, in comparison to the hill, a tunnel is really small and wave length of input
waves is comparably long, the above wave functions must be identical to those
of semi-elliptical hill without tunnel; however this is applicable to R = 1.00002

since the tunnel could be assigned to be so small without becoming a line.
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M (p1,9) MsS) (p1,q)

Applying asymptotic values of ; ;
PPlyIng asymp Mc$? (p1.q) MsSY (p1,q)

when p; approaches zero,

we obtain the identical equations to those of the semi-elliptical hill model without

tunnel in Chapter 4.

Figure 6.2: Displacement Amplitudes of Ground Motion atn =1
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(a) “Circular” Semi-Elliptical Hill (b) “Circular” Semi-Elliptical Hill

with an elliptical tunnel n; = 0.1
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The prior Figure 6.2 demonstrates the resemblance for both semi-elliptical hills
with and without an elliptical tunnel when R = 1.00002 at n = 1 and n = 0.1 for
the tunnel. We found out that the derived results are remarkably in harmonic not

only to the reference, semi-circular, but also to results shown in Figure 5.2a; less

than 3% difference for the maximum values.

Figure 6.3: Displacement Amplitudes for R = 1.00002 with Tunnel T = 0.24

"Circular" Semi-Elliptical Hill with "Circular” Elliptical Tunnel "Circular Semi-Elliptical Hill with "Circular” Elliptical Tunnel
R=1.00002,n=5.0, TlT:1.0 r R =1.00002, n=10.0, T]T=2.0
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Figures 6.3 through 6.5 are the plots of surface displacement for “circular” semi-
elliptical hill with “circular” elliptical tunnel T = 0.24, 0.5A4 and 0.84 respectively;
on each plot there are 2 subplots for n =5 and 10 at four incidence y = 0°, 30°,
60° and 90°. The formulation developed in this chapter gives exceptionally

consistent results in comparison to Figures 5.7, 5.8 and 5.9.

Figure 6.4: Displacement Amplitudes for R = 1.00002 with Tunnel T = 0.54
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Figure 6.5: Displacement Amplitudes for R = 1.00002 with Tunnel T = 0.84

"Circular’ Semi-Elliptical Hill with "Circular” Elliptical Tunnel "Circular" Semi-Elliptical Hill with "Circular” Elliptical Tunnel
R=1.00002,n=5.0,1,=4.0 R=1.00002, n=10.0,1,=8.0
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Effects of Tunnel, and Incident Angle to Semi-Elliptical Hill:

Figures 6.6 to 6.11 illustrate amplitudes of surface displacements at four
prescribed incidences versus the distance y/A on and around the hill with the
dimensionless frequency n = 5 and 10 for the semi-elliptical hill R = 1.2, 1.4 and
1.6 with an elliptical tunnel T = 0.54; their corresponding plots of surface
displacement for the semi-elliptical hill without a tunnel are shown on their right-

hand side. It can be seen that the presence of the tunnel significantly distorts the
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amplitude of ground motion in comparison to the reference, semi-elliptical hill
without tunnel. In contrast to semi-elliptical hill which their locations of maximum
surface displacement may located close to the right-edge of the hill, the tunnel
causes the reflection and makes the location of maximum amplitude of surface
displacement always in the left half or front of the hill. Please note that for vertical
incidence the response is symmetric; consequently there are corresponding

points of maximum amplitude on both sides of the hill.

Figure 6.6: Displacement Amplitude forR =1.2atn =5

Semi-Elliptical Hill with Elliptical Tunnel Semi-Elliptical Hill
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Generally when the angle of incidence is nearly parallel to the flat surface tunnels
turn to be barricades blocking the coming wave passages and creating shadow
zone on the right-side of the hill; amplitude of ground displacement is always less
than one. Furthermore the strong oscillation is observed on the left-side of the
hill; while in the case of semi-elliptical hill this amplitude of ground motion is
always in the range of 2.5 or less, the existence of tunnels greatly affects the

displacement in the front of the hill and results in the amplitude greater than 3.

Figure 6.7: Displacement Amplitude for R = 1.2 atn = 10

Semi-Elliptical Hill with Elliptical Tunnel Semi-Elliptical Hill
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Figure 6.8: Displacement Amplitude forR =1.4atn =5
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On another hand tunnels become less efficient obstacles when the angle of
incidence is nearly vertical. Even though a location of maximum displacement
amplitude is different from its corresponding reference in the case of inexistence
of a tunnel, visibly a maximum amplitude value of ground displacement is
insignificant disturbed by tunnel; the presence of a tunnel amplifies maximum
displacement by 30%-70% from corresponding value of reference for the

horizontal incidence, while de-amplifies maximum displacement in the range of
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1%-15% for the vertical incidence. It can be said that the hinder efficiency of an
elliptical tunnel depends on the direction of wave passage; the tunnel becomes
better obstruction when the incident wave is perpendicular to its major axis.
Moreover the surface displacements on both sides of the hill are more fluctuated

than the reference.

Figure 6.9: Displacement Amplitude for R = 1.4 atn = 10
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Figure 6.10: Displacement Amplitude forR =1.6atn =5
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To study the influence of tunnel-size, we consider only R = 1.6 with three sizes of
tunnel, T = 0.24, 0.54 and 0.84. Due to the formulation of the problem, we may
see this as the width effect; the height of tunnel is very comparable. After
evaluating Figures 6.12 and 6.13 T = 0.24 and 0.84 respectively against Figures
6.10 and 6.11, it may be said that the high oscillation of wave passage is
inconsequent to the size of tunnel for nearly grazing angles; furthermore the

maximum values of surface displacement are different less than 12 percents. In
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addition the shadow zone on the left-side of the hill seems independent to the

change of width at least in the distance of interest, 1 <y/A < 3; maximum

surface displacements are less than one at all times.

Figure 6.11: Displacement Amplitude for R = 1.6 atn = 10
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Figure 6.12: Displacement Amplitude for R = 1.6 with Tunnel T = 0.24

Semi-Elliptical Hill with Elliptical Tunnel Semi-Elliptical Hill with Elliptical Tunnel
R=1.6,n=5.0,nT=1.0 R=1.6,1]=10.0,T]T=2.0
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Contrastingly the size of tunnel, or in this case its width, does really matter when
the incidence wave is in vertical direction. The maximum values of surface
displacement become smaller when the width of tunnel gets larger. In addition
we also found that the wave length plays important role in the size effect since

the maximum value of displacement is greater affected by the increasing width

for n =5 than n = 10.
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Figure 6.13: Displacement Amplitude for R = 1.6 with Tunnel T = 0.84
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Figures 6.14 through 6.49 show three-dimensional plots of surface
displacements for R = 1.2, 1.4 and 1.6, equivalent to the height-to-width ratios of
0.6, 0.7 and 0.8 respectively; three values of T are assigned. Each figure
illustrates the plots at four incident angles, y = 0°, 30°, 60° and 90°, versus the
distance y/A on and around the hill and the dimensionless frequency n in the
range of 0.5 to 10; the amplitudes in the range of y/A in [—1,1] are those on the

elliptical surface of the hill.
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Figure 6.14: Displacement Amplitude for R = 1.2, T = 0.2A when y = 0°
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Figure 6.16: Displacement Amplitude for R = 1.2, T = 0.24 when y = 60°

Figure 6.17: Displacement Amplitude for R = 1.2, T = 0.24 when y = 90°

R=12T=02A ._/-[’\_
LoV

=900




Figure 6.18: Displacement Amplitude for R = 1.2, T = 0.54A when y = 0°
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Figure 6.19: Displacement Amplitude for R = 1.2, T = 0.54 when y = 30°
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Figure 6.20: Displacement Amplitude for R = 1.2, T = 0.54 when y = 60°
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Figure 6.22: Displacement Amplitude for R = 1.2, T = 0.84 when y = 0°




117

Figure 6.24: Displacement Amplitude for R = 1.2, T = 0.84 when y = 60°
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Figure 6.26: Displacement Amplitude for R = 1.4, T = 0.2A when y = 0°

R=14T=02A _@_

Figure 6.27: Displacement Amplitude for R = 1.4, T = 0.24 when y = 30°
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Figure 6.28: Displacement Amplitude for R = 1.4, T = 0.24 when y = 60°
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Figure 6.29: Displacement Amplitude for R = 1.4, T = 0.24 when y = 90°
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Figure 6.30: Displacement Amplitude for R = 1.4, T = 0.54A when y = 0°
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Figure 6.32: Displacement Amplitude for R = 1.4, T = 0.54 when y = 60°
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Figure 6.34: Displacement Amplitude for R = 1.4, T = 0.84 when y = 0°

Figure 6.35: Displacement Amplitude for R = 1.4, T = 0.84 when y = 30°
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Figure 6.36: Displacement Amplitude for R = 1.4, T = 0.84 when y = 60°
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Figure 6.38: Displacement Amplitude for R = 1.6, T = 0.2A when y = 0°

Figure 6.39: Displacement Amplitude for R = 1.6, T = 0.24 when y = 30°
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Figure 6.40: Displacement Amplitude for R = 1.6, T = 0.24 when y = 60°
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Figure 6.41: Displacement Amplitude for R = 1.6, T = 0.24 when y = 90°
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Figure 6.42: Displacement Amplitude for R = 1.6, T = 0.54 when y = 0°
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Figure 6.44: Displacement Amplitude for R = 1.6, T = 0.54 when y = 60°
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Figure 6.46: Displacement Amplitude for R = 1.6, T = 0.84 when y = 0°
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Figure 6.47: Displacement Amplitude for R = 1.6, T = 0.84 when y = 30°
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Figure 6.48: Displacement Amplitude for R = 1.6, T = 0.84 when y = 60°
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Figure 6.49: Displacement Amplitude for R = 1.6, T = 0.84 when y = 90°
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Considering all three-dimensional plots, wave pattern of surface displacement
becomes visibly more intricate when the incident waves become shorter. In
addition for the tunnel T = 0.84 with nearly grazing angles, we observed quite
interesting behavior. The surface displacement of points on a hill, which seems to
be smaller while the dimensionless frequency n gets larger, suddenly jumps at n

equal to 5 and again diminishes gradually as n becomes bigger.
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CHAPTER 7: SCATTERING OF PLANE (SH) WAVES BY
A SHALLOW SEMI-ELLIPTICAL HILL
WITH A SEMI-ELLIPTICAL TUNNEL

In this chapter, an analytic solution to the boundary-valued problem of the two-
dimensional scattering of anti-plane (SH) waves by a shallow semi-elliptical hill
with a semi-elliptical tunnel is presented. Scattering effects due to the existence
of semi-elliptical tunnel in the hill are studied and compared with the results of
Chapter 5, the scattering effects due to the shallow semi-elliptical hill with an

elliptical tunnel.

7.1 The Shallow Semi-Elliptical Hill
with a Semi-Elliptical Tunnel Model

The cross-section of two-dimensional model is shown in Figure 7.1. Similar
configuration, material properties, and coordinate systems to what we have in
Chapters 3 and 5 are employed here, but with the presence of a semi-elliptical
tunnel; A, B and a are expressed as in Chapter 3, while T is again the half-width
of the tunnel. Due to the configuration of a semi-elliptical tunnel, the model
consists of the three regions. Similar to sections 3.1 and 5.1, the exterior region
D consists of and extends over the same domain and boundaries, where the ring

region 2 has the outer boundaries L and L and the inner boundaries M and M.

The last region I7 is semi-elliptical and bounded by boundaries M and T.
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Figure 7.1: Shallow Semi-Elliptical Hill with a Semi-Elliptical Tunnel Model

7.2 Series Expansion of Wave Functions

Incident and Reflected Waves:

The excitation w! consists of infinite trains of plane SH waves and travelling in
the direction y to positive x axis. In the free field without the existence of the hill
and tunnel, the incident waves strike the flat surface 7" and create the reflected
plane waves w"; their interference yields the free field waves which can be

expressed in elliptical coordinate as Equation (3.3).
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Scattered and Transmitted Waves:

The scattered waves w* in the exterior region D and the transmitted waves w§
the ring region 2 are given by Equations (3.4) and (5.1) respectively. In addition
the new transmitted waves in the semi-elliptical region IT may take the same form

as Wong and Trifunac (1974a) used in their valley model.

wh = Zro FaMei (0, )cen(®, ) (7.2)

where F,, in addition to 4,, B,, C,, D,, and E,, in Equations (3.4) and (5.1), is
unknown coefficient to be calculated. The transmitted waves in the semi-elliptical
region I1 have Mc,(ll)(.) as radial wave functions since their asymptotic behaviors
are Bessel functions of the first kind, representing standing waves in the semi-
elliptical region 2 (Pao and Mow, 1973). Furthermore only ce,(-) forms a
complete orthogonal set of angular domain, 0 <9 < m. It is noteworthy that the

transmitted waves wf;, Equation (7.1), in the semi-elliptical region I1 automatically

satisfies the traction free on the flat surface T.

Solution of the Problem using Angular Half-range Expansion

The wave functions w = w// + w® in the exterior region D, w§ in the elliptical
region 2 and w in the semi-elliptical region I must satisfy the Helmholtz
equation, Equation (2.8), and the additional boundary conditions, beside those in

Chapter 3; the traction-free boundary condition at the surface of the elliptical
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tunnel (p = p;,m <9 < 0) and the continuity of displacement and radial stress at

the interface M.

o awt

T = =0n<9<0 7.2
pz|p=p1 aj oply_p (7.2)
¢ _ ot

Walp=p, = Wiilp=p,

- | _iawﬁ _iawﬁ ;0<9<m (73)
PPp=pr aj opl,_, aJ dpl,_,

Here same difficulty comes up since, along the circumferences p = pg and p =
p1, the transmitted waves wf expressing the displacement motion in the full
elliptical region once more must satisfy two disjoint sets of boundary conditions;

for example Equations (7.2) and (7.3).

Hence we must utilize the orthogonality of angular Mathieu functions in the half-
range. Without any intricacy, the transmitted waves w§ and their radial stresses

may be expressed as follows

wh = o[ BaMcl (0,@) F Ziis ConCnM sy (0, @) |cen (9, 0)

) (4) — oo (4) (74)
+ Zn=o[DnM ¢n” (0, @) F Xin=1 ConnEmMsy,” (o, q)]cen(ﬁ, q)
78, = i o[ BaMct (p, @) F Eiies CnCrnMs ' (p, @) |cen (9, @) -

+ 20| DaM e (0, 0) F Zines CrunEmM sy (0, ) |cen (9, )
Again, —ve above and +ve below are assigned for -t <9 <0 and 0<9<m

respectively, and €,,, is given by Equation (2.29). Then all displacement and
stress functions are convenient to be applied since they are in the form of

elliptical cosine series.
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Applying all boundary conditions along both circumferences of the elliptical ring
region 2, we establish six sets of infinite equations for the six sets of unknowns;

A, through E,.

BnMCr(ls)’(pOr CI) - Z‘;.T?l=1 (gmnCmMsﬁng)/(pO' CI) } =0 (7 6)

+Da MY (po, 4) — 81 CopnEmMs (00, q)

BaMcy? (00, 9) + Zines CmnCm My, (00, @) } _ {4Woi"MCff)(po.q)cen(%q)} 7.7)
+DTLMC7€L4) (po: CI) + Z??l:l (gmnEmMsr(:) (po: C[) +AnMC153) (,00; CI)

BnMC1EL3),(p0: q) + Z?Z:l Q:mnCmMsr(r?)’(po: qQ) }

{4w0inMc1(11)r(p0'q)cen(y,q)} (7.8)
+D,McY (00, @) + T8t CpnEmMs Y (00, 4)

+A,McS (00, @)

, ! 0 (7.9)
+Da MY (01, @) = 252y Copn EmMsS (01, @)

BoMcS (01, q) + X201 € CMsS (1, )

= F,McS (01, 9) (7.10)
+DnMC7(14)(pI'Q) + 21%2:1 G:mnEmMsr(:)(Pl,Q)} " "

BnMCr(lg)’(pIr C[) + Z‘;.T?l=1 (gmnCmMsﬁng)/(pl' CI)

{BnMCﬁL?’),(pI:Q) - Z?Z:l Q:mnCmMsr(r?)’(pIJQ) }
{ +D,McSP (01, @) + %21 CnEmMsY (01, @)

} = F,Mc" (p, @) (7.11)

The system of Equations (7.6) through (7.11) can be solved numerically by
matrix truncation. Due to the ill-condition of the matrix, the above system is
solved by wusing subroutine LAPACK and the SVD, Singular Matrix
Decomposition, provided by MATLAB. However the number of terms must be
large enough to satisfy the required accuracy; in this case we test the accuracy
of the sum by comparing the series n-term with (n+1)-terms and check if the

maximum displacements at the same point are within 1%-difference.
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7.3 Results and Analysis

Amplitudes of ground motions are analyzed. Similar to previous chapters we
assume the excitation with amplitude 1, and present the results in term of the
dimensionless parameters n, R and n; which are defined by Equations (3.16),
(3.18) and (5.9). Furthermore to investigate the scattering effect due to the
presence of a semi-elliptical tunnel, again for each aspect ratio R its minimum
value of T is equal to the focal length a which is governed by Equation (3.17).
Since we limit T to 0.84, 0.6 is the minimum aspect ratio R in this chapter; the
minimum ratio T /A of the aspect ratio R = 0.6, 0.8 and 0.999 in Table 3.1 are

applicable.

Comparison with the Solutions of “Circular” Semi-Elliptical Hill:

When a tunnel is really small in comparison to the hill, ground surface
displacements obtained from the above equations must be in agreement with
those of semi-elliptical hill without tunnel. Comparison-wise this is only applicable
to R = 0.9999 since we could make the tunnel so small without becoming a slit-
like. The following Figure (7.2) shows the similarity for both semi-elliptical hills
with and without a semi-elliptical tunnel when semi-elliptical tends to semi-
circular (R =0.9999) at n =1; ny = 0.1 is assigned for the case of tunnel. In
general their trends are in harmony with 2% difference at large for the maximum

values, except at incident angle 60°.
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Figure 7.2: Displacement Amplitudes of Ground Motion atn =1
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Effects of Tunnel, and Incident Angle to Semi-Elliptical Hill:

To study the effect of the existence of an elliptical tunnel, we consider only three
aspect ratios R; 0.6, 0.8 and 0.9999. Furthermore we consider the effect of
incident angle by assuming four different incident angles of y = 0°, 30°, 60° and

90° for each case of study.
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Figure 7.3: Displacement Amplitude for R =0.6 and T =0.84atn =5
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Figures 7.3 and 7.4 show amplitudes of surface displacements at four prescribed
incidences with the dimensionless frequency n = 5 and 10 for the semi-elliptical
hill R = 0.6 with semi-elliptical and elliptical tunnels T = 0.84. We found out that
our solutions derived in this Chapter are reliable. Even though at particular angle
the maximum value may be about 4% difference, but their overall patterns are

almost indistinguishable since both tunnels are slit-like.
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Figure 7.4: Displacement Amplitude for R =0.6 and T = 0.84 atn = 10

lmax

Semi-Elliptical Hill with Semi-Elliptical Tunnel Semi-Elliptical Hill with Elliptical Tunnel
R=06,1=10.0,n,.=80 R=0.6,1n=10.0,n.=80
5
s, s
— K’*Ej: 2.25 5
B
1
L . ! . : ! 0
5
_— 4
= . Kﬁl: 3[:2 42 3
2
1
0

Displacement Amplitude, [w]|

= R . S~ S

Displacement Anplitude, [w]

= e R R - - e T T T N~ T S - T T I

(&) Semi-Elliptical Tunnel (b) Elliptical Tunnel

The presence of the semi-elliptical tunnel influences the wave patterns and
especially the maximum value of ground surface motion and its location.
Considering Figure 7.5 and 7.6 together with Figures 5.5 through 5.7, we found
that for nearly grazing angle, the maximum values of ground surface motion in
the case of semi-elliptical tunnel are comparable or higher than of elliptical one;
In contrast to the elliptical tunnel the locations of the maximum value are always

located on the hill, not on the front of the hill. The similar shielding effect to the
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full-elliptical tunnel has been detected here too for semi-elliptical tunnel, but less
effective. Moreover we also observed abrupt jumps of the displacement
amplitudes at the right edge of the hill (x/A = 1), which we have rarely seen
while investigating the effect of elliptical tunnel. Besides the existence of semi-
elliptical tunnel create more shielding effect which results in the smaller value of
the maximum displacements while the incidence waves approach the hill in

vertical directions.

Figure 7.5: Displacement Amplitude for R = 0.8 with Tunnel; T = 0.84
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Figure 7.6: Displacement Amplitude for R = 0.9999 with Tunnel T = 0.84
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To study the influence of tunnel-size, again we consider only “circular” semi-

elliptical hill with a “circular” semi-elliptical tunnel. After evaluating Figures 7.7

and 7.8 of “semi-circular” tunnels T = 0.24 and 0.5A against the above figure, it

may be said that for nearly horizontal angle standing waves on the left-side

seems bigger as the tunnel is getting larger. Nevertheless the shielding effect

seems irrelevant to the size of the tunnel; the displacements on the right-handed

of the hill are approximately greater than unity.
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Similar to the full-elliptical tunnel, for vertical angle of incidence the maximum
value of surface displacement is noticeably less when the elliptical obstacle gets
bigger. Furthermore it can confirm that the semi-elliptical tunnels are more
effective in shielding the vertical incident waves than the elliptical ones. Besides
that, the fluctuation of surface displacements on both sides of the hill, which have
been noticed with the existence of elliptical tunnels, is insignificant in this case of

semi-elliptical tunnel.

Figure 7.7: Displacement Amplitude for R = 0.9999 with Tunnel T = 0.24
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Figure 7.8: Displacement Amplitude for R = 0.9999 with Tunnel T = 0.54
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Figures 7.9 through 7.28 show three-dimensional plots of surface displacements
for R = 0.6, 0.8, and 0.9999, equivalent to the height-to-width ratios of 0.3, 0.4,
and 0.4999 respectively; the values of T for particular R are as at the beginning
of this section. Each figure illustrates the plots at four incident angles, y = 0°,
30°, 60° and 90°, versus the distance x/A on and around the hill and the
dimensionless frequency 7 in the range of 0.5 to 10; the amplitudes in the range

of x/A in [—1,1] are those on the elliptical surface of the hill.



Figure 7.9: Displacement Amplitude for R = 0.6, T = 0.84 when y = 0°
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Figure 7.10: Displacement Amplitude for R = 0.6, T = 0.84 when y = 30°
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Figure 7.11: Displacement Amplitude for R = 0.6, T = 0.84 when y = 60°

Figure 7.12: Displacement Amplitude for R = 0.6, T = 0.84 when y = 90°
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Figure 7.13: Displacement Amplitude for R = 0.8, T = 0.84 when y = 0°
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Figure 7.14: Displacement Amplitude for R = 0.8, T = 0.84 when y = 30°
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Figure 7.15: Displacement Amplitude for R = 0.8, T = 0.84 when y = 60°
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Figure 7.16: Displacement Amplitude for R = 0.8, T = 0.84 when y = 90°

R=08T=08A _ /7 D

147



148

Figure 7.17: Displacement Amplitude for R = 0.9999, T = 0.24A when y = 0°
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Figure 7.18: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 30°
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Figure 7.19: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 60°
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Figure 7.20: Displacement Amplitude for R = 0.9999, T = 0.24 when y = 90°
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Figure 7.21: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 0°
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Figure 7.22: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 30°

R=09999, T=05A __/(7\__
y=30° o




151

Figure 7.23: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 60°
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Figure 7.24: Displacement Amplitude for R = 0.9999, T = 0.54 when y = 90°
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Figure 7.25: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 0°
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Figure 7.26: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 30°
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Figure 7.27: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 60°
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Figure 7.28: Displacement Amplitude for R = 0.9999, T = 0.84 when y = 90°
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Obviously, Figures 7.9 through 7.12 back up what we have mentioned earlier
about the validity of the equation we developed in this Chapter 7; they are almost
identical to plots in Chapter 5. In addition Figures 7.9 through 7.28 again could
validate what we have seen earlier about the shape, size effects of tunnels and
their shielding efficiency. Once more pattern of all surface displacement turn out

to be increasingly more complicated when the incident waves become shorter.
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CHAPTER 8: SCATTERING OF PLANE (SH) WAVES BY
A DEEP SEMI-ELLIPTICAL HILL WITH
A SEMI-ELLIPTICAL TUNNEL

The wave expansion method together with half-range expansion of elliptical
cosine and elliptical sine is applied to study the response of the two-dimensional
deep semi-elliptical hill with a semi-elliptical tunnel. The solution as a function of
incidence angle and wave frequency is presented. In addition scattering effects
due to the presence of semi-elliptical tunnel in the hill are examined and

compared to the scattering effects due to the existence of a full-elliptical tunnel.

8.1 The Deep Semi-Elliptical Hill
with a Semi-Elliptical Tunnel Model

The two-dimensional model of a deep semi-elliptical hill with a semi-elliptical
tunnel is shown in Figure 8.1; similar configuration, material properties, and
coordinate systems to Chapters 4 and 6 are utilized. Parameters A, B and a are
expressed as in Chapter 4, while T is again the half-width of the tunnel. Due to
the existence of semi-concentric tunnel, the model consists of the three regions.
Similar to sections 4.1 and 6.1, the exterior region D extends over the same

domain and have the same boundaries, where the ring region 2 has the outer
boundaries L and L and the inner boundaries M and M. The last region IT is

semi-elliptical and bounded by boundaries M and T.
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Figure 8.1: Deep Semi-Elliptical Hill with a Semi-Elliptical Tunnel Model

8.2 Series Expansion of Wave Functions

Incident and Reflected Waves:

The excitation w' consists of infinite trains of plane SH waves and travelling in
the direction = — y to positive x axis. Without hill and tunnel, the incident waves
strike the flat surface and yield the reflected plane waves w" in the free field; their
summation called the free field waves can be expressed in elliptical coordinate

as Equation (4.1).
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Scattered and Transmitted Waves:

The scattered waves w*® in the exterior region D and the transmitted waves w§
the ring region 2 are given by Equations (4.2) and (5.1) respectively. In addition
the new transmitted waves in the semi-elliptical region IT may take the same form

as Wong and Trifunac (1974a) used in their valley model.

wh = S0 FanMeSy) (0, )cean(®, @) + Tiico Fons1 M55y (0, )seznin(9,@)  (8:1)
where F,, in addition to unknowns A4, B,, C,, D,,, and E,, in Equations (4.2) and

(5.1), is another unknown coefficient to be determined. The transmitted waves in

the semi-elliptical region IT have Mcgl)(-) and Msz(:l)+1(') as radial wave functions
since their asymptotic behaviors are Bessel functions of the first kind,
representing standing waves in the semi-elliptical region 2 (Pao and Mow, 1973).
Furthermore ce,,(-) and se,,,,(-) form a complete orthogonal set of angular
domain in the half-range [-m/2,7/2] (and similarly in [z/2,—m/2]). It is

noteworthy that the transmitted waves wf, Equation (8.1), in the semi-elliptical

region IT automatically satisfies the traction free on the flat surface T.

Solution of the Problem using Angular Half-range Expansion

The wave functions w = w// + wS in the exterior region D, w§ in the elliptical
region 2 and w in the semi-elliptical region I must satisfy the Helmholtz

eqguation, Equation (2.8), and the additional boundary conditions, beside those in
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Chapter 4; the traction-free boundary condition at the surface of the elliptical
tunnel (p = p;,m <9 < 0) and the continuity of displacement and radial stress at

the interface M.

o awt _a T s
Tp| =5 =0, —-<9<- (8.2)
p=pr aj opl,_, 2 2
t — ot
Walp=p, = Wiilp=p, - -
- | :iawﬁl :iawﬁ ;;SﬁS—; (83)
PPp=pr aj opl,_, aJ dpl,_,

Mathematically the transmitted waves w{ expressing the displacement motion in
the full elliptical region must satisfy two disjoint sets along the circumferences
p = po and p = p;. Hence we must utilize the orthogonality of angular Mathieu
functions in the half-range we developed in Chapter 4; then the transmitted

waves w§ and their radial stresses may be expressed as follows

wt = 52o| Mc§) (0, ©Bon F Zineo MemnMcSonsr (0, ) Bamsa |ce2n (9, @)
+ 20| M54 (0, @) Canss F Zinmo RonnMSSors2 (0, @) Camaz | S€ana (9, 0)
+ 250 M) (0, 0)Daon F ieo MM 1 (0, DDz |c€2n (9, 0)

+ 20| M55 1 (0 D Eanar F Zinmo M5z (0, ) Ezmz|Seans1 (9, @)

(8.4)

Ty = £ B0 M5 (0,@)Bon F Zinco DM e’ (0, @) B [ce2n (9, @)
0| MG (0, ) Canes F Zinco Tmn M2 (0, ) Camz | 5€2m41 (9, @)
+ L 0| MS) (0, @)Dan F Binco WomaMcSy 1 (0, @)Dz |cern (8, 4)

+ 0%21?:0 _Msz(i)-|t1(p' Q)E2n+1 $ Z?rolzo mmnMsz(jr)lg-z (p» Q)E2m+2]seZn+1 (19: CI)

(8.5)

where —ve above and +ve below are assigned for /2 <9 <-n/2 and —n/2 <

9<mn/2; M,,, and N, are given by Equations (2.35) and (2.38). Then all
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displacement and stress functions are convenient to be applied since they are in
the forms of elliptical cosine series with order 2n and of elliptical sine series with
order 2n+1. Applying all boundary conditions along both circumferences of the

elliptical ring region 2, we establish two groups of six infinite-equation sets.

The first set is:
BZnMC(3)'(,00; CI) - Z?}?L:O SIRm‘rLBZm+1 Mcéfrz;q(pw CI) } -0 (8 6)
+D2nMC§n)’(p0’ CI) - Z%:O 9‘nmnDZm+1 Mcgi,)l;l(ﬁ’o; CI)

BZnMCSL) (pO: CI) + Z??l=0 ED’tmnBZm+1 MCS',)H_I (pO: Q) } {4W0( 1)nMC(1) (Po' q)ceZn(y, CI)} (8 7)
+D2nMC§:L) (pO' Q) + Z%:O SUtmnDZm+1 MC§2+1(P0, Q) +A2nMC2n (,00; CI)

BZnMC(g)’(pO' ) + Zm 0 iUzmnBZm+1 M62m+1(p0' Q) } {4W0( 1)nMC(1)’(Po’ )C€2n()/, Q)} (8 8)
+D2nMC2n (Po, CI) + Zm:O g‘RmnD2m+1 MC2m+1(p0: CI) +A2nMC(3)’(p0: CI)

BZnMc(3)’(,01r Q) - Z‘?}?l=0 ED’tmnBZm+1 MCSBL;q(pI' Q) } -0 (8 9)
+D2nMC(4) (pl' Q) - Z%:O iUtmnDZm+1 Mcéjr)l;;L(pI' Q)

{BZnMCSl)(pI' q) + Xm=0 MmnBoms1 MCSBLH(PI' q)

(D
= F,nMc,,’ (p1,q) (8.10)
+D2nMC§:L) (pl' q) + Zfﬁ:o iUzmnDZm+1 MC£2+1 (pl» Q)}

{anMcéi)’(Pb q) + Xm=0 MmnBoms1 Mcéfr)z:rl(Pb q)

— (1)
' 0 ' = FonMcy, (p1,q) (811)
+D2nMC§‘:1) (pI' q) + Zm:O mmnD2m+1 Mcéjr)l+1(p1' q)}

In addition the latter set is:

{CZnHMsZnH(po, D) = Tizo RonnComs2Msgons 2 (0, 1) } o (8.12)
+E2n+1M52n+1(pOr @) — Zm=0 MinnEam+2 Msz(filz(/?o' Q)

{C2n+1MSZ(§L)+1(pO' q) + Xm-o gtmnsz+2MS$r)L+z (po> @) }

{4W01( 1)nMS(1)(p0' q)SeZn(y' Q)} (8 13)
+EZn+1M52(;?+1(P0' q) + Xm=0 NmnEoma2 M52(2+2(P0' q)

+A2n+1M52n+1 (pO' q)

{62n+1Ms§i’+’1<po,q) 550 R Coms 2 M (000 @) } {4%1( 1"Ms3y/(Po, )sexn(y, ")} (8.14)
+E2n+1M52(1)41(P0: @ + Zm=o MinnEamq2 Msz(‘:;z:rz(l)o' 9 +A2n+1M52n+1(pO' )



{C2n+1M52(i)i1(Ph q) — Xm-=o mmnc2m+2MSSr)L,+2(pI' q) } -0
+E2n+1M52(1)J:1(p1' q) — Xm=0 NmnEoma2 Msz(f,zﬁz(pz. qQ)

{62n+1M52(i)+1(P1' q) + Xm=o mmn62m+2MsSr)1+2(pI' q)

[6V)
= Fone1Msy,1 (o1, q)
+E2n+1M52(;?+1(p1' q) + Z‘;.)?L=0 9?mnEZm+2 M52(2+2(p1' CI)} "

C2n+1MSZ(§L)+,-1(pI' Q) + Lm=o mmnC2m+2MSSr)Ll+2(p1' ‘Y — F s
(4) o @) = 2n+1 52n+1(p1! q)
+E2n+1M52n+1(p1' q) + Xm=0 NmnEomaz M52m+z(P1v q)
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(8.15)

(8.16)

(8.17)

Equations (8.6) through (8.11) and Equations (8.12) through (8.17) form infinite

linear equations which could be solved numerically by matrix truncation. Again

the above systems are solved by using subroutine LAPACK and the SVD

provided by MATLAB. Moreover the same scheme as usage in previous chapters

is implemented here to test accuracy.

8.3 Results and Analysis

The amplitudes of ground surface displacements given by the proposed solutions

are evaluated for the different values of the dimensionless parametersn, R and

nr which are again given by Equations (3.16), (4.10) and (5.9); values of R are

limited to 1.00002, 1.2, 1.4, and 1.6. For each value of R we limit values of T to

0.24, 0.54 and 0.84. Furthermore the amplitude of incidence is assumed to unity.
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Comparison with the Solutions of Shallow “Circular” Semi-Elliptical Hill:

Figures 8.2 through 8.4 show the plots of surface displacement for “almost-
circular” semi-elliptical hill with “almost-circular” semi-elliptical tunnel T = 0.24,
0.54 and 0.84 respectively; on each plot there are 2 subplots for n = 5 and 10 at
four incidence y = 0°, 30° 60° and 90°. These plots are substantially in
agreement with plots of shallow case, Figures 7.6 through 7.8; this authenticates

the formulation we develop in this chapter.

Figure 8.2: Displacement Amplitudes for R = 1.00002 with Tunnel T = 0.24
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Figure 8.3: Displacement Amplitudes for R = 1.00002 with Tunnel T = 0.54
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Effects of Tunnel, and Incident Angle to Semi-Elliptical Hill:

Figures 8.5 to 8.7 illustrate surface displacements at four prescribed incidences
versus the distance y/A on and around the hill with the dimensionless frequency
n =5 and 10 for the semi-elliptical hill R = 1.2, 1.4 and 1.6 with semi-elliptical
tunnels T = 0.5A. In general the locations of the maximum value are always on

the hill which is similar to the shallow case.



Figure 8.4: Displacement Amplitudes for R = 1.00002 with Tunnel T = 0.84
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In comparison to Figures 6.6 through 6.11, semi-elliptical tunnels disfigure

patterns of ground motion in different way. When incidence waves are in

horizontal direction, they are able to slip underneath semi-tunnels. Hence the

presence of semi-elliptical tunnels yields less shielding effect or weaker shadow

zone on the right end of the hill than the existence of full elliptical tunnel. The

amplitudes of ground displacement are always greater than unity for all points

located along the free surface on the right end of the hill.
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Figure 8.5: Displacement Amplitudes for R = 1.2 with Tunnel T = 0.54
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There is interesting point to be mentioned. At 30° angle of incidence, we found

out that the maximum amplitude of surface displacement always on the right-half

of the hill which is similar to the case of full-elliptical tunnel. Moreover when the

dimensionless parameter n equals to 5, the presence of semi-elliptical tunnel

yields the same effect as of full-elliptical tunnel; the discrepancy of their

maximum amplitudes of surface displacement is within 5%, except R = 1.6.



Figure 8.6: Displacement Amplitudes for R = 1.4 with Tunnel T = 0.54
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When the incident waves are nearly vertical for dimensionless parameters n = 5,

we noticed the stronger shielding effect due to semi-elliptical tunnels than to full-

elliptical ones, like to the shallow case. In addition we can confirm that the there

is no major fluctuation of surface displacements on both sides of the hill, which

have been noticed with the existence of full-elliptical tunnels. These previous

trends could be monitored for dimensionless parameters n = 10, except again

R=16.
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Figure 8.7: Displacement Amplitudes for R = 1.6 with Tunnel T = 0.54
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To study the influence of tunnel-size, we consider only R = 1.6 with three sizes of
tunnel, T = 0.24, 0.54 and 0.84. Due to the formulation of the deep case, this
may be seen as the width effect since the height of tunnel is very comparable.
After evaluating Figures 8.8 and 8.9, T = 0.24 and 0.84 respectively, together
with Figure 8.7, it may be said that semi-tunnels yield identical effects when the
angle of incidence is nearly horizontal. The maximum values of surface

displacement are inconsiderably relevant to the size of tunnel since their
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differences are less than 10 percents. In addition maximum surface
displacements are in vicinity of one at all times. On another hand size of tunnel is
of importance when the angle of incidence is nearly vertical. As expected, the
wider tunnel provides the stronger shielding effect. The presence of tunnel with
T = 0.84 de-amplifies maximum displacement by 20%-50% from corresponding
values with T = 0.24. Again this confirms the hinder efficiency depends on the

direction of wave passage.

Figure 8.8: Displacement Amplitudes for R = 1.6 with Tunnel T = 0.24
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Figure 8.9: Displacement Amplitudes for R = 1.6 with Tunnel T = 0.84
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Figures 8.10 through 8.45 show three-dimensional plots of surface
displacements for R = 1.2, 1.4, and 1.6, equivalent to the height-to-width ratios of
0.6, 0.7, and 0.8 respectively; the values of T for particular R are as at the
beginning of this section. Each figure illustrates the plots at four incident angles,
y = 0°, 30°, 60° and 90°, versus the distance y/A on and around the hill and the
dimensionless frequency 7 in the range of 0.5 to 10; the amplitudes in the range

of y/A in [—1,1] are those on the elliptical surface of the hill.



Figure 8.10: Displacement Amplitude for R = 1.2, T = 0.2A when y = 0°
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Figure 8.11: Displacement Amplitude for R = 1.2, T = 0.24 when y = 30°
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Figure 8.12: Displacement Amplitude for R = 1.2, T = 0.24 when y = 60°
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Figure 8.13: Displacement Amplitude for R = 1.2, T = 0.24 when y = 90°
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Figure 8.14: Displacement Amplitude for R = 1.2, T = 0.54A when y = 0°
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Figure 8.15: Displacement Amplitude for R = 1.2, T = 0.54 when y = 30°
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Figure 8.16: Displacement Amplitude for R = 1.2, T = 0.54 when y = 60°
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Figure 8.18: Displacement Amplitude for R = 1.2, T = 0.84 when y = 0°
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Figure 8.19: Displacement Amplitude for R = 1.2, T = 0.84 when y = 30°
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Figure 8.20: Displacement Amplitude for R = 1.2, T = 0.84 when y = 60°

Figure 8.21: Displacement Amplitude for R = 1.2, T = 0.84 when y = 90°
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Figure 8.22: Displacement Amplitude for R = 1.4, T = 0.2A when y = 0°

Figure 8.23: Displacement Amplitude for R = 1.4, T = 0.24 when y = 30°
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Figure 8.24: Displacement Amplitude for R = 1.4, T = 0.24 when y = 60°

Figure 8.25: Displacement Amplitude for R = 1.4, T = 0.24 when y = 90°
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Figure 8.26: Displacement Amplitude for R = 1.4, T = 0.54A when y = 0°




Figure 8.28: Displacement Amplitude for R = 1.4, T = 0.54 when y = 60°
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Figure 8.29: Displacement Amplitude for R = 1.4, T = 0.54 when y = 90°
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Figure 8.30: Displacement Amplitude for R = 1.4, T = 0.84 when y = 0°
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Figure 8.32: Displacement Amplitude for R = 1.4, T = 0.84 when y = 60°
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Figure 8.33: Displacement Amplitude for R = 1.4, T = 0.84 when y = 90°
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Figure 8.34: Displacement Amplitude for R = 1.6, T = 0.2A when y = 0°
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Figure 8.35: Displacement Amplitude for R = 1.6, T = 0.24 when y = 30°
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Figure 8.36: Displacement Amplitude for R = 1.6, T = 0.24 when y = 60°
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Figure 8.37: Displacement Amplitude for R = 1.6, T = 0.24 when y = 90°
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Figure 8.38: Displacement Amplitude for R = 1.6, T = 0.54 when y = 0°
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Figure 8.40: Displacement Amplitude for R = 1.6, T = 0.54 when y = 60°
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Figure 8.41: Displacement Amplitude for R = 1.6, T = 0.54 when y = 90°
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Figure 8.42: Displacement Amplitude for R = 1.6, T = 0.84 when y = 0°
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Figure 8.43: Displacement Amplitude for R = 1.6, T = 0.84 when y = 30°
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Figure 8.44: Displacement Amplitude for R = 1.6, T = 0.84 when y = 60°
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After observing previous three-dimensional plots, we found out the identical
characteristics to results shown in previous chapters. Surface displacements are
getting more complex as the incident waves become shorter. Moreover
considering the semi-elliptical tunnel T = 0.84 with nearly grazing angles, again
similar behaviors to the full-elliptical tunnel are monitored; the surface
displacement of points on a hill, which seems to be smaller while the
dimensionless frequency n gets larger, rapidly rises at n equal to 5 and again

lessens continuously as n becomes larger.
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CHAPTER 9:SUMMARY

Various two-dimensional hill models subjected to incident plane SH wave have
been investigated so far within the framework of linear elasto-dynamic theory.
Solutions are based on the analytical approach called the method of wave
function expansions. As geometric boundaries are either linear or elliptical, wave
function expansion in form of Mathieu functions provides mathematical simplicity
to be implemented and meet the requirements of analytical expression for free or
continuity boundary conditions. Moreover similar wave functions were

reappeared in several models such as the scattered and transmitted waves.

In contrast to canyon and valley models (Wong and Trifunac, 1974a;b)
conventional approach suggested by Pao and Mow (1973) is not able to solve for
unknowns arisen during mathematical implementation of the hill model since it
involves the consideration of a mixed boundary conditions; the traction-free
boundary condition at the surface of the elliptical hill and the continuity of
displacement and stress at the semi-elliptical interface. However by the utilization
of the angular half-range expansion technique, all correspondent displacement
and stress functions are in the proper form and boundary conditions are
convenient to apply by utilizing the orthogonality of angular Mathieu functions;
implementation of shallow semi-elliptical hill requires the half-range expansion of

elliptical sine as a series of elliptical cosine, whereas of deep semi-elliptical hill
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engages the half-range expansion of Odd elliptical cosine as a series of Even
elliptical cosine and the half-range expansion of Even elliptical sine as a series of

Odd elliptical sine.

The existence of a hill results in complex pattern of surface displacement which
becomes progressively more complicated as an semi-elliptical hill gets steeper.
Moreover for nearly grazing angle (y = 0° and 30°) the hill acts like a barrier
shielding the propagating waves coming from the left, resulting in a standing
wave pattern in the front of the hill and the focusing of the amplitude at the right
edge of the hill, x/A =1 or y/A = 1. While possibly maximum amplitudes of
surface displacement for the horizontal angles of incidence are about 4, the

maximum amplitudes of 5 or larger are perhaps monitored for vertical incidence.

The presence of the concentric tunnels has significant effect on the amplitude of
ground motion. In general the presence of the tunnels lessens maximum values
of ground displacement. The shielding effect of tunnel becomes much stronger
and the standing waves on the left-side become more prominent as the tunnel is
getting larger; amplitudes of ground motion in the neighborhood of unity or less
may be monitored without the abrupt jump at the right edge when the incoming
waves is nearly horizontal. Normally the presence of a concentric tunnel
amplifies maximum displacement by 30%-70% from corresponding value of

reference (inexistence of a tunnel) for the horizontal incidence, while de-amplifies
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maximum displacement in the range of 1%-15% for the vertical incidence. It
could be said that the hinder efficiency of an elliptical tunnel depends on the
direction of wave passage; the tunnel becomes better obstruction when the

incident wave is perpendicular to its major axis.

The interference of the semi-elliptical tunnel on ground surface motion is different
from of full-elliptical one. For nearly grazing angle, incident waves are able to slip
underneath semi-tunnels. The weaker standing wave on the left side and weaker
shadow zone on the right end of the hill are observed; the associated high jumps
of the displacement amplitude at the right edge of the hill are also detected.
However there is interesting point to be mentioned. At 30° angle of incidence with
the dimensionless parameter n equals to 5, the presence of semi-elliptical tunnel
yields the same effect as of full-elliptical tunnel; the discrepancy of their
maximum amplitudes of surface displacement is within 5%, except R = 1.6.
When the incident waves are nearly vertical, we noticed the stronger shielding
effect due to semi-elliptical tunnels than to full-elliptical ones. Furthermore bigger
tunnel provides the stronger shielding effect. The presence of tunnel with T =
0.84 de-amplifies maximum displacement by 20%-50% from corresponding

values with T = 0.24.

Even though in the frame work of this study we dealt with only incident plane SH

wave, the mathematical techniques may be successfully applied to various
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incident P- or SV-wave. Normally P or SV-waves, which are coupling by their
nature when reflected or refracted at free surface or interface between two

different mediums, involve more complex boundary conditions.
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APPENDIX A: GREEN'’'S FUNCTIONS

Green’s function is very useful mathematics which helps us to expand the line
source and plane waves into a series of functions. Green’s function is the

solution of the inhomogeneous Helmholtz equation with a unit point source at r'.

ViG(r;r) + k2G(r;r') = —4nd(r — 1) (A.1)
For any orthogonal curvilinear coordinate system Green’s function can be

expressed as follows (Morse and Feshbach, 1953)

hq

G(77) = —4m (12 p(82:45) Zn Wa(8,65) Wa (82 45 )

o {yln(fl (&) & <& (A2)
yln(’fi)yZn(El ); 51’ <&

A(J’anZn)

where h; is a scale factor, A(y,,, ¥2,) IS the Wronskian of solutions y,,, and y,,, to
homogeneous Helmholtz equation, ¢ is a weight function, and W, is a complete

set of Eigen functions satisfying orthonormal condition

I Wi (&, 8 YWa(&s &3 )a(&, , & )dEdEs = Sinn (A.3)

In circular cylindrical coordinate system (see Figure A.1), the source is located at
(r',0") while the observation point is located at (r,8). Then we have & =
r,é, =60,& =2z h; =h; =1,and h, =r. In addition without further proof we
can define the complete set of Eigenfunctions as e®/+2m with ¢ = 1. The

solutions to homogeneous Helmholtz may be ones of Bessel or Hankel functions;

the boundary conditions determine which functions are to be employed. Since at
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r = 0 function must be finite, and at r'= 0 function must be singular due to the
diverging behavior of source, y,, = J,(kr) and y,, = H,(ll)(kr). Hence Equation

(A.3) becomes

G(r;r') = (_72) Yn(cosnbB' —isinnB") (cos nb + isin nh)

] {]n(kr) HOP(kr'); r <7’ (A.4)
A(Y1n,Y2n) ]n(kT’)Hr(Ll)(kT) : r<r

Since the Wronskian must also be satisfied for each term of asymptotic series.
By utilizing the asymptotic behavior of Bessel function and Hankel function of the

first kind (Watson, 1995)

lim],, (kr)= |——cos (kr -I_ nz—”)
(A.5)
(¢Y) _ | 2 T N
limH, " (kr)= ——exp (kr -3 7)
the Wronskian asymptotically becomes 2i/nr. Green’s function becomes
. n (k) HWY (kr"); r<r'
G(r;r) =miYy, ein(6-0") { n 7(11) - (A.6)
Jn(krYH, (kr) 5 r' <7
Next Green’s function may be expressed as follows
G(r;r") = miHSY (kR) (A.7)

where r,r" and R are shown below in the following figure.
Comparing Equations (A.6) with (A.7), an expansion of Hankel function of the

first kind with zero order becomes

@D rp,,.1 . '
HS (kR) = 3, (00 {fn("” Hy (kr');r <7

A.8
Jo(krYH®P (k) 5 1/ <1 (A.8)
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Figure A.1: Line Source in x-y Plane

y _
A Observation (p,9)
T R
«<— Line source
’ (pr‘ 19!)
™
2
> X

Equation (A.8) can verify easily as we let ' — 0; only Bessel function of order
zero in the series exists and equals unity. In addition this equation can be

considered as one form of Graf's addition formula. (Graff, 1975)

In elliptical cylindrical coordinate system (see Figures 2.1 and A.1), the source is

located at (p’,9") while the observation point is located at (p,99). Next we have

& =p & =9,& =z h =h, =asinh?p+sin?9, and hy =1. The
appropriate Eigenfunctions that we can utilize in this case must be in the form of
ce,(9,q) and se,(¥9,q). However Equation (A.3) must be satisfied in order to
implement Equation (A.2). Then the normalized factor for those Mathieu

functions become r as Equation (2.13). Later the complete set of Eigenfunctions

is {cen (9, q) /T, se,(9,q)/Vm}.
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Analogically to circular case, we can take

- {M e (0, @)

yln
MsP(p, q) (A9)
(Mo, )
Yon = 3)
Ms,”(p,q)

Similar to previous section, the Wronskian must also be satisfied for each term of
asymptotic series. By utilizing the asymptotic behavior of Modified Mathiue

functions (Mow and Pao, 1971; Mechel, 1997) as follows

V3 nm
cos (a coshp — i 7)

lim Mc,(ll) (p,q)=
p—)OO

ma cosh p

; (1) —(_1\n ’ 2 _r,nr
,gl_)T?oMS” (P, CI)—( D ma cosh p cos (a coshp 4 + 2 )
. 3) _ 2 i acoshp—E—E
gll?oMC" (p,q) = \’nacoshpe ( ! 2)
, 3) — (_1\n 2 i(acosh p—E+E)
lim s (p, ) = (=1 2 eilacomoies

the Wronskian asymptotically becomes 2i/m. Hence Green'’s function becomes

(A.10)

McSP(p, M (p,q); p < p’

McP (0, M (p,q); p'< p
Ms{P(p, OMsP(p,q) 5 p < p'}

MsP (', MsP (0, )5 p'< p

G(r;r') = 2mi {ZZ=0 cen(9',q)cen (9, q) {
(A.11)

+ 2;2:1 Sen(ﬁ” Q)Sen(n' Q) {

Later we can transform the line source function into elliptical cylindrical

coordinate as follows

McP(p, M (p4q); p < p’

McP (', Me (p, )5 p'< p
Ms{P(p, M (p4q) 5 p < p'}

Ms{P (', MsP(p,q); p'< p

H§V (kR) = 2 {ZZ:o cen (9’ q)cen(9,q) {
(A.12)

+ Z;:=1 Sen(ﬁ'r Q)Sen(U: q) {
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APPENDIX B: IDENTITIES OF TRIGONOMETRIC
AND ANGULAR-MATHIEU INTEGRALS

1; m=0
2; m>0

1; n=m

Given g, = { and 6, = {0 o m then identities of trigonometric and

angular-Mathieu integrals can be proved as follows

- whenm + n = odd

(B.1) fon sinm@ cosnf df =

m?2

fon sinm#@ cosnd do = fon [Sin(mm)e; sinm-mol ;9

2

1 [cos(m+n)6 + cos(m—n)B“"
m+n m-n 0

2m

m2—n2

(_1)m—n (_1)m+n
2m-2n+1 2m+2n+1

(B.2) f_fr//zz cos(2m + 1)0 cos 2n8 df = whenm,n =0,1,2, ...

” /2 [cos(2m—2n+1)0+ cos(2m+2n+1)6]
f—nn/z cos(2m + 1)6 cos 2n6 df = f_"n/z cos(2m—2n 2cos m+2n o

= fon/z[cos(Zm —2n+1)0 +cos(2m + 2n + 1)0] do

_ (sin(Zm—2n+1)9 sin(2m+2n+1)9)|”/2

2m-2n+1 2m+2n+1 0

_ (—l)m_n (_1)m+n

T 2m—-2n+1 = 2m+2n+1
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(_1)m—n (_1)m+n
2m-2n+1 2m+2n+3

(B.3) f::/zz sin(2m + 2)0 sin(2n + 1)6 d6 = whenm,n =0,1,2, ...

/2 [cos(2m-2n+1)0— cos(2m+2n+3)60]

T/2 . : - L
f—n/z sin(2m + 2)08 sin(2n + 1)0 df = f_n/z 2 do

= fon/z[COS(Zm —2n+1)8 —cos(2m + 2n + 3)6] d6

_ (sin(2m—2n+1)9 sin(2m+2n+3)t9)|"/2
B 2m-2n+1 2m+2n+3 0

_ (_1)m—n (_1)m+n
2m—-2n+1 2m+2n+3

(B.4) fon ce,(9,q)ce,,(9,q) d9 = %(S'mn whenm,n =0,1,2, ...
Since ce,, (9, q)ce,, (I, q) is even function, then it is symmetric about 0; we obtain
foﬂ ce,(9,q)ce,,(9,q) d9 = %ffn ce,(9,q)ce,,(9,q) dV;

- %foz” ce, (9, q)ce, (9, q)d9; 9" =9+

E 6mn

(B.5) fon se, (9, q)se,,(9,q) d9 = S(Smn whenm,n = 1,2,3, ...
Since se, (9, q)se,, (9, q) is even function, then it is symmetric about 0; we obtain
fon se, (9, q)se,(9,q) d9 = %ffn se(9,q)se,(9,q) dvY

= %fozn se, (', q)se,,(9,q)d9 ;9" =9 +m

; 6mn
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(B.6) f_EE cexn (9, qQ)ceym (9, q) d9 = %5,,”1 whenm,n =0,1,2, ...
2
Since ce,, (n,q) is symmetric about 0 and /2 (McLachlan, 1974), hence
JPncean(®, q)ceam(®,q) dY = 2 [ cern(®, )cerm (¥, q) ¥
2
2 2
= 1777 cean(®, q)cerm(®,q) @9 + [;7* cesn(9, q)cerm (9, q) dB

= J77% ceon(®, q)cem(®, q) d9 + [, cern(9, q)cesm (D, q) d

= [y cezn(m, @)cern(n, @) dn = Sy

(B.7) f_EE Cerns1 (9, Q)cermi1(9,q) dId = %6,,”1 whenm,n =0,1,2, ...
2

ce,nt1(m,q) IS symmetric about 0, yet anti-symmetric about /2 (McLachlan,

1974); hence the above product becomes symmetric about both 0, and /2

S ceni1 (B, @) Clrmer (9, Q) A = 2 [ cern (8, q)cerm (9, q) I
2

= fon/z cean+1(9, Q)cezm1(9,q) dI + fon/z crns1(9, Q)cerm1(9,q) dY

/2
= fon cem+1(9, Q)ceam1(9,q) dI + f:/z cern+1 (0, Q)cerm1(9,q) dY

s
s
= j Ce2n+1(n; q>C€2m+1(T}, q) dT’ = E 6m‘l’l
0
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(B.8) f_EE seyni1(9, q)sepmir (9, q) d9 = §6mn whenm,n =0,1,2, ...
2

Since se,,.1(9,q) is symmetric /2 and se,,,;(9,q)se;m+1(9,q) IS an even

function (McLachlan, 1974), therefore

% 5€2n41 (0, Q) Se2ms1(9,q) A9 = 2 [ Sezn41 (9, @)S€rm41 (I, q) dI
2

/2 /2

= fon sean1(0, @)sezm+1(9,q) dY + fon sean1(0, Q)sezm41 (9, q) dY
/2

= fon sean+1(0, q)serm+1(9,q) d9 + f:/z sean+1(0, q)sezm+1 (9, q) dY

= foﬂ Sexn+1(M, @)seam+1(M, q) dn = §5mn

(B.9)  [%sezni2(®, q@)sezmsz(9,q) d9 = gé'mn whenm,n =0,1,2, ...
2

se;n+2(m, q) and se,,, 4. (n, q) are anti-symmetric about both 0 and /2. Then

Seyni2(9,q)se,mi2 (9, q) is symmetric about 0 and 7 /2; therefore
Jn5€an12(0, D)seams2(9, @) A9 = 2 [ sepn42(9, Q)5€am12(9, @) dF
2

= 7% 53120, )5Com12(0, @) 49 + [/ Seams2 (9, Dsermsa (9, @) dI

= fon/z Seani2(0, Q)serm42(9,q) dY + fz/z sen+2(9, Q)S€2m42(9, q) dI

= foﬂ Sexnt+2(M, @)seam+2(M, q) dn = 26’""



(B.10) f_EE ceon(, q)sesmi1(9,q) dd = 0whenm,n =0,1,2, ...

2

odd function

Integral of odd function over [—%%] or E —g] is equal to zero.

(BA1) [Zrcerns1(¥, Q)Seamsz(¥,q)d9 =0

2

odd function

T

Integral of odd function over [——,g] or E —g] is equal to zero.

2
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APPENDIX C: HALF-RANGE EXPANSION OF
ANGULAR MATHIEU FUNCTIONS

1; m=0
2; m>0

1; n=m

0: n=m then the series expansion of

Given ¢, = { and &, = {

Mathieu function can be proved as follows

(C.1) Expansion of the Mathieu functions over the range [0, ] and [— T, 0]
Either {ce,(9,q);n=0,1,2,..} or {se,(¥,q);n =1,2,3,..} can form a complete

orthogonal set of functions over the prescribed ranges.

The expansion of se,, (¥, q) in terms of ce,, (9, q):

Sem(ﬁi Q) = Z‘;.;):O Crnn Cen(ﬁ: q) (C.1)

Multiplying Equation (C.1) by ce, (¥, q) and integrating over [0, ] yield
fon sem(9,q) ce,(9,q)d9 = Yi—o €y fon ce, (9, 9)ce, (9, q) dv
Hence we may set

@ — .J‘(;‘l:Se‘f?’l(1‘9Jq)cen(1~9rq)d‘l9 _ E
mn llcen (9,117 n

Jy sem(,q) cen (9, q)d? (C.2)

Next let expand se,, (9, q) and ce,, (9, q) by their Fourier form, Equation (2.13);

therefore

Copn = %Z;’;O y© , AMWpm fon cos s9 sinrd dI
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As shown in (B.1) of Appendix B, the above equation becomes

4 T

Conn = _Zoﬁzl,sﬂ) (r2_52) Agn)Brgm); 0<d<m (C.3)

T r+s=odd

Later the expansion of se,, (19, q) over [— T, 0] may follow the same procedure.

Equation (C.1) is still valid, except

Con = _%Zoﬁ=1,s=0 ( - )Agn)Bﬁm); —t<9<0 (C.4)

2_g2
r+s=odd

because of fff(ﬁ) dd = — [ f(9) a9

The expansion of ce,, (¥, q) in terms of se,, (9, q):

Cém , q) = Z?Lozl Dmn Seén @, q) (C5)

Multiplying Equation (C.4) by se, (¥, q) and integrating over [0, ] yield

fon cen(d,q) se,(9,q)dd = Y1 Dmn fon se, (9, q)se, (9, q) A9
Hence

_ j:cem(ﬁjq)sen(ﬁrQ)dﬁ _

D
mn lIsen (9,117

%fon ce,,(9,q) se, (9,q)dI (C.6)

The integrands, except indices being switched, of Equations (C.2) and (C.6) are

similar. Then without elaboration, Equation (C.6) becomes

4 oo
DOmn = ;Z r=1,5=0 (r2i52) Agm)Bﬁn); 0<d<m (C.7)
r+s=odd
4 oo
Dy = = EFessm0 (7757) ATVB —m < 90 C#)

r+s=odd
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(C.2) Expansion of the Mathieu functions over the range [—gg] and E —%]

Any angular function f(9,q) over the half-ranges [—gg] and E—g] may be

expressed in a series expansion by the sets of {ce,,(¥,q),se;+1(9,q);n =
0,1,2,...} or {ce;n+1(9,q),se;n+2(9,q);n =0,1,2,...} since they are the complete

orthogonal sets over the prescribed ranges.

The expansion of ce,,, 41 (9, q) in terms of ce,, (I, q):
CeZm+1(19; CI) = Z%o:o My Ce2n , Q) (C,9)

Multiplying Equation (C.9) by ce,, (9, q) and integrating over [—%%] yield

f_Ez Ceam+1(9, Q) cexp (I, q)d9 = Yo My f_gz cexn (9, q)cey, (9, q) dI
2 2

Hence we may set

f_fg cezm+1(9,q)cean(9,q)dV , I
: llcean (9,112 = ;f_zE C€2m+1(19, Q) C€2n(19, q)dﬁ (ClO)
! 2

Mpn =

Next let expand ce,,,+1 (9, q) and ce,,, (9, q) by their Fourier form, Equation (2.13);

therefore

2 w0 0 2m+1) ,(2 /2 .
Wn =~ XeZo ZrzlAngf )Agsn) f—n/z cos(2r + 1)9 sin 2s9 dI

As shown in (B.2) of Appendix B, the above equation becomes

2 v o [(DTF (=)™t 2m+1) ,(2
Wy, = ;Zrzo Lszo [2r—2$+1 + 2r+25+1] AngIr )Agsn); —m/2<9<m/2 (C.11)
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Later the expansion of ce,,,.1 (9, q) over [n/2,— /2] may follow the same

procedure. Equation (C.9) is still valid, except

2 woo . —1)"-=s —1)T+s

2r—2s+1 2r+2s+1

because of f:f(ﬁ) dd = — [ f(9) d9

The expansion of se,,, 4, (9, q) in terms of se,, .1 (9, q):
s€am+2(9, @) = Y=o Nmn S€2041(9, @) (C.13)

Multiplying Equation (C.13) by se;,.1 (9, q) and integrating over [—gg] yield

f_EfseZm+2(l9’ Q) SeZp+1(191 Q)dﬁ = Z;:O Ertmn f_EE 562n+1(19, Q)SeZp+1(191 CI) do
2 2

Hence we may set

Vs
S seam+2(9,@)s€2n+1(9,9) a9 T
2

Ry = =2 [t Seomsz(9, @) Seans1 (9, @)V (C.14)
2

lIsezn+1(3.@)lI?
Next let expand se,,,,.» (9, q) and se,,, ., (9, q) by their Fourier form, Equation

(2.13); therefore

2 [e0) (o0} 2 . .
Ny = ;Es=o ¥, Bz(iT;z)BZ(if;l) IZ/Z sin(2r + 2)9 sin(2r + 1)9 d9

As shown in (B.3) of Appendix B, the above equation becomes

2v0 yo [(EDT L D™ L(em+2) p(2n+l
Tnn = ;Zr=0 LsZo 2r—-25+1 + 2r+25+3] BZ(r:-n2+ )Bz(sz-li- ); —n/2<9<m/2 (C.15)
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Later the expansion of se,,,.,(®9,q) over [n/2,—m/2] may follow the same

procedure. Equation (C.13) is still valid, except

2y yoo [(EDT D™ L(em+2) p(2n+l
Rpn = _;Zr=0 Lszo [2r—25+1 + 2r+25+3] BZ(rT2+ )BZ(S-Tl-l-li- ); m/2<9<—m/2 (C.16)

The expansion of ce,,, (19, q) in terms of ce,,, .1 (9, q):
Cérm (19' q) = Z?lo=0 @mn C62n+1(7~9; q) (C-]-?)

Multiplying Equation (C.17) by ce;,.1(9, ) and integrating over [—%ﬂ yield

f_Ez ceom (9, q) 032p+1(19' q)dd = Y50 D n f_Ez ceon+1 (0, Q)Cezp+1(l9; q) dd
2 2

Hence we may set

f_fg ceam(9,q)cezn+1(9,q)dV ,
: = ; f_ZE CeZm (19) CI) CeZn+1(19: Q)dﬂ (C18)
2

Dmn =

llcezn+1.a)lI?
The integrands, except indices being switched, of Equations (C.10) and (C.18)

are similar. Then without elaboration, Equation (C.18) becomes

_ 2y o [EDTF D™ 7 (2n+1) ,(2m),

Dmn = ;Z”O sz [2r—25+1 + 2r+25+1] Agriy Azs 5~ /259 =m/2 (C.19)
_ 2gm v [EDTTS (=D (2n+1) ,2m),

Doun = = 2570 580 [y ey + sraers| Aoris Assim/2<9 < -m/2 (C.20)

The expansion of se,,, 1 (¥, q) in terms of se,,, ., (9, q):

532m+1(19' q) = Z?{LO Smn SeZn+2(19' q) (C-Zl)
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Multiplying Equation (C.21) by se,, (¥, q) and integrating over [—gﬂ yield

sz s€am+1(9,q) sezp2(9,q)dY = X703, f_g seant2(9, q)sesp 209, q) dY
2 2

T T
2

Hence we may set

f_EE5€2m+1(19;q)532n+2(19,q)d19 ,
; = =[x sem+1(9, Q) Sezn+2(9, q)dY (C.22)
2

3mn =

Isezns2(.a)?
The integrands, except indices being switched, of Equations (C.14) and (C.22)

are similar. Then without elaboration, Equation (C.22) becomes

_ 2y oo (=)= (_1)T+s (2n+2) L, (2m+1),
Bmn = ;Zrzo Lszo 2r—2s71 T 2r+25+3] Byva Bosyi s —m/2<9<m/2 (C.23)

. 2gm v [EDTF L D™ L2n+2) pm+1),
3mn - _;Zr=0 Zs:O [27,_25+1 + 27,_,_25_,_3] BZr+2 BZS+1 ’ 7T/2 =9=- 7'[/2 (C'24)
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